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Computer Aided Ship Design

Part I. Optimization Method
Ch. 4 Optimality Condition Using Kuhn-Tucker Necessary Condition

September, 2013
Prof. Myung-Il Roh

Department of Naval Architecture and Ocean Engineering,
Seoul National University of College of Engineering

Computer Aided Ship Design Lecture Note
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Ch. 4 Optimality Condition Using 
Kuhn-Tucker Necessary Condition 

4.1 Optimal Solution Using Optimality Condition
4.2 Lagrange Multiplier for Equality Constraints
4.3 Kuhn-Tucker Necessary Condition for 
Inequality Constraints
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4.1 Optimal Solution Using Optimality 
Condition
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1) Maximum value: The increase of the value of the continuous function f(x) is 
changed to the decrease of that at               .

2) Minimum value: The decrease of the value of the continuous function f(x) is 
changed to the increase of that at .

0)(' * =xf
(Necessary condition for             to be a maximum or minimum)

“수학의정석”(Mathematics II) Review“6. Maximum, Minimum and Differentials”(p.104)

*xx =

*xx =

*xx =

Optimality Conditions for Function of Single Variable
- The Maximum and Minimum of the Function (Review of the Course of High School)
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Optimality Conditions for Function of Single Variable 
- First-Order Necessary Conditions

§ First-order necessary condition for the function of a single variable: 0)(' * =xf

Let x - x* = d, the equation is as follows.

Rdxfdxfxfxf +++= 2*** )(''
2
1)(')()(

Remainder
:  If the difference between
x and x* is small, the 
value of the remainder is
also very small. 

Rxx
dx

xfdxx
dx

xdfxfxf +-+-+= 2*
2

*2
*

*
* )()(

2
1)()()()(

Proof) The Taylor series expansion of f(x) at the point x* is as follows.

Rdxfdxfxf ++=D 2** )(''
2
1)(')(

From this equation, the change in the function at x*, i.e.,                                        
is given as

)()()( * xfxfxf D=-
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*xx =

Rdxfdxfxfxfxf ++=-=D 2*** )(''
2
1)(')()()(

is neither minimum nor 
maximum(inflection point).

)( *xfis minimum.)( *xf

*x dx +*dx -* *x dx +*dx -* *x dx +*dx -*

is maximum.)( *xf

First-Order Necessary Conditions

Df must be positive, if x* is a local minimum point.

Thus, the only way Df can be positive regardless of the sign of d in the neighborhood of x*

is                       .0)(' * =xf
In the same way, Df must be negative if x* is a local maximum point. So, the only way Df can 
be negative regardless of the sign of d in a neighborhood of x* is                      .0)(' * =xf

Since                         is small, the first-order term                dominates other terms.*)( xxd -= *'( )f dx

And the sign of the term                is arbitrary.         *'( )f dx
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Sufficient Conditions 

Rdxfdxfxfxfxf ++=-=D 2*** )(''
2
1)(')()()(

§ Now, we need a sufficient condition to determine which of the stationary points are

actually minimum for the function.

Since stationary points satisfy the necessary condition                , the change in function

becomes as follows.Rdxfdxfxf ++=D 2** )(''
2
1)(')(

0)(' * =xf

Rdxfxf +=D 2* )(''
2
1)(

0)('' * >xf

Since the second-order term dominates all other higher-order terms, the term can be

positive for all         , if                       

(Sufficient condition)

0¹d

§ First-order necessary condition

0)(' * =xfIf     is a local minimum point,                 .
*x

If                  ,      is a stationary point(minimum, 

maximum, or inflection point).

0)(' * =xf *x

§ Sufficient condition

If     is a stationary point(                 ) 

and               ,      is a local minimum point.0)('' * >xf
0)(' * =xf*x

*x

Summary
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Each term can be represented as follows:
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( ) ( ) Rfff TT +--+-Ñ+= ******  )(
2
1)()()()( xxxHxxxxxxx

( )22
*
2

*
1

*
21 ,),(,),( ´Î== Mxxxx TT Hxx

Element of the 2x2 Matrix

[Review] Taylor Series Expansion for the Function of Two Variables 
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§ Matrix form of the Taylor series expansion for the function of two variables

( ) ( ) Rfff TT +--+-Ñ+= ******  )(
2
1)( )()()( xxxHxxxxxxx

( )22
*
2

*
1

*
21 ,),(,),( ´Î== Mxxxx TT Hxx

§ Matrix form of the Taylor series expansion for the function of several variables
: It has the same form of the function of two variables.

nnM
f

´Î
Ñ

H
xx ,, * : n dimension Vector

Element of the 2x2 Matrix

Rfff TT ++Ñ+=+ dxHddxxdx )(
2
1)()()( ****

§ By defining                     , the Taylor series expansion for the function of the several 
variables is as follows.

dxx =- *

,0)( * =Ñ Tf x 0)(
2
1 * >dxHdT Sufficient conditions for             

to be a local minimum

*xx =
Æ

Optimality Conditions for Function of Several Variables 
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§ Hessian matrix: Differentiating the gradient vector once again, we obtain a matrix of 
second partial derivatives for the function            called the Hessian matrix.)(xf

( )Tnxxx L21=x
: n-column Vector

That is, differentiating each component of the gradient vector with respect to                        , 
we obtain

nxxx ,,, 21 L

§ Hessian matrix is denoted as H or         .f2Ñ

§ Property of the Hessian matrix

ijji xx
f

xx
f

¶¶
¶

=
¶¶
¶

Therefore, the Hessian matrix is
always a symmetric matrix.

[Review] Hessian Matrix
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§ Quadratic form: This is a special nonlinear function having only second-order terms.

Ex) ( )2
332

2
23121

2
1321 546422

2
1),,( xxxxxxxxxxxxF +--++=

§ The element of symmetric matrix A is defined as follows(aij: element of the matrix A at (i, j)).

1) The diagonal terms of the matrix are equal to the coefficient of the squared terms.

2) The all terms except for diagonal terms(aij) are equal to a half of the coefficient of 

the xixj.

( )2oftcoefficien iii xa =

( )
2
1 oft coefficien ´= jiij xxa

The quadratic form can be written in the following matrix notation.

( ) [ ] xAxT

x
x
x

xxxxxxF
2
1

522
261

212

2
1,,

3

2

1

321321 =
ú
ú
ú

û

ù

ê
ê
ê

ë

é

ú
ú
ú

û

ù

ê
ê
ê

ë

é

-
--=

A: Symmetric matrix

HddT

2
1

[Review] Quadratic Form
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§ Use of the form of a quadratic form

Ref) KREYSZIG E., Advanced Engneering Mathematics, WILEY, 2006,
8.4. Eigenbasis. Diagonalization. Quadratic forms.

Quadratic form may be either positive, negative, or zero for 
any X.

① Minimum condition for the function of the 
single variable
If     is a stationary point(                 ) 

and               ,      is a local minimum 

point.

0)('' * >xf
0)(' * =xf*x

*x
§ Form of a quadratic form
1) Positive Definite 

:                      for any x except for           .
2) Positive Semidefinite

: for all x and there exists 
at least one             with                    . 

3) Negative Definite

:                     for all x except for            .

4) Negative Semidefinite

: for all x and there exists

at least one             with                    .
5) Indefinite

: The quadratic form is positive for 
some vectors x and negative for others.

0=x0>AxxT

0³AxxT

0<AxxT

0£AxxT

0=AxxT0¹x

0=x

0=AxxT0¹x

A symmetric matrix A is often 
referred to as a positive definite
if the quadratic form associated 
with A is positive definite.

② Minimum condition for the function of the 
several variables
If     is a stationary point(                  ) 

and                    , i.e., the quadratic form 

is positive definite,     is a local minimum 

point.

0)( * >dxHdT

*x

*x

To be                    at    ,

must be positive definite.

0)( * >dxHdT

)( *xH

*x

0)( * =Ñ xf
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1)           is positive definite if and only if all eigenvalues of A are strictly positive, i.e.,)(xF
nii ,...,1 ,0 =>l

nii ,...,1 ,0 =<l
3)           is negative definite if and only if all eigenvalues of A are strictly negative, i.e., )(xF

2)           is positive semi-definite if and only if all eigenvalues of A are nonnegative, i.e., )(xF
nii ,...,1 ,0 =³l

nii ,...,1 ,0 =£l
4)           is negative semi-definite if and only if all eigenvalues of A are nonpositive, i.e.,)(xF

0<il 0>il5) is indefinite if some               and some other               .)(xF

[Theorem] Methods for Checking Positive Definiteness
or Semi-definiteness of a Quadratic Form or a Matrix

Let                    be n eigenvalues of a symmetric          matrix A associated 

with the quadratic form                   .Axxx TF
2
1)( =

nn´nii ,...,1 , =l
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For a given matrix A, the eigenvalue problem is defined as     

, where      is an eigenvalue and is the corresponding eigenvector.

How to determine the eigenvalues:

vAv l= 0)( =- vIA l 0)det( =- IA l

ú
ú
ú

û

ù

ê
ê
ê

ë

é
=

422
242
224

A

0)8()2(
422

242
224

det 2 =--=
ú
ú
ú

û

ù

ê
ê
ê

ë

é

-
-

-
ll

l
l

l

8,root)equal(2=\l

Æ Æ

Determine the eigenvalues and the form of the following matrix.

Since all eigenvalues of A are positive, this matrix is positive definite.

Eigenvalue of a Symmetric Matrix A  
Associated with the Quadratic Form

vAv l=
l v
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§ The Taylor series expansion of           , which is the function of n variables, gives         )(xf

Rfff TT ++Ñ+= dxHddxxx )(
2
1)()()( ***

[Summary] Optimality Conditions for Function of Several Variables

If                      , i.e.,                                      ,      is a stationary point(minimum, 
maximum, or inflection point).

