Chapter 5. Long Waves

Wave length is long compared with water depth:

kh<7z /10
h/L<1/20

From linear wave theory, for kh <<z /10,

u, = % ; uniform over depth

W, = —C(1+ %jg—n ; linearly varying vertically from zero at the bottom to a
X

maximum at the surface
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p, = pg(n7 — ) ; hydrostatic pressure

Depth-averaged conservation of mass
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Using Leibniz rule of integration,
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Introducing depth-averaged velocities:
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Linearizing by assuming », U, V are small,
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Depth-averaged equation of motion
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Assuming horizontal velocity gradient is constant over depth so that z,,, 7, are also

constant over depth and integrating over depth using Leibniz rule,
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Introducing correction factors, g,, and f,,, such that
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we have
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Assuming no friction (equivalent to Euler equation) and linearizing,
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oV 0py
ot oy

On flat bottom, the continuity equation becomes

on h6U hﬂzo
ot OX oy

Differentiating with respectto t,
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Substituting the linearized momentum equation,
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J =H,K,K, « Green’slaw if b, =b,



Co-oscillating tide
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Figu;g 5.2 Co-oscillating tide in a channel of length /.

nx.t)=m +1,
= %cos(kx +ot) + %cos(kx - ot)

= H coskxcos ot
n(0,t) = H cos ot

17(0) . = H

n(l,t) = H coskl cos ot

n(1) ,x = H coskl

MO0 ma _ 1
(1) pex COSKI

For the node to locate at x =1,

coskl =0 for k|=£,§7z,-~-
2 2

L3
4 4

Related topics:

1) Location of barrage (turbines and sluice gates) of tidal power plant



2) Wave reflection from perforated-wall caisson breakwaters

Channel with variable cross-sections

The equations describing the channel walls are

Fb/2)=y-2X _0;  F(-b/2)=y+2% o

Using the kinematic boundary conditions u-n=0 on channel walls and n=VF /|VF| ,

we have

~u/2 D v -0 u-b2) 8 D vbr2)-0
or

v(b/2)—v(-b/2)=u (b,z)a(b/2) (b/Z)ﬁ(b)I(Z)

Integrating continuity equation over depth and channel width,
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Using the kinematic boundary conditions on the walls and defining the cross-sectional
average velocity,

~ 1 ¢bi2
U:BJ. udy
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we have
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Linearizing, assuming small bottom slope, and using LKFSBC,

9 (Uhb) + ba—77 =0; Continuity
OX ot

b—= —gb(’;—T7 ;  Equation of motion (same as before)
X

Differentiating the continuity equation w.r.t. t,

2
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Using the equation of motion,
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Ex5.1
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10 =55, )

Another example:
Rlx) = mx

m= Lo/L
b = const.

Assume long standing wave:
n(x,t) = Af (x) cos ot

Eqg. (5.36) for constant b is

2
d ?—gi(hﬁ—nj:O
ot ox\  oX

Substituting the assumed solution,



{— o’f-g i(mxﬂﬂcosd =0
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df d?f
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47 f +x£+d—xf =0 « Bessel equation
dx? dx gm
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The general solution to the Bessel equation is
2 2

szlJO[Z “—X]Jrczvo[z o X]
gm gm

Since Y, >—o as x—0, C, must be zero. Thus

2
nzAJO{Z g XJcosd
gm

Using the offshore boundary condition, 7(l,t)=(H /2)cosot,




Step problem

vert cal

Evanescent modes are important near the step (—4h, < x <4h, ). Considering only the
progressive modes,

H, H
no=1n,+1n, :?cos(klx—o{)+ 2r cos(k,x+ ot +¢&,)

H
=1 Z?COS(kZX—O{ +gt)

The matching conditions at the step (x=0) are

n,=n, at x=0 (dynamic)
(Ubh), =(Ubh), at x=0 (kinematic)

Solving for the transmission and reflection coefficients,
2
Ki=———————
1+b,C, /b,C,
. - 1-b,C, /b,C,
" 1+b,C,/bC,

In the case of b, =b,,

if h,>>h,, x, —1:Purestanding wave in Region 1

K, — 2 The wave of the same height as the standing wave is



transmitted to Region 2

if h,>>h,, x, = 0:No transmission

x, — —1: Full reflection but with 180° phase shift

n ”12 ant nodle
o ———



Seiching

Seiching is an oscillation in a basin at its natural frequency instead of (known) tidal
frequency

n= %cos kxcosot: o,k unknown

n=1 n=2 n=3

Figure 5.6 Standing waves in a simple rectangular basin. The first three modes are
shown.
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L
T
we have

T :L:Z—I < Merian formula

Joh  nJgh

n =1: fundamental (or first) mode — most dominant

See Table 5.1 of textbook for variable cross-sections.



