
Chapter 2. Review of Hydrodynamics and Vector Analysis 
 

2.1 Taylor series 
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If  is known at , then it can be approximated at )(xf 0x xx Δ+0  by the Taylor series. 
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2.2 Conservation of mass 
 

 
x -direction: 

zyx
x
uzyxuzyxzyzyxxuzyxx ΔΔ⎥⎦

⎤
⎢⎣
⎡ +

Δ
∂

∂
−=ΔΔ⎟

⎠
⎞

⎜
⎝
⎛ Δ

−⎟
⎠
⎞

⎜
⎝
⎛ Δ

− L
2

)(),,(),,(,,
2

,,
2

ρρρ

−   zyx
x
uzyxuzyxzyzyxxuzyxx ΔΔ⎥⎦

⎤
⎢⎣
⎡ +

Δ
∂

∂
+=ΔΔ⎟

⎠
⎞

⎜
⎝
⎛ Δ

+⎟
⎠
⎞

⎜
⎝
⎛ Δ

+ L
2

)(),,(),,(,,
2

,,
2

ρρρ  

    
xOUTIN ]flux mass[]flux mass[)(

−=ΔΔΔ
∂

∂
−

x
zyx

x
uρ  

= mass accumulated with time in cube by x -direction 
∴ Net accumulation in 3 directions for unit time  
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On the other hand, mass increase in cube during tΔ  is 
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             = accumulation in 3 directions during tΔ  
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29 N/m1007.2 ×=E  for water (incompressible fluid) 

For incompressible fluid, 
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2.3 Hydrostatic pressure 
 

 
 
Newton’s 2nd law: 
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As the prism becomes smaller and smaller, or 0,, →ΔΔ Wzx , we have  nzx ppp ==

 
Pressure is a scalar. But the pressure force acting on a submerged body acts in the 
direction normal to the surface. 
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From (3) and (4), . Because constant3 =C 0=p  at 0=z , we have . Finally 03 =C
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2.4 Equation of motion 
 

 

Surface forces: 

zzyyxx σσσ ,,  = normal stresses 

zxxzxy τττ ,, , etc = shear stresses 

The 1st subscript indicates the plane, while the 2nd subscript indicates the direction. 
Sign convention: Stresses are positive if positive direction on positive plane or negative 
direction on negative plane. 

 



Body force:  
 

)( ZYXzyx ++ΔΔΔρ  
 

where X , Y , and Z  are body forces per unit mass in x , y , and z  directions, 
respectively. 
 
Net forces acting on the cube of mass zyx ΔΔΔρ  are 
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On the other hand, Newton’s 2nd law gives 

( ) ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∂
∂

+
∂
∂

+
∂
∂

+
∂
∂

ΔΔΔ=ΔΔΔ=×ΔΔΔ=
z
uw

y
uv

x
uu

t
uzyx

Dt
DuzyxazyxF xx ρρρ  

( ) ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∂
∂

+
∂
∂

+
∂
∂

+
∂
∂

ΔΔΔ=ΔΔΔ=×ΔΔΔ=
z
vw

y
vv

x
vu

t
vzyx

Dt
DvzyxazyxF yy ρρρ  

( ) ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∂
∂

+
∂
∂

+
∂
∂

+
∂
∂

ΔΔΔ=ΔΔΔ=×ΔΔΔ=
z
ww

y
wv

x
wu

t
wzyx

Dt
DwzyxazyxF zz ρρρ  

Note: Newton’s 2nd law applies to a fluid particle consisting of the same molecules or a 
system, so the total acceleration (or local acceleration plus convective accelerations) 
should be used. 
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Introduce pressure (scalar): 
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For  and 0=== wvu 0=== Lxyxx ττ , 
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If z  is positive vertically upwards, 0// =∂∂=∂∂ ypxp . If gravity is the only body 



force,  and . Then 0==YX gZ −=

 

g
z
p ρ−=
∂
∂  

gzp ρ−=  ← hydrostatic pressure 



Assume all the shear stresses are zero (inviscid fluid), that is valid for most water wave 
problems. Then 
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   Euler equation (Equation of motion for inviscid fluid) 

 
Consider angular momentum: 

 

ω&IM =∑  

 
where M  = moment, I  = moment of inertia, and ω&  = angular acceleration. 
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As the cube becomes smaller and smaller, ω&  increases, that implies fast spinning of 

water particle. Therefore, xzzx ττ −  must be zero. In general, 
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For laminar flow, shear stress is proportional to rate of strain, so that 
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where μ  = coefficient of viscosity. Substituting into x -direction momentum equation, 
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Using the continuity equation, we obtain the Navier-Stokes equation, equation of 
motion for incompressible, Newtonian fluid: 
 

Z
z
w

y
w

x
w

z
p

Dt
Dw

Y
z
v

y
v

x
v

y
p

Dt
Dv

X
z
u

y
u

x
u

x
p

Dt
Du

+⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∂
∂

+
∂
∂

+
∂
∂

+
∂
∂

−=

+⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∂
∂

+
∂
∂

+
∂
∂

+
∂
∂

−=

+⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∂
∂

+
∂
∂

+
∂
∂

+
∂
∂

−=

2

2

2

2

2

2

2

2

2

2

2

2

2

2

2

2

2

2

1

1

1

ρ
μ

ρ

ρ
μ

ρ

ρ
μ

ρ

   



2.5 Review of vector analysis 
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where kji ,,  = unit vectors in zyx ,,  directions. The length or magnitude of the 

vector a  is given by 
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2.5.1 Dot product 
 

abbaba ⋅==⋅ θcos  (commutative) 

 
where θ  = angle between the two vectors. For unit vectors, we have 
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Using the above relation, 
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Note: 1) Dot product is a scalar. 