1) the first-order necessary condition:

2) the sufficient condition:

If                       ,  then the stationary point                                                    is a local 

minimum.

§ If we assume a local minimum is at     , then        must be positive.*x fD

To be                           ,              must be positive definite.)H(x*

),2,1(,0)( *

ni
x

f

i

L==
¶

¶ x

0>)dH(xd *T )0)(    0)(( ** =ÑÞ=Ñ xx ff T

* 0( )fÑ =x

0>)dH(xd *T

*x

Rff TT ++Ñ=D dxHddx )(
2
1)( **

§ From this equation, the change in the function at      , i.e.,                                   , is given as*x )()()( *xxx fff -=D
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),( *
2

*
1 xxf

),( 21 xxf

),( 2
*
21

*
1 xxxxf D+D+

fD
df

),( *
2

*
1 xx

22 dxx =D

11 dxx =D

1x

2x

1
1

dx
x
f

¶
¶

2
2

dx
x
f

¶
¶

1x
f

¶
¶

Slope =

f

2x
f

¶
¶

Slope =

)  ,( 21 dxdx

he change in the function at the 

Necessary Condition for a Stationary Point: Total Derivative df = 0 Æ grad f = 0

2 2 2
2 2

1 2 1 1 2 22 2
1 2 1 1 2 2

1 2
2

f f f f ff x x x x x x R
x x x x x x

æ ö¶ ¶ ¶ ¶ ¶
D = D + D + D + D D + D +ç ÷¶ ¶ ¶ ¶ ¶ ¶è ø

The change in the function f(x1, x2) can be expressed 
using Taylor expansion as follows

If                              , 
the first-order term                         dominates other terms. 

1 20, 0x xD ® D ®
1 2

1 2

f fx x
x x
¶ ¶

D + D
¶ ¶

Therefore,       can be approximated as                              .fD 1 2
1 2

f ff x x
x x
¶ ¶

D » D + D
¶ ¶

1 2
1 2

f fdf dx dx
x x
¶ ¶

= +
¶ ¶

the change of the function in       
direction1x

the change of the 
function in     direction2x

The symbol ”d” refers to the infinitesimal 
change. By definition of “d”, we can write
the change in function    as follows:f

If          , then     is a stationary point.
*x0df =

1 2

0f f
x x
¶ ¶

= =
¶ ¶

0fÑ =

It means that the gradient of function
must be equal to zero.

f

To be regardless of the sign of 
and     ,           and            must be zero.

0df =
1/f x¶ ¶2dx1dx 2/f x¶ ¶
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Definition of Stationary Point

Given: Minimize f(x1, x2)

* *
1 2( , )x x

* *
1 2( , )f x x

The change in function(df) at the point(x1*, 
x2*) with the change in variables(dx1, dx2 ) is 
as follows.

Find: Stationary point (x1*, x2*)

The point at which the change in 
function(df) is zero is called stationary 
point. 
It includes the minimum, maximum, and 

inflection(saddle) point.

1 2( , )f x x

1x

2x

Note: In the general engineering optimization 
problem, the optimum point (x) is more important 
than the optimum value (f).

[Example] Principal dimensions of a ship (L, B, D, CB)
to minimize the shipbuilding cost is more important 
than the shipbuilding cost itself.

1 2
1 2

f fdf dx dx
x x
¶ ¶

= +
¶ ¶
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4.2 Lagrange Multiplier
for Equality Constraints
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1 2 3
1 2 3

f f fdf dx dx dx
x x x
¶ ¶ ¶

= + +
¶ ¶ ¶

At the stationary point, the change in the function(df) is zero. 
The gradient of the function at the stationary point must be zero, because the change in the 

function(df) can be only zero regardless of the sign of dx1, dx2, and dx3.

1 2 3

0f f f
x x x
¶ ¶ ¶

= = =
¶ ¶ ¶

0fÑ =

Given: 1 2 3( , , )Minimize f x x x
Find: Stationary point(x1*, x2*, x3*)

Stationary Point for Unconstrained Optimization Problem

Sign of the values are arbitrary, 파샬이 0이어야 함

Because ‘Minimize f ’ is formulated 
as an equation(df = 0), the number 
of equations is equal to the 
number of unknown variables.
(Determinate problem)
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1. Express h (equality constraint) as an explicit function of x1.

2. Substitute x1 into f and find the stationary point by 
using df = 0.

In many problem, it may not be possible to 
express h (equality constraint) as an explicit 
function of x1.

Is there any method to obtain the 
stationary point if the equality 
constraint can not be expressed as an 
explicit function?

df = 0 at the stationary point. Since h(x1,x2,x3)=0 , dh is also zero.

Since equation ① and ② are equal to zero, the following equation is always satisfied.

0df dhl+ × =

1 2 3
1 2 3

0f f fdf dx dx dx
x x x
¶ ¶ ¶

= + + =
¶ ¶ ¶

① 1 2 3
1 2 3

0h h hdh dx dx dx
x x x
¶ ¶ ¶

= + + =
¶ ¶ ¶

②

3
1 2 3 1 2) ( , , ) tan cos 0xex h x x x x x e= + + =

Example) It is difficult to express the following equality 
constraint as an explicit function.

l is an undetermined coefficient ‘Lagrange multiplier’.

Stationary Point for Constrained Optimization Problem (1/3)

Problem: 1 2 3( , , )Minimize f x x x

Find: Stationary point(x1*, x2*, x3*)

1 2 3  ( , , ) 0Subject to h x x x =

Method:

Solution)

, where
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1 2 3
1 2 3

0f f fdf dx dx dx
x x x
¶ ¶ ¶

= + + =
¶ ¶ ¶

1 2 3
1 2 3

0h h hdh dx dx dx
x x x
¶ ¶ ¶

= + + =
¶ ¶ ¶

This equation can be rearranged as follows.

1 2 3 1 2 3
1 2 3 1 2 3

0f f f h h hdx dx dx dx dx dx
x x x x x x

l
æ ö¶ ¶ ¶ ¶ ¶ ¶

+ + + + + =ç ÷¶ ¶ ¶ ¶ ¶ ¶è ø

1 2 3
1 1 2 2 3 3

0f h f h f hdx dx dx
x x x x x x

l l l
æ öæ ö æ ö¶ ¶ ¶ ¶ ¶ ¶

+ + + + + =ç ÷ç ÷ ç ÷¶ ¶ ¶ ¶ ¶ ¶è ø è ø è ø

Because of the equality constraint h, 
dx1, dx2, and dx3 are not independent.

①

②

0df dhl+ × = :l Undetermined Coefficient ‘Lagrange multiplier’

Stationary Point for Constrained Optimization Problem (2/3)

Given: 1 2 3( , , )Minimize f x x x

Find: Stationary point(x1*, x2*, x3*)
1 2 3  ( , , ) 0Subject to h x x x =
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1 2 3
1 1 2 2 3 3

0f h f h f hdx dx dx
x x x x x x

l l l
æ öæ ö æ ö¶ ¶ ¶ ¶ ¶ ¶

+ + + + + =ç ÷ç ÷ ç ÷¶ ¶ ¶ ¶ ¶ ¶è ø è ø è ø
If the dx1, dx2, and dx3 were all independent of each other, all terms in the brackets will be zero. This 
however, is not the case because of the equality constraint h. Let’s try to make the first term to be zero 
by determining a proper value of λ, so that the following equation is satisfied without considering the 
dx1.

2 3
2 2 3 3

0f h f hdx dx
x x x x

l l
æ öæ ö¶ ¶ ¶ ¶

+ + + =ç ÷ç ÷¶ ¶ ¶ ¶è ø è ø
Since dx2 and dx3 are independent, the terms in the brackets must be zero to satisfy the equation.

1 1 2 2 3 3

0, 0, 0f h f h f h
x x x x x x

l l l
æ öæ ö æ ö¶ ¶ ¶ ¶ ¶ ¶

\ + = + = + =ç ÷ç ÷ ç ÷¶ ¶ ¶ ¶ ¶ ¶è ø è ø è ø
Therefore, the point                          that satisfies the following equations is a stationary point.),,,( 321 lxxx

4 Unknown variables: (x1, x2, x3, λ)

4 Equations
There exists an unique solution.

1 2 3
1 2 3

0f f fdf dx dx dx
x x x
¶ ¶ ¶

= + + =
¶ ¶ ¶

1 2 3
1 2 3

0h h hdh dx dx dx
x x x
¶ ¶ ¶

= + + =
¶ ¶ ¶

Because of the equality constraint h, 
dx1, dx2, and dx3 are not independent.

①

②

0df dhl+ × =
:l Undetermined Coefficient 

‘Lagrange multiplier’

Stationary Point for
Constrained Optimization Problem (3/3)

1 1 2 2

1 2 3
3 3

0, 0

0, ( , , ) 0

f h f h
x x x x
f h h x x x
x x

l l

l

¶ ¶ ¶ ¶
+ = + =

¶ ¶ ¶ ¶
¶ ¶

+ = =
¶ ¶

세개 중에 하나를 없애야 나머지 두 개가 독립이 된다.

Given: 1 2 3( , , )Minimize f x x x

Find: Stationary point(x1*, x2*, x3*)
1 2 3  ( , , ) 0Subject to h x x x =
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1 1 2 2

1 2 3
3 3

0, 0

0, ( , , ) 0

f h f h
x x x x
f h h x x x
x x

l l

l

¶ ¶ ¶ ¶
+ = + =

¶ ¶ ¶ ¶
¶ ¶

+ = =
¶ ¶

1 2 3 1 2 3 1 2 3( , , , ) ( , , ) ( , , )L x x x f x x x h x x xl l= +

It is convenient to write these equations in terms of a Lagrange function, L, defined as 

1 2 3( , , , ) 0L x x x lÑ =

Constrained optimization problem is transformed to an unconstrained 
optimization problem.
Constrained optimization problem is transformed to an unconstrained 
optimization problem.