Long waves with bottom friction

0 —r (-
X: Q+U%+VQ=_ 8_77+£ a‘[xx+ Tyx _I_TZX(U) sz( h)
ot OX oy ox pl ox oy ph+n)

Assume no surface wind stress. Then, the linearized 1-D equation of motion with
bottom friction becomes

U _ oy _r,(h)

a - Y

For unidirectional open channel flow,
f
7, (h)y =7, =22
8
where f = Darcy-Weisbach friction factor. For a bi-directional oscillatory flow,

f
sz%U|U|

which is nonlinear. To linearize, we expand 7, in a Fourier cosine series:

7, = 'o—fU|U| = iu; cosat|cosot| = iu; ian cosnot
8 8 8 para

Note that
%J‘OT cos(not)cos(mot)dt =0 if m=n by orthogonality.

Now,



1,7 q LT ) ’
?J'O cosat/cos of] t—?.fo (a, + &, cosot + a, cos 20t +---)dt

L a, = %J'OT cos at|cos otdt

To calculate a,,

1,7 1,7
—j cos ot|cos ot| cos otdt = —I (a, + a, cosot + a, cos 2ot + ---) cos otdt
T /o T /o

17 )
—?J'O a, cos” otdt

2
2

L, = TEIOT cos at|cos ot| cos otdt
Similarly,
2 ¢T
a, = —J. cos ot|cos ot| cos notdt
T Jo

Evaluating the integrals,

a,=0

a8

Yoar

a, =0

Q-8 2
157 5

Keeping only the first term,



7, ;p—funi iCOSGt:iUmU
3 T

which is now linear. The linearized equation of motion is now

U __on_ru(h)
ot ox  ph

= _g 8_77_ pf UmU
ox  ph(3r)
on

=-g—-AU

9 OX
where
A= U, <<1
3zh

Continuity equation:

a—77+h£+ua—h:0

ot OX OX

On flat bottom,

a—77+hQ:O
ot OX

Differentiating w.r.t. time,

2
‘9’7+hﬁ(ﬂj:0
o ok ot

Substituting the equation of motion,

ox OX

2
0 7+h 0 (—gﬁ—n—AUj:O
ot OX



Using

ha—U = _on (from continuity equation)

OX

we have

o’n . 0n 0’n
R/ Iy N/ R
ot? ot g ox?

This is the wave equation with bottom friction. The second term is the friction term.
Compare this with Eq. (5.23) of textbook.

Assume 7 =aexp[i(kx — ot)]. Substituting into the wave equation,
—o’n—icAn+kighn=0

The wave number, k, is complex. Define k, asthe wave number with no damping:

27 o’
k =2 % , g2=2_
! Joh L ' gh
Then
1,2
_kzgh—KiOMA L egn g
(o2
; 2
—1—ﬂ+k—2=0
o k|

where



k wave number with damping

k,  wave number without damping

for which we have

) :
k—2=1+ﬂ
K, o

Let k=Kk, +ik;. Then

K2 K2+2ikk —k2 A
_ =1+ —
k? k? o

Imaginary part gives

re-i

k2

2k, ki A ¢ A
o

Real part gives

kZ —k?

1
ky

From these two equations,

A 2
g Lao)
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Note that V1+&2 =1+&%/2 if £<<1.Since Alo <<1, we have

2 2
1+ 1+(Aj 2+1(Aj )
oV le) Tl 1 3(4)
K, 2 B 2 - 8lo

As bottom friction increases, k., T, LY,and C\.

