2. Orthogonal Coordinate Systems

In view of Eqg. (2) for the expression of an arbitrary vector in the n-D
vector space, a scalar or vector field at a certain point in space needs the
description of the location of this point in an appropriate curvilinear
(orthogonal or nonorthogonal) coordinate system.

In a 3-D space, a vector A= A,a,+ A,a,+A;a; can be expressed by
three mutually perpendicular unit vectors (base vectors: a a, a;), and its
position can be located as the intersection of three constant coordinate
surfaces (u,=constant, u,=constant, wu,=constant) mutually perpendicular to
one another in an orthogonal coordinate system (uL Uy, Us).

(e.9.) (uju,u;) = (x,y,2): Cartesian coordinates

(r, ¢, z): Cylindrical coordinates
(R, 0, ¢): Spherical coordinates

A. Cartesian (or Rectangular) Coordinates (z, y, z)

53]

—

-y

r '] B

1 » j,{.

2 7R -
3
X

A

x = x; plane

- - -:?;- -

/
Ay \;\

g 5
| -
-

Y

¥ =y, plane

1) Variables and Vector Relations x

. . . (b) Components of A
Coordinate variables:

(Ul,u2,U3): (x,y,z), —oo < x,y, z <+ (7)

Base vectors: mutually perpendicular unit vectors

(az, Q. az) = (m, Y, z) (8)
which have the following properties from (2-6) and (2-12) for the
definitions of scalar and vector products:

i) orthogonal & orthonormal relations

~

Tey=y-2=2+-2=08& z-Tz=y-y=2z2+2=1 (2-19, 20)
ii) right—handed cyclic relation

nyZE, szzxA, szzg (2-18)
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Position vector to point P(zy, yy» 2):
OP - Zi'a:l—i_&yl—i_gzl (2—21)
Vector representation of A:

A=zA,+yA,+2zA, (2-22)

A=Al=VA-A = \/A§+ Ay2+ A2 magnitude of A by (2-9)

2) Differential quantities

o

F ]

(x+dx, y+dy, z+dz)
yTay

dv = dx dy dz

infinitesimal volume element

3
Y

Vector differential length di:
In arbitrary orthogonal coordinates (uy, u,, uy),

dl = uydl, + updl, +ugdl, = uyhydu;+ g hydus+ ugugdly (9)
(d*=(dl,)?+(dl,)?+(dl,)?*= (hyduy) *+(hyduy) *+(hyduy)® O
where hy, hy, hy are the metric coefficients to convert a differential

coordinate variable change du; to a differential length change di,

In Cartesian coordinates (z, vy, 2),

dl = zdl,+ ydl,+ zdl, = gdz+ ydy+ zdz (2-23)
Then, the metric coefficients in this case are
hlz 1, h2: 1, h3: 1 (10)

Vector differential surface areas ds;:
ds, = :fcdydz on the y—-z plane with an area dydz

directing to z (outward normal to the plane) (11)
Likewise, ds, = ydzdz (x—z plane)
ds, = zdxdy (x-y plane)
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Differential volume dv:
dv = dx dydz (2-24)

3) Scalar and Vector Products
a) Scalar product
By using the orthogonal and orthonormal relations (2-19, 20),
A-B= (zA,+yA,+zA,) - (zB,+yB,+2B,)
= A,B,+ AB+ A.B. = ) AB (2-25)
1=T,Y,2
b) Vector product
By using the right—-handed cyclic relation (2-18),

AxXB = (zA,+yA,+2A4,) < (B, +yB,+2B,)
= z(A,B.— A.B)+ y(A.B,— A,B,) + z(A,B,— A,B,)

Ty 2
= |4, A4,A, (2-27)

B, B, B,

(cf.) Calculation of Determinant A

All A12 Al3
A21 A22 A23
A31 A32 A33
= A11A22A33 + A21A32A13 + A31A12A23
- A31A22A13 - A21A12A33 - A11A32A23

3
- E: (i)fLPAﬂfhﬂ (12)

ijk=1

det A =

Sum ranges over i, j, k of all permutations of 1, 2, 3.
Use + when permutation is even and
- when permutation is odd.