1 1 1

0L f h
x x x

l¶ ¶ ¶
= + =

¶ ¶ ¶

λ : Lagrange Multiplier
L : Lagrange Function1 2 3( , , ) 0L h x x x

l
¶

= =
¶

2 2 2

0L f h
x x x

l¶ ¶ ¶
= + =

¶ ¶ ¶

3 3 3

0L f h
x x x

l¶ ¶ ¶
= + =

¶ ¶ ¶

Lagrange Multiplier for Equality Constraints
The point(                     ) that satisfies the 
following equations is a stationary point.

l,,, 321 xxx
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Necessary condition that minimize f is df = 0. 
df = 0 corresponds to Eq. ①’ as follows.

Optimization Problem

Minimize
Subject to

①

②

③

1 1 2 3( , , ) 0h x x x =

2 1 2 3( , , ) 0h x x x =

1 2 3( , , )f x x x Number of variables: 3

Number of equation: 2

Because ‘Minimize f ’  is 
formulated as an equation(df
= 0), the number of equations 
is equal to the number of 
unknown variables.
(Determinate problem)

[Summary] Stationary Point for a Constrained Optimization Problem
- Solution for a Constrained Optimization problem by using the Lagrange Multiplier (1/5)

문장으로

어떻게

1 2 3
1 2 3

0f f fdf dx dx dx
x x x
¶ ¶ ¶

= + + =
¶ ¶ ¶ ①’

1 1 2 3( , , ) 0h x x x =

2 1 2 3( , , ) 0h x x x =
②

③

Subject to

Number of variables: 3
Number of equations: 3

Æ We can solve this.
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Optimization Problem

Minimize
Subject to

①

②

③

1 1 2 3( , , ) 0h x x x =

2 1 2 3( , , ) 0h x x x =

1 2 3( , , )f x x x

1 2 3
1 2 3

0f f fdf dx dx dx
x x x
¶ ¶ ¶

= + + =
¶ ¶ ¶ ①’

②’

③’

1 1 1
1 1 2 3

1 2 3

0h h hdh dx dx dx
x x x
¶ ¶ ¶

= + + =
¶ ¶ ¶

2 2 2
2 1 2 3

1 2 3

0h h hdh dx dx dx
x x x
¶ ¶ ¶

= + + =
¶ ¶ ¶

Number of variables: 3

Number of equation: 2

[Summary] Stationary Point for a Constrained Optimization Problem
- Solution for a Constrained Optimization problem by using the Lagrange Multiplier (2/5)

To find the relationships among dx1, dx2, dx3 , 
we modify the equation ② and③ to the form 
of total derivative          .1 2,dh dh

1 1 2 3( , , ) 0h x x x =

2 1 2 3( , , ) 0h x x x =
②

③

Subject to

1 2 3
1 2 3

0f f fdf dx dx dx
x x x
¶ ¶ ¶

= + + =
¶ ¶ ¶ ①’

Necessary condition that minimize f is df = 0. 
df = 0 corresponds to Eq. ①’ as follows.
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Are the equation ①’, ②’ ,  and③’  differential equations with respect to f, h1, h2 ?

Optimization Problem

Minimize
Subject to

①

②

③

1 1 2 3( , , ) 0h x x x =

2 1 2 3( , , ) 0h x x x =

1 2 3( , , )f x x x
1 2 3

1 2 3

0f f fdf dx dx dx
x x x
¶ ¶ ¶

= + + =
¶ ¶ ¶ ①’

②’

③’

1 1 1
1 1 2 3

1 2 3

0h h hdh dx dx dx
x x x
¶ ¶ ¶

= + + =
¶ ¶ ¶

2 2 2
2 1 2 3

1 2 3

0h h hdh dx dx dx
x x x
¶ ¶ ¶

= + + =
¶ ¶ ¶

However, the function f, h1, and h2(equation ①, ②, ③) are given and differential quantities of dx1, dx2, 
and dx3 are to find, the equation ①’, ②’, and ③’ are algebraic equations for the variables x1, x2, and x3.

[Summary] Stationary Point for a Constrained Optimization Problem
- Solution for a Constrained Optimization problem by using the Lagrange Multiplier (3/5)

1 2 3
1 2 3

0,f f fdx dx dx
x x x
¶ ¶ ¶

+ + =
¶ ¶ ¶

1 1 1
1 2 3

1 2 3

0,h h hdx dx dx
x x x
¶ ¶ ¶

+ + =
¶ ¶ ¶

2 2 2
1 2 3

1 2 3

0,h h hdx dx dx
x x x
¶ ¶ ¶

+ + =
¶ ¶ ¶

Answer: If the problem were given as follows: 

- Given:                                                                                            

- Find: Function f, h1, h2

Then the equation ①’, ②’, and③’ would be differential equations.
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1 1 2 2 0df dh dhl l+ + =

Æ Since dx3 is an 
independent variable

1 2
1 2 1

1 1 1

h hf dx
x x x

l l
æ ö¶ ¶¶

+ +ç ÷¶ ¶ ¶è ø
1 2

1 2 2
2 2 2

h hf dx
x x x

l l
æ ö¶ ¶¶

+ + +ç ÷¶ ¶ ¶è ø
1 2

1 2 3
3 3 3

0h hf dx
x x x

l l
æ ö¶ ¶¶

+ + + =ç ÷¶ ¶ ¶è ø

We multiply the equation ②’ and③’ by     and     , respectively
and add it to the equation ①’:

Optimization Problem

Minimize
Subject to

①

②

③

1 1 2 3( , , ) 0h x x x =

2 1 2 3( , , ) 0h x x x =

1 2 3( , , )f x x x
1 2 3

1 2 3

* 0f f fdf dx dx dx
x x x
¶ ¶ ¶

= + + =
¶ ¶ ¶ ①’

②’

③’

1 1 1
1 1 2 3

1 2 3

0h h hdh dx dx dx
x x x
¶ ¶ ¶

= + + =
¶ ¶ ¶

2 2 2
2 1 2 3

1 2 3

0h h hdh dx dx dx
x x x
¶ ¶ ¶

= + + =
¶ ¶ ¶

5 variables: (x1, x2, x3, λ1 , λ2)

5 equations: 2,3,4,5,6
There exists a 
unique solution.

[Summary] Stationary Point for a Constrained Optimization Problem
- Solution for a Constrained Optimization problem by using the Lagrange Multiplier (4/5)

Æ Determine λ1, λ2 so that 
the first term in the brackets 
becomes zero*.
(to eliminate dx1)

Æ Determine λ1, λ2 so that  
the second term in the brackets 
becomes zero*.
(to eliminate dx2)

= 0    ④ = 0     ⑤ = 0     ⑥

* Since dx1, dx2, and dx3 are not independent
because of the equality constraints h1 and h2.

2l1l
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We formulate differently: Constrained optimal design problem becomes 
unconstrained optimal design problem.
We formulate differently: Constrained optimal design problem becomes 
unconstrained optimal design problem.1 2 3 1 2 1 2 3 1 1 1 2 3 2 2 1 2 3( , , , , ) ( , , ) ( , , ) ( , , )L x x x f x x x h x x x h x x xl l l l= + +

1 2 3 1 2( , , , , ) 0L x x x l lÑ =

1 2
1 2

1 1 1 1

0h hL f
x x x x

l l¶ ¶¶ ¶
= + + =

¶ ¶ ¶ ¶

λ : Lagrange Multiplier
L : Lagrange Function

1 1 2 3
1

( , , ) 0L h x x x
l
¶

= =
¶

1 2
1 2

2 2 2 2

0h hL f
x x x x

l l¶ ¶¶ ¶
= + + =

¶ ¶ ¶ ¶

1 2
1 2

3 3 3 3

0h hL f
x x x x

l l¶ ¶¶ ¶
= + + =

¶ ¶ ¶ ¶
2 1 2 3

2

( , , ) 0L h x x x
l
¶

= =
¶

②

③

④

⑥

⑤

1 2 1 2
1 2 1 2

1 1 1 2 2 2

1 2
1 2 1 1 2 3 2 1 2 3

3 3 3

0, 0

0, ( , , ) 0, ( , , ) 0

h h h hf f
x x x x x x

h hf h x x x h x x x
x x x

l l l l

l l

¶ ¶ ¶ ¶¶ ¶
+ + = + + =

¶ ¶ ¶ ¶ ¶ ¶
¶ ¶¶

+ + = = =
¶ ¶ ¶

1 2 3 1 2, , , ,x x x l lThe point(                        ) that satisfies the following 
equations is a stationary point.

It is convenient to write these equations in terms of a Lagrange function, L, defined as 

The Lagrange function gives us a simple way of formulating the equations 
that have to be satisfied at a stationary point.

[Summary] Stationary Point for a Constrained Optimization Problem
- Solution for a Constrained Optimization problem by using the Lagrange Multiplier (5/5)
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2 2
1 2 1 2( , ) ( 1.5) ( 1.5)f x x x x= - + -

1 2 1 2( , ) 2 0h x x x x= + - =

Original ProblemOriginal Problem

75.0=f

5.0=f

1 2

1

2

1 2( , ) 0h x x =

C

Minimize

Subject to

1 2 1 2 1 2
2 2

1 2

1 2

( , , ) ( , ) ( , )
( 1.5) ( 1.5)

( 2)

L x x f x x h x x
x x

x x

l l

l

= +

= - + -
+ + -

Lagrange FunctionLagrange Function

Minimize

1x

2x

0.0)(,5.0)( == CC hf

Necessary Condition: Necessary Condition: 

* * *
1 2 1, 1x x lÞ = = = (The point C is the stationary 

point.)