     2) If 0≠a , 0≠b , but 0=⋅ba , then ba ⊥  ( 0cos =θQ ) 

     3) Projection of a  onto b  = bba /⋅  



2.5.2 Cross product 
 

abbaba ×≠=× θsin  (not commutative) 

 
Cross product of vectors is a vector (magnitude + direction). The magnitude is given by 
the above expression, and the direction is given by the right-hand rule. 
 

 
For unit vectors, 
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Note: If 0≠a , 0≠b , but 0=× ba , then ba //  ( 0sin =θQ ) 

 



2.5.3 Vector differential operator 
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Gradient indicates the spatial rate of change of a scalar. Gradient is a vector whose 
direction indicates the maximum rate of change. 
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If kwjviuu ++= , 
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Laplacian operator: 
 

  2

2

2

2

2

2
2

zyx
k

z
j

y
i

x
k

z
j

y
i

x ∂
∂

+
∂
∂

+
∂
∂

=⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∂
∂

+
∂
∂

+
∂
∂

⋅⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∂
∂

+
∂
∂

+
∂
∂

=∇⋅∇=∇
φφφφφφφφ  

 

( )

k
y
u

x
u

j
x
u

z
u

i
z

u
y
u

uuu
zyx

kji

kujuiuk
z

j
y

i
x

uu

xyzxyz

zyx

zyx

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∂
∂

−
∂

∂
+⎟

⎠

⎞
⎜
⎝

⎛
∂
∂

−
∂
∂

+⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∂

∂
−

∂
∂

=

∂
∂

∂
∂

∂
∂

=

++×⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∂
∂

+
∂
∂

+
∂
∂

=

=×∇  of curl

 

 
Useful vector identities: 
 

Divergence of curl is zero, ( ) 0=×∇⋅∇ u  

Curl of gradient is zero, 0=∇×∇ φ  



2.6 Rotation of fluid particle 
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t
x
w

x

tx
x
wwx

x
ww

Δ
∂
∂

=
Δ

Δ⎥
⎦

⎤
⎢
⎣

⎡
⎟
⎠
⎞

⎜
⎝
⎛ Δ

∂
∂

−−⎟
⎠
⎞

⎜
⎝
⎛ Δ

∂
∂

+
=≅

22
tanαα  

x
w

t ∂
∂

=
∂
∂

∴
α   ← angular velocity (or rate of rotation) 

  
z
u

t ∂
∂

−=
∂
∂β  

 
The mean angular velocity, or vorticity is given by 
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For irrotational flow, 0=ω . Note that in an irrotational flow, the overall shape of the 
fluid particle can be distorted, but the mean angular velocity (or vorticity) must be zero. 



2.7 Velocity potential 
 
Definition (3-D): 

If 0)//()//()//( =∂∂−∂∂+∂∂−∂∂+∂∂−∂∂=×∇= kyuxvjxwzuizvywuω , then  

the flow is irrotational. 
 
Theorem: 

0=×∇= uω  if and only if there exists a scalar field φ  such that φ∇=u . 

 
Proof (Greenberg, 1978. Foundations of Applied Mechanics, Prentice-Hall, 170-171): 
 

1) Assume that there is a scalar φ  such that φ∇=u . 

2) Then ( ) 0=∇×∇=×∇= φω u  (Q curl of gradient = 0) 

3) We must show that 0=×∇ u  implies the existence of a scalar φ  such that 

φ∇=u . 

 

 
 
By Stokes theorem, 
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Then the velocity potential ),,( zyxφ  is uniquely defined by the point ,  ),,( zyxP
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Using the fundamental theorem of integral calculus, 
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In the same way, 
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Therefore, 
 

  φ∇=u  

  This is the end of the proof. 
 

 
Considering the above diagram, physically the flow must be in positive direction. But 
according to the definition of the velocity potential, we have 
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or the flow is in negative direction. Therefore, we redefine the velocity potential as 
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so that the flow occurs in the direction from high potential to low potential. 
 
2.8 Stream function 
 
Consider 2D zx −  plane 
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For conservation of mass,  is independent of path of integration. For this, the 
integrand must be an exact differential, 

Ψ
Ψd . This requires that 
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which is 2-D continuity equation. Therefore, a stream function exists for 2-D 
incompressible flow. 
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Finally, φ  and  satisfies the Cauchy-Riemann conditions: Ψ
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2.9 Bernoulli equation 
 
Euler equation in x -direction is 
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Using 2-D irrotational flow condition, xwzu ∂∂=∂∂ // , 
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Similarly, in z - direction, we have 
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Introducing φ  and xu ∂−∂= /φ , zw ∂−∂= /φ , 
 

0
2

)/()/(:

0
2

)/()/(:

22

22

=⎥
⎦

⎤
⎢
⎣

⎡
++

∂∂+∂∂
+

∂
∂

−
∂
∂

=⎥
⎦

⎤
⎢
⎣

⎡
+

∂∂+∂∂
+

∂
∂

−
∂
∂

gzpzx
tz

z

pzx
tx

x

ρ
φφφ

ρ
φφφ

 

 
Integration gives 
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The above two equations give 



 
)(),(),(),( 221 tCtxCtxCgztzC =⇒+−=  

 
Therefore, 
 

)(
2

)/()/( 22

tCgzpzx
t

=++
∂∂+∂∂

+
∂
∂

−
ρ

φφφ  

 
which is the Bernoulli equation for unsteady flow, giving relationship between pressure 
field and flow kinematics . ),( wu
 
Using 
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the Bernoulli equation becomes 
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Defining )(' tf+= φφ , we have 
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The Bernoulli term  is included in ')(tC φ . However, the flow kinematics are the same 
for 'φ  and φ : 
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