Notes) Some useful mathematical notations and symbols
i) Summation convention
Let dummy indices (/, j, k) designate (x, y, 2),
then A, = B, means A, =B,, A,=B, A,= B,
If indices are repeated twice in a product,
a sum on them is understood as

AB = Y, AB = AB+AB+AB =A-B (13)

1 =2,Y,2



i) Kronecker delta ¢;;

1 if =y
% = {0 if i~ (14
(e.9.) © A;0,;= A,

(@ Orthogonal & orthonormal relations @ 4 - 5 = 5@7’ (2-19, 20)«

~

iii) Levi-Civita symbol ¢,

—114f 19k are odd parmutation of x, y, z (15)

1 if 19k are even parmutation of x, vy, z
EL/k -
0 otherwise

(eg) Ewyzz 17 Ezy:L': _17 Eywz: _17
€wy— L, €4y,=0, €,.=0
NOfe) eijk €ilm — 5][ 5km_ 5jm5kl (16)

(proof) If j = kor / =m, then LHS = RHS = 0
If 7= k and [ # m,
(@) LHS =RHS =0 forj=1 & j=m
(b) LHS =RHS =0 fork=1 & k#=m
(c) LHS = RHS = -1 for j=m & k=1
(d) LHS =RHS =1 for j=1 & k=m

iv) Application of summation convention and Levi—Civita symbol
(1 Vector product (2-27):

AXB = z(AB.— AB,)+ y(A.B,— A,B.) + z(A,B,— AB,)

~ ~ ~

T Yy z
B, B, B.
(AXB),;= ¢34, B, (17)
@ (129 = det A = ¢ A Ap Ay (12)%

® P.2-9: Proof of vector triple product (6)
AX(BxC)=B(C-A)—C(A-B)
(proof) [Ax(BxC)]; = €. A; (BxC),
= €rijum A; B Oy
= (040 — 0im6;) A; B, G,
= B,A;C;— CA;B;
= B(C-A)—C,(A- B) (6) or (2-113)



B. Cylindrical Coordinates (r, ¢, z)

Z=7 plane

r = r, cylindgica
surface

2 ¢ = ¢, half-plane FIGURE 2-10

1) Variables and Vector Relations
Coordinate variables:
(Ul,u2,U3): (r,é,2), 0<r<oo, 0<¢p<2m, —co<z<t+oo  (18)
Base vectors: mutually perpendicular unit vectors
(a,, ay a,) = (1, $, 2) (19)
which have the following properties:
i) orthogonal & orthonormal relations

~ ~ ~

red=¢-z2=r-2=087r-T=¢¢p=2z-2=1
ie., 1 - 5 =0;; fordi andj =10,z (20)
ii) right-handed cyclic relation
rXé=z IXz=r, ZXT=0 (2-28)
Position vector to point P(r,, ¢y, 2,):
E;: ;rl—i- Ezl (21)

Note) For Q(ry, ¢s, 2,), a@ =rr+zzy

0Q = OP but 0Q = OP due to their different directions
Vector representation of A:

A=r1A+A,+zA, (2-31)

A=|Al= VA- A= \/Aer A;Jr A2 magnitude of A by (2-9)
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2) Differential quantities

dz i.u':h_ = ;"J dr r.f'c_.-"?
A ::r-‘\_ trﬁ ar a:
Ar +dr, ¢ +do, 2+dz)
s dv = rdrdd dz
(r, ¢, 2) b B
6 infinitesimal volume element
g — V'
¢
5 FIGURE 2—11
.—/-\H"'\_\_‘
=
A = / —

Vector differential length di:
dl=rdl,+¢dl,+zdl,= rhdr+ ¢ hydp + 2z hydz
=rdr+ qAb @—F%dz
Then, the metric coefficients in cylindrical coord. are
hi=1, hy=1r, hy=1

Vector differential surface areas ds;:

ds, = dl,dl, = rrdp dz (¢ — z cylindrical surface)
ds, = & drdz (r-z plane)
ds, = zrdrdg (r— ¢ plane)

Differential volume duv:
dv = dlrdl¢dlz = rdr d¢ dz

_11_
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C. Spherical Coordinates (R, 9, ¢)