1 2( , ) 0L x ,x lÑ =

1
1

2( 1.5) 0L x
x

l¶
= - + =

¶

2
2

2( 1.5) 0L x
x

l¶
= - + =

¶

1 2 2 0L x x
l
¶

= + - =
¶

Quadratic programming problem
- Objective function: quadratic form
- Constraint: linear form

[Example] Lagrange Multiplier for Equality Constraints
- Quadratic Programming Problem (1/2)
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2
2

2
1 )5.1()5.1()( -+-= xxf x

02)( 21 =-+= xxh x

Original ProblemOriginal Problem

)2(
)5.1()5.1(

)()()  ,(

21

2
2

2
1

-++
-+-=

+=

xx
xx

hfL

n

nn xxx

Lagrange FunctionLagrange Function

Necessary Condition: Necessary Condition: 

0)()( *** =Ñ+Ñ xx hf n

)()( *** xx hf Ñ=-Ñ\ n

75.0=f

5.0=f

1 2

1

2

The direction where       
is increased

)(xfÑ : )(xf

0=h

ú
û

ù
ê
ë

é
=Ñú

û

ù
ê
ë

é
-
-

=Ñ
1
1

)(,
)5.1(2
)5.1(2

)(
2

1 xx h
x
x

f

ú
û

ù
ê
ë

é
-
-

=Ñ
1
1

)(Cf

C

ú
û

ù
ê
ë

é
=Ñ

1
1

)(Ch

0.0)(,5.0)( == CC hf

02*
2

*
1 =-+ xx

)()( *** xx hvf Ñ=Ñ-

0.0)(,75.0)( == DD hf

D

ú
û

ù
ê
ë

é
-

=Ñ
73.1

0
)(Df

ú
û

ù
ê
ë

é
=Ñ

1
1

)(Dh

The gradient vector of the objective function and constraint 
are on the same line and proportional to each other, and the 
Lagrange multiplier v* is the proportionality constant.

The gradient vector of the objective function and constraint 
are on the same line and proportional to each other, and the 
Lagrange multiplier v* is the proportionality constant.

1,
1
1

)(,
1
1

)( * =ú
û

ù
ê
ë

é
=Ñú

û

ù
ê
ë

é
-
-

=Ñ nCC hf

But the point D is not a candidate minimum, because  the 
gradient vector of the objective function and constraint  are 
not on the same line.

**
2

**
1 )5.1(2  ,)5.1(2 vxvx =--=--

1,1 **
2

*
1 ===Þ vxx (The point C is

the stationary point.)

Minimize

* *( ) 0L , nÑ =x

Subject to

Minimize

1x

2x

Quadratic programming problem
- Objective function: quadratic form
- Constraint: linear form

)(xhÑ : The direction where      
is increased

)(xh

At the candidate minimum C, the meaning of                                is

[Example] Lagrange Multiplier for Equality Constraints
- Quadratic Programming Problem (2/2)
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[Example] Solving Nonlinear Constrained Optimization 
Problem by Using the Lagrange Multiplier (1/4)

þ There is a sphere whose center is (0, 0, 0) and radius is c.
þ Determine the maximum volume of the rectangular solid 

which is circumscribed* in the sphere.  

1 2 3( , , )x x x

1x

2x

3x

* To draw a geometric figure around another figure so that the two are in contact but do not intersect.
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[Example] Solving Nonlinear Constrained Optimization 
Problem by Using the Lagrange Multiplier (2/4)
þ Mathematical Modeling

1 2 3( , , )x x x

1x

2x3x Because the vertices of the rectangular 
solid are on the surface of the sphere,

1 2 3 1 2 3( , , ) 2 2 2f x x x x x x= × ×
The volume of the rectangular sold f is

2 2 2 2
1 2 3 1 2 3( , , ) 0h x x x x x x c= + + - =

2 2 2 2) :cf equation for a sphere x y z r+ + =

1 2 3 1 2 3

1 2 3

 ( , , ) 2 2 2
 8

Maximize f x x x x x x
x x x

= × ×

=

2 2 2 2
1 2 3 1 2 3

 
( , , ) 0

Subject to
h x x x x x x c= + + - =

1 2 3 1 2 3 ( , , ) 8Minimize f x x x x x x= -

2 2 2 2
1 2 3 1 2 3

 
( , , ) 0

Subject to
h x x x x x x c= + + - =

22x

12x

32x
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[Example] Solving Nonlinear Constrained Optimization 
Problem by Using the Lagrange Multiplier (3/4)

þ Solution(1/2)

1 2 3 1 2 3 ( , , ) 8Minimize f x x x x x x= -

2 2 2 2
1 2 3 1 2 3

 
( , , ) 0

Subject to
h x x x x x x c= + + - =

1 2 3 1 2 3 1 2 3( , , , ) ( , , ) ( , , )L x x x f x x x h x x xl l= +

1 2 3( , , , ) 0L x x x lÑ =

2 2 2 2
1 2 3 1 2 38 ( )x x x x x x cl= - + + + -

Lagrange function for this problem is as follow.

2 3 1
1

8 2 0L x x x
x

l¶
= - + =

¶

2 2 2 2
1 2 3 0L x x x c

l
¶

= + + - =
¶

1 3 2
2

8 2 0L x x x
x

l¶
= - + =

¶

1 2 3
3

8 2 0L x x x
x

l¶
= - + =

¶
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[Example] Solving Nonlinear Constrained Optimization 
Problem by Using the Lagrange Multiplier (4/4)

þ Solution(2/2)

2 3 18 2 0x x xl- + =

1 3 28 2 0x x xl- + =

1 2 38 2 0x x xl- + =
2 2 2 2
1 2 3 0x x x c+ + - =

①

②

③

④

Equation① X  x1

Equation② X  x2

Equation③ X  x3

2
1 2 3 18 2 0x x x xl- + =

2
1 2 3 28 2 0x x x xl- + =

2
1 2 3 28 2 0x x x xl- + =

2 1 2 3
1

4x x xx
l

=

2 1 2 3
2

4x x xx
l

=

2 1 2 3
3

4x x xx
l

=
Substitute these into the equation ④

21 2 3 1 2 3 1 2 34 4 4 0x x x x x x x x x c
l l l

+ + - =

21 2 312x x x c
l

=

1 2 3
2

12x x x
c

l= ⑤

Substitute the equation⑤ into the 
equation ①

1 2 3
2 3 12

128 2 0x x xx x x
c

- + =

2
1 2 3

2 3 2

248 0x x xx x
c

- + =

2
1

2 3 2

38 1 0xx x
c

æ ö
- - =ç ÷

è ø

2
1
2

31 0x
c

- =
2
1
2

3 1x
c

=

2
2
1 3

cx =

1 3
cx = ±

1 ,
3

cx =

Because x1 is a length, it must be
positive.

x2 and x3 are found in the same way.

2 ,
3

cx = 3 3
cx =

3

1 2 3
88
3 3

cx x x =

If x2 or x3 are zero 0, the 
volume of the rectangular 
solid is zero and the 
solution is trivial. Therefore,

So, the maximum volume is
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[Summary] Constrained Optimization Method by Using
the Lagrange Multiplier

þConstrained Optimization Problem

þDefinition of the Lagrange function(L)

),   ...  ,,()( 21 nxxxff =x
pihi ,  ...  ,1     ,0)( ==x

)()(

)()(),(
1

xhvx

xxvx

T

p

i
ii

f

hvfL

+=

+= å
=

Minimize

Subject to

vi are the Lagrange multipliers for the equality constraints and are free in sign, 
i.e., they can be positive, negative, or zero.
<Reason> 
The solution does not change, even if the equality constraint is multiplied by the minus sign.

- Determination of the propeller principal 
dimensions by using the Lagrange multiplier

1

2 ,

p

v
v

v

é ù
ê ú
ê ú=
ê ú
ê ú
ê úë û

v
M

1

2

p

h
h

h

é ù
ê ú
ê ú=
ê ú
ê ú
ê úë û

h
M

- Determination of the principal dimension 
of a ship by using the Lagrange multiplier

찾아서

부호에
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Comparison between Newton’s Method 
and Method of Lagrange Multipliers 

Rfff TT ++Ñ+=+ dxHddxxdx )(
2
1)()()( ****

By defining                    ,  the Taylor series expansion for the function of multi variables is as follows.dxx =- *

Sufficient conditions for              
to be a local minimum

*xx =0)(
2
1 * >dxHdT Æ

MinimizeGiven: ( )f x

Necessary condition for
to be a 

candidate local minimum
(stationary point)

*xx = ,0)( * =Ñ Tf x

Æ

Newton’ Method for Unconstrained Optimization Problem 

Method of Lagrange Multipliers for Constrained Optimization Problem 
MinimizeGiven: ( )f x

1 2 3( , , ) 0h x x x =

0df dhl+ × = :l Undetermined Coefficient ‘Lagrange multiplier’

Find: Local minimum design point

Find: Local candidate minimum design point

Define Lagrange function, 
Necessary condition for
to be a candidate local minimum Æ ÑL =0
(stationary point)

*xx =

Æ

L df dhl= + ×
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,0/),( 121 =dxxxdf

0)  ,( *
2

*
1 =xxh

0)(),(),(),(
1

1

2

*
2

*
1

1

*
2

*
1

1

*
2

*
1 =

¶
¶

+
¶

¶
=

dx
xd

x
xxh

x
xxh

dx
xxdh f

0)(),(),(
1

1

2

*
2

*
1

1

*
2

*
1 =

¶
¶

+
¶

¶
dx

xd
x

xxf
x

xxf f

* *
1 1 2 1

* *
1 1 2 2

( ) ( , ) /
( , ) /

d x h x x x
dx h x x x
f ¶ ¶

\ = -
¶ ¶

* * * * * *
1 2 1 2 1 2 1

* *
1 2 1 2 2

( , ) ( , ) ( , ) / 0
( , ) /

f x x f x x h x x x
x x h x x x

¶ ¶ ¶ ¶
\ - =

¶ ¶ ¶ ¶

1 2 1 2 1 2 2

1 1 2 1

( , ) ( , ) ( , ) 0df x x f x x f x x dx
dx x x dx

¶ ¶
= + =

¶ ¶

* * * *
*1 2 1 2

1 1

( , ) ( , ) 0f x x h x x
x x

n¶ ¶
+ =

¶ ¶

* * * *
*1 2 1 2

2 2

( , ) ( , ) 0f x x h x x
x x

n¶ ¶
+ =

¶ ¶

The equation (3) becomes

), ,( 21 xxf 0),( 21 =xxhMinimize Subject to

)  ,( *
2

*
1

* xx=xIf we assume that                      is the local candidate minimum,

Form the equality constraint                           ,

Æ

••• Equation (1)

••• Equation (2)

Substitute the equation (2) into the equation (1)

•••
Equation
(3)

If we assume that ••• Equation (4)

Equation (4) can be rearranged as follows.