On the other hand,

Now

n= a‘ei(k)(—ovt) — aei(k,x+ikix—ot) — ae—kixei(k,x—ot)

Thus the wave amplitude decays exponentially with x.



n(x+L) _exp[-k(x+L)] _ exp(—k; L) = exp(-27k; /k,)
"0 exp(-kX) | o

A

20
2
=0
8lo

= exp(—7A/ o)

=exp| — 2«



Storm surge

y
TW
('] Coast
I x

(a) (b)

Figure 5,11 (a) Plan and (b) cross-sectional view of the coast.
z, = pkW?

where p = density of water, W = wind speed, and k = wind friction factor given
by Van Dorn (1953) as

k={1.2><10‘6, W|=<w,

1.2x107° +2.25x10° (L-W, /W|)?, W|>W,
with W, =5.6 m/s. The x-and y-componentsof z, are

T, =T, COSH

Ty =7, SINO

Linear equations:

U  onp 1

X -momentum: —=—g—+—=— —7,(-h
S i st ORI
N op 1

y -momentum: — =-g—+————|r, () —r,,(~h)
ot oy p(h+77)[ ' )



auh)  avh) an _,
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continuity eq:

Simple case: =0 (2-D problem) and steady state

Tw
— =
K( _.12<0 >0
U= o 7;““ Jfﬂ—%’ﬂﬂ

G >0

Equation of motion gives

on 1
0=—g—~ -
g ox + p(h+77) (Tw z-b)

Let
7, —7,=Nn7r,; N=115~13 (Notethat z, is negative)

Then

on _ nr,
ox  pg(h+n)



Constant depth:

2 A
K 7
- ; A=const =,
A
%=l

ld(ho +77)2 _ nTW
2 dx  p
(hy +77)° ==——%x+C

Using the boundary condition, 7=0 at x=0, we have C =h.. Therefore,

2nz,,
O
2
n= x4 b —hy
9
n 1+2n7w|1_
h, oghl |

Letting (nz,1)/(pghi)=A, we have

/A s SN ST |
hy V1 |



Sloping bottom:

Using dh/dx=-h, /I,

(h+mdh+m) _
nr, h

—m+n%f

(h+mdth+n)

ﬁ nz,l h+gy
I \hlpg hy

Recalling (nz,1)/(pghZ)= A and integrating after substitution of (h+7)/h, - A=u,

[t e

Using the boundary condition, =0 and h=h, at x=0, we have

C=I[(A-1) - Aln(l- A)]



Therefore,

— Aln h+7

0 0

~A|-(A=1)+ AlnL- A)

-A

— Aln 0
1-A
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Figure 5.12 Dimensionless storm surge versus dimensionless distance of a conti-
nental shelf for two cases of dimensionless wind shear stress.
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= constant, 5_77¢ as hi
OX



Including Coriolis force,

ou_ - op 1 o
ot B OX + p(h +77) [sz (77) sz( h)]—l— fCV
VAN S )

ot B ay * p(h+77) [TZY (77) sz( h)] fCU

where f. =2wsing = Coriolis parameter

o = earth’s rotation speed = 27 /24hrs = 7.27 x10™° rad/s

¢ = latitude (positive in northern hemisphere, negative in southern hemisphere)

\'

snchielin 3
Correls foree

Assume a long straight coastline so that 07n/oy=0 and U =0 everywhere, which is
true only in equilibrium state. Also assume that winds start to blow at t=0. Then the

y -momentum equation gives

NN -INT.
aVzrwsme 8V

ot ph+n)

If h>>n,

N, V' KW sing
ot 8h ph




Assume V = Atanh Bt sothat dV /dt= ABsech?Bt. Then

2 .
ABsech?Bt + % A? tanh? Bt = KW_Sin6

2 .
AB[ sech?Bt + — - tanh? Bt | = XW_SIn®
8Bh

We have one equation for two unknowns A and B. To solve this equation, let
fA/8Bh=1.Then

1 sinh? Bt kW 2 sin @
AB >+ 5 =
cosh“Bt cosh Bt h

Using the relationship cosh? x —sinh® x =1,

2 -
AB - kW “sin @
h
A kW ?sin@
hB

Recalling fA/8Bh=1,

A kW ?sing
~8h  8h?B

2 -
B fkW “ sin @
\ 8h?

and

kW ? sin @ 8k’W*sin®0  [8kW ?sing
fkw 2 sin @

A= -
f

kW 2sing
—



Finally

V- 8ksm6’Wtanh fksmem
f V 8 h

When steady state is achieved after a long time,

V(t— o) =V, = /%ST'”@W

Now

V =V, tanh Et
8h

Introducing V into x-momentum equation,

on _ nr, cosé +f—°VS wanh stt
ox pgth+n) g 8h

() 20D gy Ny Tey pann( Vst ][, N7w COSO
OX oX ¢ 8h 9

Solving for (h+#7) with the assumption of constant slope, i.e. ch/ox=-h, /1,

h hhm_A*
S U/ Ay Nl T L S
| h, 1-A

where 1” and A" are given by Eq. (5.108) of textbook.