4

0 = 0, conical surface

R= R, spherical surface 4

1) Variables and Vector Relations
Coordinate variables:

FIGURE 2-13(b)

(uy uyus) = (R, 0,¢), 0=<R<oo, 0<0=<m 0<¢<2r

Base vectors: mutually perpendicular unit vectors

~

(aR’ a@a a¢) = (Ra 9) &)
which have the following properties:
i) orthogonal & orthonormal relations

ﬁ'é:é'$:§'$:0 &ﬁ.ﬁ:
e, i+]= 0;; fori andj= R,0,¢
ii) right-handed cyclic relation

Rx0=¢, Ox¢=R ¢xR=120

Position vector to point P(R,, 0,, ¢,):
OP = RR,
Vector representation of A:

A= RAR+04,+9A,

¢ = ¢, half —plane

(2-41)

(2-42)

A=|Al=VA-A = A2+ A}+ A2 magnitude of A by (2-9)

_12_



2) Differential quantities

R sin 6 d¢p = dl¢

~_~ dv= R sin 6 dR d6 d
k ds ;= R R*sinfdf do

Rdov=dl, .
ds, = ¢ RARAY

0+do, d+do)

FIGURE 2—14

Vector differential length dl:
dl = Rdly+0dl,+¢dl, = rhydr+ 0 hydf +¢ hyde

= RAR+ 6 Rd9+ ¢ Rsind do (2-43)
Then, the metric coefficients in spherical coord. are
hlz 1, hQZR, h3: RSine (28)

Vector differential surface areas ds;:
dsgy = dlydl, = R R’sinfdfd¢ (9—¢ spherical surface )
ds; = 0 Rsinf dR d¢ (r—-¢ conical surface) (29)
ds, = ¢ RdR db (r—0 plane)

Differential volume dv:
dv = dlgdlydl, = R?sinf dR do do (2-44)
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D. Coordinate Transformations
1) Transformation between Cartesian and Cylindrical Coordinates

Y

_/

M
-
: l?f) - FIGURE 2—12
A
X

>V

Projection of Vv point P (r,¢,z) on x-y plane
: from FIGURE 2-10

|

Relations between (z, y) and (r, @)

v
a) Transférmation of variables
Cylindrical — Cartesian :
x = rcoso, Yy = rsing, z=z (2-40)

Cartesian — Cylindrical :

r= Va'+ y2, ¢ = tanl(%), z2= z (30)

b) Scalar products of base vectors

TABLE 1 T Yy

z
r- cos ¢ sing 0 (2-33), (2-36)
b - — sing cos¢g 0 (2-34), (2-37)
z - 0 0 1 (2-19, 20)
c) Transformation of vector
A vector A at point P:
A= ;cher g}Aer;?AZ in Cartesian coordinates (2-22)
A=rA+¢A,+zA, in cylindrical coordinates (2-31)
Cylindrical — Cartesian :
(2-31) \ TABLE 1 \
A=Az =Ar-z+Ap-z+ A z-z = Acosp— Asing +0 (2-35)
A=Ay =Ar-y+Ad-y+Az-y = Asing+ Acosg +0 (2-38)
A=Az =Ar-2+A¢-2+Az2-2=_0 + 0 +1
A, cos¢ —sing 0 A,
= Ayl = |sing cosg 0] |4y (2-39)
A, 0 0 1]|A,
= A= ) M;A, fori=umx,y, 2 (or A,=M;A) (2-39)

j:T,d),Z
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Cartesian — Cylindrical :

Conversely in a similar manner,

A cosp + A sing +0

— A, sing + A cos¢p +0

0 + 0 +1

(2-22) N TABLE 1
A =A-r =Az-r+Ay-r+Az-r =
Ay=A-¢p =Az-¢+Ay-¢+Az-¢ =
A = =Az-z+Ay-z+Az-z =

A, cosg sing 0 A,
= Ayl = |—sing cos¢ 0] |4,
A, 0 0 1]]A4,
_ T .
= Aj_i%z%i A, for j=nr, 0,2
Notes)
i) Matrices:
cos¢ —sing 0
matrix [M] = [sing cos¢ 0|, matrix
0 0 1

[M]T is the transpose of [M],
which is obtained by interchanging the
(M, = M)

i) Vector and tensor representation:

(MT = |—sing cos¢ 0

0 0 1

cos¢ sing 0}

rows and columns of [M].