* *
1 2( , ) 0h x x =

* * * *
*1 2 1 2

1 1

( , ) ( , ) 0f x x h x x
x x

n¶ ¶
+ =

¶ ¶

* * * *
*1 2 1 2

2 2

( , ) ( , ) 0f x x h x x
x x

n¶ ¶
+ =

¶ ¶

In summary, for                            to become 
the local candidate minimum, the following 
three conditions have to be satisfied.

* * *
1 2( , )x x=x

v* is called the Lagrange multiplier.

221

221*

/*)*,(
/*)*,(

xxxh
xxxf
¶¶
¶¶

-=n

0)  ,( 21 =xxhBy using                        , x2 can be expressed as the function of x1, i.e., ))(,(),( 1121 xxfxxf f=
To determine the local candidate minimum of the function of the single variable,

is the explicit form, in general, it is impossible to represent the constraint 
as this from.

)( 12 xx f=

2
2

21
1

1

21
21

),(),(),( dx
x

xxfdx
x

xxfxxdf
¶

¶
+

¶
¶

=But, because                                                               ,                                               .

[Reference] Constrained Optimization Method for Candidate 
Minimum by Using the Lagrange Multiplier
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4.3 Kuhn-Tucker Necessary Condition 
for Inequality Constraints
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(1) If s = 0, (Inequality constraint is transformed to the equality constraint.)

(2) If u = 0, (Inequality constraint is not active.)

1,1 **
2

*
1 === uxx

1,0,5.1 2**
2

*
1 -==== suxx (The point D: the constraint is violated.)

Æ Candidate minimum point(The point C)

Æ 02)( 2
21

2 =+-+=+ sxxsg x D

0)( *** =Ñ ,  s,  uL x

Minimize

Subject to

Minimize

We can transform an inequality 
constraint to an equality constraint by 
adding a new variable, called the slack 
variable.

Quadratic programming 
problem
- Objective function: quadratic form
- Constraint: linear form

Linear indeterminate 
equation

Nonlinear indeterminate equation

- At first, we find the 
solution for the nonlinear  
indeterminate equation of

- And substitute u=0 or 
s=0 into the linear 
indeterminate equation
- Then, solve the linear 
equation system.

- At first, we find the 
solution for the nonlinear  
indeterminate equation of

- And substitute u=0 or 
s=0 into the linear 
indeterminate equation
- Then, solve the linear 
equation system.

0 0u or s= =

Quadratic Programming Problem
with Inequality Constraint
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Inequality constraint

migi ,  ...  ,1     ,0)( =£x
To transform the inequality constraints to the equality constraints, 
the slack variables       are introduced:

misg ii ,  ...  ,1     ,0)( 2 ==+x

2
is

)()()()(),(
1

xhvxxxvx T
p

i
i fhvfL +=+= å

=

vi are the Lagrange multipliers for the equality 
constraints and are free in sign.

[Ref] Lagrange function for the equality constrained problem

Lagrange function for the inequality constrained problem
Since the inequality constraint can be transformed to the equality constraint by introducing 
the slack variable, the Lagrange function is defined as

),)(()())(()(),,( 2

1

2 sxguxxxsux ++=++= å
=

T
m

i
iii fsgufL

ui are the Lagrange multiplier for the inequality constraints and have to be nonnegative.
si are the slack variables to transform the inequality constraints to the equality constraints.

0³iu

Necessary Condition of Candidate Local Optimal Solution for 
the Inequality Constrained Problem (1/2)
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ui are the Lagrange multiplier for the inequality constraints and have to be nonnegative.
si are the slack variables to transform the inequality constraints to the equality constraints.

Lagrange function for the inequality constrained problem

The necessary condition of the candidate local optimal solution for the inequality 
constrained problem 
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Necessary Condition of Candidate Local Optimal Solution for 
the Inequality Constrained Problem (2/2)
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miui ,  ...  ,1     ,0* =³ The value of the objective function and gradient vectors have to be calculated a      .*x

If x* is the candidate local minimum point, the equations 
from the Kuhn-Tucker necessary condition have to be 
satisfied.
Therefore, K.-T. condition can be used to find the 
candidate local minimum point for the equality and 
inequality constrained problem.

Optimization
Problem

Minimize ) ,  , ,()( 21 nxxxff L=x
,...,pihi 1   ,0)( ==xSubject to

,...,migi 1   ,0)( =£x
Equality constraints

Inequality constraints

Definition of
the Lagrange function

Kuhn-Tucker necessary condition: 0suvx =Ñ ),,,(L

))(()()(

))(()()(),,,(

2
1

2

1

sxguxhvx

xxxsuvx

+++=

+++= åå
==

TT

m

i
iii

p

i
ii

f

sguhvfL

vi are the Lagrange multipliers for the equality constraints and are free in sign.
ui are the Lagrange multiplier for the inequality constraints and have to be nonnegative.
si are the slack variables to transform the inequality constraints to the equality. constraints

Kuhn-Tucker Necessary Condition for Inequality Constraints
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Minimize

CASE #2: 0=s (The solution point is on the boundary of the inequality 
constraint. The inequality constraint is considered as active.)

Æ There are two cases.

)6(3),,( 22
2

2
121

2
2

2
1 sxxuxxxxsuL +-++-+=x

1

2

3

CASE #1: 0=u

023
032

21

21

=+-
=-

xx
xx 0)(,00 2121 === **** x,xfx,x

(The inequality constraint is considered as inactive at the solution point.)

Æ Point A:

①

②

③

Rearrange
the equation ① 1 2 12 3 2 0,x x ux- + = 2

1

31
2

xu
x

= - +

Substitute u
into
the equation ②

2
2 1 2

1

32 3 2( 1 ) 0
2

xx x x
x

- + - + =

2
2

2 1 2
1

2 3 2 3 0,xx x x
x

- - + =
2
2

1
1

3 3 ,x x
x

= 2 2
2 1x x=

Substitute x2
into
the equation ③

2
12 6,x = 1 3x = ±

A

[Example] Nonlinear Constrained Optimization Problem #1 
(1/2)
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CASE #1: 0=u

CASE #2: 0=s
023

032

21

21

=+-
=-

xx
xx

0)(,00 2121 === **** x,xfx,x

2
5,321 -=-=-= uxx

B

C

A
3),(,3 *

2
*
1

*
2

*
1 -=== xxfxx2

1,321 === uxx ÆPoint B:

2
1,321 =-== uxx Æ 3),(,3 *

2
*
1

*
2

*
1 -=-== xxfxxPoint C:

ÆPoint E:

D

E

2
5,321 -==-= uxx ÆPoint D: 15),(,3,3 *

2
*
1

*
2

*
1 =-== xxfxx

15),(,3,3 *
2

*
1

*
2

*
1 ==-= xxfxx

(The inequality constraint is considered as inactive at the solution point.)

Æ Point A:

(The solution point is on the boundary of the inequality 
constraint.)

[Example] Nonlinear Constrained Optimization Problem #1 
(2/2)
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042)(
042)(

212

211

£+--=
£+--=

xxg
xxg

x
x

Minimize
Subject to

222)( 21
2
2

2
1 +--+= xxxxf x

Lagrange function

x1

x2

1 2 3 4

1

2

3

4

A

g2 = 0

g1 = 0

9
2*

3
4

3
4* )(),,( == xx f

Minimum at Point A

Feasible region

f = 1.32

f = 0.64

2 2
1 2 1 2

2
1 1 2 1

2
2 1 2 2

( , , ) 2 2 2
( 2 4 )
( 2 4 )

L x x x x
u x x s
u x x s

= + - - +

+ - - + +

+ - - + +

x u s

[Example] Nonlinear Constrained Optimization Problem #2
- Find the Optimal Solution for the Quadratic Programming Problem
by using the Kuhn-Tucker Necessary Condition : xi are free in sign (1/3)

Quadratic programming 
problem
- Objective function: quadratic form
- Constraint: linear form
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Lagrange function

Kuhn-Tucker necessary condition:

2 2
1 2 1 2

2
1 1 2 1

2
2 1 2 2

( , , ) 2 2 2
( 2 4 )
( 2 4 )

L x x x x
u x x s
u x x s

= + - - +

+ - - + +

+ - - + +

x u s
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211
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xxg
xxg

x
x

222)( 21
2
2

2
1 +--+= xxxxf xÅ

0sux =Ñ ),,(L

1 1 2
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2 2 2 0L x u u
x
¶

= - - - =
¶ 2 1 2

2

2 2 2 0L x u u
x
¶

= - - - =
¶

2
1 2 1

1

2 4 0L x x s
u
¶

= - - + + =
¶

2
1 2 2

2

2 4 0L x x s
u
¶

= - - + + =
¶

1 1
1

2 0L u s
s
¶

= =
¶ 2 2

2

2 0L u s
s
¶

= =
¶

0, 1,2iu i³ =

[Example] Nonlinear Constrained Optimization Problem #2
- Find the Optimal Solution for the Quadratic Programming Problem
by using the Kuhn-Tucker Necessary Condition : xi are free in sign (2/3)
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Lagrange function

x1

x2

1 2 3 4

1

2

3

4

AB

C
g2 = 0

g1 = 0

9
2*

3
4

3
4* )(),,( == xx f

Minimum at Point A

Feasible region

f = 1.32

f = 0.64

2 2
1 2 1 2

2
1 1 2 1

2
2 1 2 2

( , , ) 2 2 2
( 2 4 )
( 2 4 )

L x x x x
u x x s
u x x s

= + - - +

+ - - + +

+ - - + +

x u s

D

I

Case #1: s1=s2=0

9
2

213
4

21 , ==== uuxx

Case #2: u1=s2=0, (Point B)

5
12

15
2

25
7

25
6

1 ,,, -==== suxx

Case #3: u2=s1=0, (Point C)

5
12

25
2

15
6

25
7

1 ,,, -==== suxx

Case #4: u1=u2=0, (Point D)
1,1 2

2
2
121 -==== ssxx

It has to be nonnegative(g1).

It has to be nonnegative(g2).

It has to be nonnegative(g2, g2).

(Minimum at Point A)

[Example] Nonlinear Constrained Optimization Problem #2
- Find the Optimal Solution for the Quadratic Programming Problem
by using the Kuhn-Tucker Necessary Condition : xi are free in sign (3/3)
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Minimize
Subject to

222)( 21
2
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1 +--+= xxxxf x

2 2
1 1 2 20, 0x xd d- + = - + =

Inequality constraints whose form are “£”:
Introduce the slack variable.

[Example] Nonlinear Constrained Optimization Problem #3
- Optimum Solution for the Case that xi are”Nonnegative” (1/4)
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Kuhn-Tucker necessary condition: ( , , , , )LÑ =x u s ζ δ 0
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Quadratic programming 
problem
- Objective function: quadratic form
- Constraint: linear form

[Example] Nonlinear Constrained Optimization Problem #3
- Optimum Solution for the Case that xi are”Nonnegative” (2/4)
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Kuhn-Tucker necessary condition: ( , , , , )LÑ =x u s ζ δ 0

, , 0, 1, 2i i iu iz d ³ =

Quadratic programming 
problem
- Objective function: quadratic form
- Constraint: linear form

[Example] Nonlinear Constrained Optimization Problem #3
- Optimum Solution for the Case that xi are”Nonnegative” (3/4)
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Lagrangian function
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It has to be nonnegative.

It has to be nonnegative.

It has to be nonnegative.

It has to be nonnegative.

It has to be nonnegative.

It has to be nonnegative.

It has to be 
nonnegative.

It has to be 
nonnegative.

It has to be 
nonnegative.

It has to be 
nonnegative.

It has to be 
nonnegative.

It has to be 
nonnegative.

The constraint is violated.

The constraint is violated.

The constraint is violated.

The constraint is violated.

The constraint is violated.

2 2
1 2 1 2

2
1 1 2 1

2
2 1 2 2

2 2
1 1 1 2 2 2

( , , , , ) 2 2 2
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x xz d z d
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+ - + + - +

x u s ζ δ

Quadratic programming 
problem
- Objective function: quadratic form
- Constraint: linear form

[Example] Nonlinear Constrained Optimization Problem #3
- Optimum Solution for the Case that xi are”Nonnegative” (4/4)
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[Reference] The Reason Why Lagrange Multiplier for the 
Inequality Constraint has to be Positive
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Minimize
Subject to

Direction of the gradients 
of the objective function

Direction of the gradients 
of the objective function

fÑ: gÑ:
Direction of the gradients 

of the constraint
Direction of the gradients 

of the constraint

If          , the gradients of the objective function and 
the constraint function point in the opposite 
direction: 

f g-Ñ Ñ;

0u >

In order to reduce the value of the objective 
function f , the design point has to move to the 
negative gradient direction.

(1.5, 1.5)

0125.15.1
2)( 21

£=-+=
-+= xxg x

However, at the green point(1.5, 1.5), for example,

the constraint is violated.

Therefore, this way, f cannot be reduced any further 
by moving to the negative gradient direction without 
violating the constraint.

That is, the point C is the optimal solution 
satisfying the constraint and minimizing the 
objective function.

2( , , ) ( ) ( ( ) s )L u s f u g= + +x x x

( , , ) ( ) ( ) 0
( ) ( )

L f u g
f u g

Ñ = Ñ + Ñ =
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[Appendix] Quadratic Programming 
Problem
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SolutionSolution

Express x2 as an explicit function of  x1 ,

)(2 112 xxx F=+-=
2

1
2

111 )5.12()5.1())(,( -+-+-=F xxxxf

Minimize

[Example] Quadratic Programming
Problem #1

Express h (equality constraint) as an explicit 
function of x1.

Then substitute x1 into f and
find the stationary point by using df = 0.

Ex)  
2 2

1 2 1 2( , ) ( 1.5) ( 1.5)f x x x x= - + -

Find: Local minimum point(x1*, x2*)

02),( 2121 =-+= xxxxh

Objective function: quadratic form
Constraint: linear form

1
1 1

0 0f dfdf dx
x dx
¶

= = Þ =
¶

This is an unconstrained optimization
problem to determine the stationary point.

MethodMethodProblemProblem

04

12
1

0)5.0(2)5.1(2

2
1

2
12

1

11
1

>=

=+-=Þ
=Þ

=+---=

dx
fd

xx
x

xx
dx
df

)1,1(),( *
2

*
1 =\ xxLocal minimum point
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Given: 2 2 2
1 2 3 1 2 3( , , )f x x x x x x= + +

Find: Stationary point (x1*, x2*, x3*)

1 2 3 1 2 3( , , ) 1 0h x x x x x x= + + + =

Express h (equality constraint) as an explicit 
function of x1.

1 2 3 1x x x= - - -

Substitute x1 into the function f

2 2 2
2 3 2 3( 1)f x x x x= - - - + +

2 2
2 3 2 3 2 3

2 2
2 3

( 1 2 2 2 )x x x x x x

x x

= + + + + +

+ +
2 2

2 3 2 3 2 32 2 1 2 2 2x x x x x x= + + + + +
Determine the stationary point 
for the unconstrained optimization problem.

2 3

0f f
x x
¶ ¶

\ = =
¶ ¶

2 3
2

4 2 2 0f x x
x
¶

= + + =
¶

3 2
3

4 2 2 0f x x
x
¶

= + + =
¶

The solution of the equations are:

2
1 ,
3

x = -

By substituting these value into the function f, 
w obtain

1
1
3

x = -

Thus, the stationary point is                       .
1 1 1, ,
3 3 3

æ ö- - -ç ÷
è ø

3
1
3

x = -

0df =

2 3
2 3

0f fdf dx dx
x x
¶ ¶

= + =
¶ ¶

[Example] Solution for Quadratic Programming Problem #2



56
Computer Aided Ship Design, I-4. Optimality Condition Using Kuhn-Tucker Necessary Condition, Fall 2013, Myung-Il Roh

N
av

al
 A

rc
h

it
ec

tu
re

 &
 O

ce
an

 E
n

g
in

ee
ri

n
g

Computer Aided Ship Design, I-4. Optimality Condition Using Kuhn-Tucker Necessary Condition, Fall 2013, Myung-Il Roh

[Appendix] Example of a Constrained 
Nonlinear Optimization Method by 

Using the Lagrange Multiplier

1. Determination of the Optimal Principal 
Dimensions of a Ship
2. Determination of the Optimal Principal 
Dimensions of a Propeller
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Example of a Constrained Nonlinear Optimization Method by Using the Lagrange Multiplier 
- Determination of the Optimal Principal Dimensions of a Ship (1/5)

§ Find: L, B, CB

l Hydrostatic equilibrium(Weight equation)

1.6 2/3 3

( , , , )

( ) ( )
s B sw given B

given s o power d B

L B T C C DWT LWT L B D C

DWT C L B D C L B C L B T C V
ar× × × × × = +

= + × × + + × × + × × × × ×

Æ Indeterminate Equation: 3 variables(L, B, CB), 2 equality constraints((a), (b))

l Recommended range of obesity coefficient 
considering maneuverability of a ship

( ). ...H req HV C L B D b= × × ×
l Required cargo hold capacity(Volume equation)

( ) ( )0.15 ...
/
BC c

L B
<

( )... a

§ Given: DWT, VH.req, D, Ts, Td

2.0 ( )sC L B D¢® × × + 3(2 2 )power d dC B T L T L B V¢® × × × + × × + × ×
is (Volume)2/3 and means the submerged area of the ship.

So, we assume that the submerged area of the ship is equal to the submerged 
area of the rectangular box.

2/3( )d BL B T C× × ×

B
T

L
D

Simplify ① Simplify ②

It can be formulated as an optimization problem to minimize an objective function.
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2.0 3( , , ) ( ) (2 2 )B PS s PO o PM power d df L B C C C L B D C C L B C C B T L T L B V¢ ¢= × × × + + × × × + × × × × + × × + × ×

§ Minimize:  Building Cost 

§ Subject to
l Hydrostatic equilibrium(Simplified weight equation)

2.0 3

( , , , )

( ) (2 2 )

s B sw given B

given s o power d d

L B T C C DWT LWT L B D C

DWT C L B D C L B C B T L T L B V

ar× × × × × = +

¢ ¢= + × × + + × × + × × × + × × + × ×

( ). ...H req HV C L B D b= × × ×

( ) ( )0.15 ...
/
BC c

L B
<

( )... d

( )... 'a

§ Find: L, B, CB

§ Given: DWT, VH.req, D, Ts, Td

Example of a Constrained Nonlinear Optimization Method by Using the Lagrange Multiplier 
- Determination of the Optimal Principal Dimensions of a Ship (2/5)
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§ By introducing the Lagrange multipliers λ1, λ2, u, formulate the Lagrange function H.

( ) ( ) ( ) ( ) ( )1 2 1 1 2 2, , , , , , , , , , , , , , , ...( )B B B BH L B C u s f L B C h L B C h L B D u g L B C s el l l l= + × + × + ×

( ) ( )2 3, , ( ) {2 }B PS s PO o PM power df L B C C C L B D C C L B C C B L T L B V¢ ¢= × × × + + × × × + × × × + × + × ×

( ) ( )2.0 3
1 , , ( ) {2 }B s B sw given s o power dh L B C L B T C C DWT C L B D C L B C B L T L B Var ¢ ¢= × × × × × - - × × + - × × - × × + × + × ×

( )2 ., , H H reqh L B D C L B D V= × × × -

( ) ( )
2, , , 0.15

/
B

B
Cg L B C s s

L B
= - +

( )
( )

1 2 3 1 2

2 3
1 2 1 2 2 1 1 2

, , , , , ,

( ) {2 }PS s PO o PM power d

H x x x u s

C C x x D C C x x C C x x T x x V

l l

¢ ¢= × × + + × × × + × × × + × + × ×

( )2 3
1 1 2 3 1 2 1 2 2 1 1 2[ ( ) {2 } ]s sw given s o power dx x T x C DWT C x x D C x x C x x T x x Val r ¢+ × × × × × × - - × × + - × × - × × + × + × ×

( )2 1 2 .H H reqC x x D Vl+ × × × × -

( ){ }2
3 1 2/ / 0.15u x x x s+ × - +

1 2 3, , BL x B x C x® ® ®

...( )f

Example of a Constrained Nonlinear Optimization Method by Using the Lagrange Multiplier 
- Determination of the Optimal Principal Dimensions of a Ship (3/5)
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§ To determine the stationary point(             ) of the Lagrange function H(equation (f)), use 
the Kuhn-Tucker necessary condition:                                           .

1 2 3, , BL x B x C x® ® ®

( )1 2 3 1 2, , , , , , 0H x x x u sl lÑ =

( )

( ) ( )

3
1 2 2 2

1

3
1 2 3 1 2 2 2

2
2 2 3 2 1

2 ( ) 2

( [ 2 ( ) (2 ) ])

/ 0 ...(1)

PS s PO o PM power d

s sw s o power d

H

H C C x x D C C x C C T x V
x

x T x C C x x D C x C T x V

C x D u x x x
al r

l

¶ ¢ ¢= × × × + + × × + × × × + ×
¶

¢+ × × × × × - × × × + + × + × × + ×

+ × × × + × - × =

( ) ( )

2 3
1 1 1

2

2 3
1 1 3 1 1 1

2 1 3 1

(2 )

[ (2 ) ]

/ 0 ...(2)

PS s PO o PM power d

s sw s o power d

H

H C C x C C x C C T x V
x

x T x C C x C x C T x V

C x D u x x
al r

l

¶ ¢ ¢= × × + × × + × × × + ×
¶

¢ ¢+ × × × × × - × - × - × + ×

+ × × × + × =

1 2 3, ,x x x

( ) ( )
( )

( )

2 3
1 2 3 1 2 1 2 1 2 2 1 1 2

2 3
1 1 2 3 1 2 1 2 2 1 1 2

2 1 2 _ 3 1

, , , , , , ( ) {2 }

[ ( ) {2 } ]

/ /

PS s PO o PM power d

s sw given s o power d

H H req

H x x x u s C C x x D C C x x C C x x T x x V

x x T x C DWT C x x D C x x C x x T x x V

C x x D V u x x
a

l l

l r

l

¢ ¢= × × + + × × × + × × × + × + × ×

¢+ × × × × × × - - × × + - × × - × × + × + × ×

+ × × × × - + × ( ){ }2
2 0.15x s- + ...( )f

Example of a Constrained Nonlinear Optimization Method by Using the Lagrange Multiplier 
- Determination of the Optimal Principal Dimensions of a Ship (4/5)
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§ Kuhn-Tucker necessary condition                                           .( )1 2 3 1 2, , , , , , 0H x x x u sl lÑ =

( )1 1 2 2 1
3

. / 0 ...(3)s sw
H x x T C u x x
x al r¶

= × × × × + × =
¶

1 2 .
2

0 ...(5)H H req
H C x x D V
l
¶

= × × × - =
¶

2
3 2 1/ 0.15 0 ...(6)H x x x s

u
¶

= × - + =
¶

( )2 0, 0 ...(7)H u s u
s

¶
= × × = ³

¶

§ ▽H(x1, x2, x3, λ1, λ2, u, s) : Nonlinear simultaneous equation having the 7 variables((1)~(7)) and 7 equations
Æ It can be solved by using a numerical method!

( ) ( )
( )

( )

2 3
1 2 3 1 2 1 2 1 2 2 1 1 2

2 3
1 1 2 3 1 2 1 2 2 1 1 2

2 1 2 _ 3 1

, , , , , , ( ) {2 }

[ ( ) {2 } ]

/ /

PS s PO o PM power d

s sw given s o power d

H H req

H x x x u s C C x x D C C x x C C x x T x x V

x x T x C DWT C x x D C x x C x x T x x V

C x x D V u x x
a

l l

l r

l

¢ ¢= × × + + × × × + × × × + × + × ×

¢+ × × × × × × - - × × + - × × - × × + × + × ×

+ × × × × - + × ( ){ }2
2 0.15x s- + ...( )f

( )

2
1 2 3 1 2 1 2

1

3
2 1 1 2

( )

{2 } (4)

s sw given s o

power d

H x x T x C DWT C x x D C x x

C x x T x x V

ar
l
¶

= × × × × × - - × × + - × ×
¶

¢- × × + × + × × L

1 2 3, , BL x B x C x® ® ®

Example of a Constrained Nonlinear Optimization Method by Using the Lagrange Multiplier 
- Determination of the Optimal Principal Dimensions of a Ship (5/5)
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Maximize

Subject to

Q

T
O K

KJ
×=

p
h

2

QP KDn
n

P
×××= 52

2
r

p : The propeller absorbs the torque delivered by Diesel Engine 

Find Pi DPJ /,

Where,

Æ Optimization problem having two unknown variables and one equality constraint

Given

)/,(
)/,(

)1(

PiQ

PiT

P

DPJfK
DPJfK

Dn
wVJ

=
=

×
-

=
P: Delivered power to the propeller from 
the main engine, KW
n: Revolution per second, 1/sec
DP: Propeller diameter, m
Pi: Propeller pitch, m
AE/AO: Expanded area ratio
V: Ship speed, m/s
hO: Propeller efficiency(in open water)

VAAnP OE ,/,,

Because KT and KQ are a function of J and Pi/Dp, 
the objective is also a function of J and Pi/Dp.

Example of a Constrained Nonlinear Optimization Method by Using the Lagrange Multiplier 
- Determination of the Optimal Principal Dimensions of a Propeller (1/4)
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5

2

5 2 A

Q

V
nP

J
K

C
×
×

==
pr

)(a'       0)/,( 5 ×××××=×-= JCKDPJG QPi

(b)      
2

)/,( 0 ××××××==
Q

T
Pi K

KJDPJF
p

h

The constraint (a) is reformulated as follows:

Propeller efficiency in open water       is as follows.0h

The objective F is a function of J and Pi/Dp.

It is to determine the optimal principal dimensions(J and Pi/Dp) to maximize the propeller 
efficiency in open water satisfying the constraint (a’).

(a)      
2

52 ××××××××= QP KDn
n

P r
p

: The propeller absorbs the torque delivered by main 
engine 

Example of a Constrained Nonlinear Optimization Method by Using the Lagrange Multiplier 
- Determination of the Optimal Principal Dimensions of a Propeller (2/4)
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Introduce the Lagrange multiplier      to the equation (a’) and (b).l

(c)      )/,()/,(),/,( ×××××+= PiPiPi DPJGDPJFDPJH ll
Determine the value of the              and     to maximize the value of the function H.Pi DP / l

      

)1( 0}5){(
})(){(

2
)(

2
1 4

2 ×××=××-
¶
¶

+
×

¶
¶

-×
¶
¶

+=
¶
¶ JC

J
K

K

K
J

K
K

J
K

J
K
K

J
H Q

Q

T
Q

Q
T

Q

T l
pp

                 

(2)      0)
/

(
})

/
()

/
{(

2)/( 2 ×××=
¶
¶

+
×

¶
¶

-×
¶
¶

=
¶

¶

Pi

Q

Q

T
Pi

Q
Q

Pi

T

Pi DP
K

K

K
DP

K
K

DP
K

J
DP

H l
p

(3)        05 ××××××××××=×-=
¶
¶ JCKH

Ql

)(a'       0)/,( 5 ×××××=×-= JCKDPJG QPi

(b)      
2

)/,( 0 ××××××==
Q

T
Pi K

KJDPJF
p

h

Example of a Constrained Nonlinear Optimization Method by Using the Lagrange Multiplier 
- Determination of the Optimal Principal Dimensions of a Propeller (3/4)
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Eliminate      in the equation (1), (2), and (3), and  rearrange as follows.l

(4)      0)}(5){
)/(

(

}4)(){
)/(

(

×××××=
¶
¶

×-
¶
¶

+

-
¶
¶

×
¶
¶

J
K

JK
DP

K

K
J

KJ
DP

K

Q
Q

Pi

T

T
T

Pi

Q

(5)      05 ×××××=×- JCKQ

By solving the nonlinear equation (4) and (5), we can determine J and Pi/Dp to maximize the 
propeller efficiency.

Thus, we can find the propeller diameter(Dp) and pitch(Pi).

PDn
wVJ

×
-

=
)1(By definition                     , if we have J we can find Dp. Then Pi is obtained from Pi/Dp.

Example of a Constrained Nonlinear Optimization Method by Using the Lagrange Multiplier 
- Determination of the Optimal Principal Dimensions of a Propeller (4/4)
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4Eq. (1) Eq. (2) 5 0
( / )

Q Q

i P

K K
C J

P D J
ì ü¶ ¶æ ö æ öï ï´ - ´ - × × =í ýç ÷ ç ÷¶ ¶ï ïè øè ø î þ

To eliminate λ, we calculate as follows.

4
2

1Eq. (1) : 5 0
( / ) 2 ( / ) 2 ( / ) ( / )

QT
Q T

Q Q Q Q QT

i P i P Q i P Q i P

KK K K
J JK K K K KK J C J

P D P D K P D K P D J
l

p p

ì ü¶æ ö¶ï ïæ ö × - ×í ýç ÷ç ÷æ ö ¶ ¶ ì ü¶ ¶ ¶ ¶ ¶æ ö æ ö æ ö æ ö æ öè øï ï ï ïè øî þ´ + + - × × =ç ÷ í ýç ÷ ç ÷ ç ÷ ç ÷ ç ÷ç ÷¶ ¶ ¶ ¶ ¶ï ïè øè ø è ø è ø è ø î þè ø

4 4 4
2

( / ) ( / )
Eq. (2) 5 : 5 5 0

2 ( / )

QT
Q T

i P i PQ Q Q Q

Q i P

KK K K
P D P DK K K KJC J C J C J

J K J P D J
l

p

ì ü¶æ ö æ ö¶ï ï× - ×í ýç ÷ ç ÷¶ ¶ì ü ì ü ì ü¶ ¶ ¶ ¶æ öæ ö æ ö æ öï ïï ï ï ï ï ïè ø è øî þ´ - × × - × × + - × × =í ý í ý í ýç ÷ç ÷ ç ÷ ç ÷¶ ¶ ¶ ¶ï ï ï ï ï ïè ø è ø è øè øî þ î þ î þ

4

2

Eq. (1) Eq. (2) 5
( / )

( / ) ( / )1
2 ( / ) 2 ( / ) 2

Q Q

i P

QQ TT
QQ T

i P i PQ QT

i P Q i P Q

K K
C J

P D J

KK KK KK K
P D P DJ JK KK J J

P D K P D Kp p p

ì ü¶ ¶æ ö æ öï ï´ - ´ - × ×í ýç ÷ ç ÷¶ ¶ï ïè øè ø î þ

¶ì ü¶ æ ö æ öæ ö ¶¶ï ïæ ö × -× - ×í ý ç ÷ ç ÷ç ÷ç ÷æ ö ¶ ¶¶ ¶¶ ¶æ ö æ ö è øï ïè ø è ø è øî þ= + -ç ÷ç ÷ ç ÷ç ÷¶ ¶è ø è øè ø

4
2 5 0

T
Q

Q

K
K

C J
K J

ì üï ï×í ý
ì ü¶æ öï ï ï ïî þ - × × =í ýç ÷¶ï ïè øî þ

4
2

1 5 0      (1)
2 2

QT
Q T

QT

Q Q

KK K K
J J KK J C J

K K J
l

p p

ì ü¶æ ö¶ï ïæ ö × - ×í ýç ÷ç ÷æ ö ¶ ¶ ì ü¶æ öè øï ï ï ïè øî þ+ + - × × = ×××× ×ç ÷ í ýç ÷ç ÷ ¶ï ïè øî þè ø

2

( / ) ( / )
0      (2)

2 ( / )

QT
Q T

i P i P Q

Q i P

KK K K
P D P D KJ

K P D
l

p

ì ü¶æ ö æ ö¶ï ï× - ×í ýç ÷ ç ÷¶ ¶ ¶æ öï ïè ø è øî þ + = ×××× ×ç ÷¶è ø

Example of a Constrained Nonlinear Optimization Method by Using the Lagrange Multiplier 
- Determination of the Optimal Principal Dimensions of a Propeller
[Reference] Derivation of Eq. (4) from Eqs. (1)~(3) (1/3)
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4

2

Eq. (1) Eq. (2) 5
( / )

( / ) ( / )1
2 ( / ) 2 ( / ) 2

Q Q

i P

QQ TT
QQ T

i P i PQ QT

i P Q i P Q

K K
C J

P D J

KK KK KK K
P D P DJ JK KK J J

P D K P D Kp p p

ì ü¶ ¶æ ö æ öï ï´ - ´ - × ×í ýç ÷ ç ÷¶ ¶ï ïè øè ø î þ

¶ì ü¶ æ ö æ öæ ö ¶¶ï ïæ ö × -× - ×í ý ç ÷ ç ÷ç ÷ç ÷æ ö ¶ ¶¶ ¶¶ ¶æ ö æ ö è øï ïè ø è ø è øî þ= + -ç ÷ç ÷ ç ÷ç ÷¶ ¶è ø è øè ø

4
2 5 0

T
Q

Q

K
K

C J
K J

ì üï ï×í ý
ì ü¶æ öï ï ï ïî þ - × × =í ýç ÷¶ï ïè øî þ

Multiply 2p and the both side of the equation and rearrange the equation as follows.

4
2 5 0

( / ) ( / ) ( / ) ( / )
Q Q Q Q QT T T

Q T Q T
i P Q i P i P i PQ

K K K K KK K KJ K K K K C J
P D K P D J J P D P D JK

é ùæ ö ì ü ì üì ü¶ ¶ ¶ ¶ ¶æ ö æ ö æ ö æ ö æ öæ ö¶ ¶æ öï ï ï ïï ï+ × - × - × - × - × × =ê úç ÷ í ý í ýí ýç ÷ ç ÷ ç ÷ ç ÷ ç ÷ç ÷ç ÷ç ÷¶ ¶ ¶ ¶ ¶ ¶ ¶è øï ï ï ïï ïê úè øè ø è ø è ø è ø è øî þ î þî þè ø ë û

4 45 5
( / ) ( / ) ( / ) ( / ) ( / ) ( / )

Q Q Q Q Q Q QT T T
Q T Q T Q T

i P i P i P i P i P i P

K K K K K K KK K K
K K K K K C J K C J

P D J P D J P D J P D J P D P D
¶ ¶ ¶ ¶ ¶ ¶ ¶æ ö æ öæ ö æ ö æ öæ ö æ öæ ö æ ö¶ ¶ ¶æ ö= × - × - × + × + × × × × - × × × ×ç ÷ ç ÷ç ÷ ç ÷ ç ÷ç ÷ ç ÷ç ÷ ç ÷ç ÷¶ ¶ ¶ ¶ ¶ ¶ ¶ ¶ ¶ ¶è ø è ø è øè ø è øè ø è ø è øè ø è ø

4 45 5
( / ) ( / ) ( / ) ( / )

Q Q QT T T
Q Q Q T

i P i P i P i P

K K KK K K
K K K C J K C J

P D J P D J P D P D
¶ ¶ ¶æ ö æ ö æ öæ ö æ ö¶ ¶ ¶æ ö= × - × + × × × × - × × × ×ç ÷ ç ÷ ç ÷ç ÷ ç ÷ç ÷¶ ¶ ¶ ¶ ¶ ¶è ø è ø è øè ø è ø è ø

The term underlined is rearranged as follows.

4 4
2 5 5 0

( / ) ( / ) ( / ) ( / ) ( / )
Q Q Q QT T T T

Q Q Q T
i P Q i P i P i P i PQ

K K K KK K K KJ K K K C J K C J
P D K P D J P D J P D P DK

æ ö é ù¶ ¶ ¶ ¶æ ö æ ö æ ö æ öæ ö æ ö¶ ¶ ¶æ ö+ × - × + × × × × - × × × × =ç ÷ ê úç ÷ ç ÷ ç ÷ ç ÷ç ÷ ç ÷ç ÷ç ÷¶ ¶ ¶ ¶ ¶ ¶ ¶è øê úè ø è øè ø è ø è ø è øë ûè ø

Substituting the rearranged term into the above equation.

Example of a Constrained Nonlinear Optimization Method by Using the Lagrange Multiplier 
- Determination of the Optimal Principal Dimensions of a Propeller
[Reference] Derivation of Eq. (4) from Eqs. (1)~(3) (2/3)
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Apply the distributive 
property.5 5
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=By using Eq. (3)
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The underlined term is calculated 
as follows.
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Multiply KQ and the both side of the equation.

,
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Q T
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P D P D
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Apply the distributive property.

4 5 0      (4)
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ì ü¶ ¶æ ö æ ö æ öì ü¶ ¶ ï ïæ ö× - + - × = ×××× ×í ý í ýç ÷ ç ÷ ç ÷ç ÷¶ ¶ ¶ ¶è ø ï ïî þ è øè ø è ø î þ

Example of a Constrained Nonlinear Optimization Method by Using the Lagrange Multiplier 
- Determination of the Optimal Principal Dimensions of a Propeller
[Reference] Derivation of Eq. (4) from Eqs. (1)~(3) (3/3)
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Row2 + 
Row1 x (-3)

Row2 + 
Row1 x (-3)

x1 + 2x2 + x3 =  1
3x1 - x2 - x3= 2

2x1+3x2 - x3= -3

x1 + 2x2 + x3 =  1
0·x1-7x2 -4x3 = -1     

2x1+3x2 - x3 = -3
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[Reference] Linear Systems vs. Matrices