(2_39) = ACb,rt. - ﬁ ° A(,‘yl (2_39)**
(31) = A,=M"-Ag,, (31)%
iii) Matrix multiplication
cos¢p —sing 0 cos¢ sing 0 3
[M][M]T: sing cos¢ O |—sing cos¢p 0| = [ZMkMkJT = [Pij]
0 0 1 0 0 1 k=1
100
= 1010| =[I]: Unit matrix (32)
001
iv) Inverse matrix
(M = [M]7" ¢ inverse of [M] since [M][M]T= [1]= [M][M]™" @3
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2) Transformation between Cartesian and Spherical Coordinates

A
_ &
r= Rlsi.r_10 /
)2 —6)
Pl /|
N d
[ |lz=Rcos @
-V
¢ \ = r cos ¢
s L FIGURE 2—15

Relations between (z, y, z) and (r, 6, @)
X

a) Transformation of variables
Spherical — Cartesian :

x = Rsinf cos¢, y = Rsinf sing, z= Rcosf (2-45)
Cartesian — Spherical :
2 2
R= Vi + i+ 22, 0:tanle+y, ¢ = tanl(%) (34)
b) Scalar products of base vectors
TABLE 2 T y z
R- siné cos¢ sinf sing cost
6 - cosf cos ¢ cosf sing —sinf (35)
b - —sing cos ¢ 0
c) Transformation of vector (2116)
A vector A at point P:
A= ;cher g}Aer;?AZ in Cartesian coordinates (2-22)
A= }AEARJr 67A9+<5A¢ in spherical coordinates (2-42)
Spherical — Cartesian :
(2—42A)\A o ) ATABL{? 2A
A=Az =ApR-z+ A0 -z + A5 = Apsinfcosp+ A cosfcosp— A, sing
A =A- y = ARR- y+ A0 -y+ A(p(]AS cy = Apsinfsing+ Aycosfsing+ A cosg
A=A -z = AR

8

aR-2+ A0 -2+ Ad-z =Ap cos§ —A, sind +4,0
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A, sinfcos¢ cosfcos¢p —sing Ag
= A,| = |sinfsing cosfsing  cos¢ | | Ay (36)
A, cost —sinf 0 A,
= A= ) NyA; fori=ay. 2 (or 4;=N;A4;)  ©o)x
Jj=R0.¢

Cartesian — Cylindrical :

Conversely in a similar way by using (2-22) and TABLE 2,

@ZA-}AZ = A,sinf cos¢ + A sinf sing + A, cosf
Ag=A- 9 = A,cosfcosg+ A cosf sing — A sinf
Ay=A-¢ =—A, sing +A, cos¢ +A4, 0
Ap sinf cos¢ sinf sing cosf| |4z
= Ay| = |cosfcosgp cosfsing —sinf| |4, (37)
A, —sing coS@ 0 A,
= Aj:i_gzj\fiji for j=R,0,¢ (or A;= N]A) @«
Notes)
sinfcos¢ cosfcos¢p —sing
i) [N] =|sinfsing cosfsing cose |,
cosf —siné 0
sinf cos¢ sinfsing cost
[IN]" = | cosf cos¢p cosfsing —sinh
—sing cos @ 0
i) @) =  Ag,=N-A, (36) %
@7 = Asph.:(N—T-ACm. (37)**

)N ]T lsinﬂcosdJ cosf cos ¢ —sinﬂ lsinﬂcosd) sinfsing  cosf
i) |N|IN|" =

sinf sing cosf sing  cos¢ | |cosh cos¢p cosf sing —sinf
cosf —sinf 0 —sing cos ¢ 0
100
= [010]|=[]] (38)
001

iv) [N"=IN"" since [MIN"= [1]= [M[N]" (39)
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(cf.) Toroidal Coordinates (r, ¢,0)

ZA r = const. toroidal surface
P y
Torus - ~
- ""}"'\” R: major radius
0 = const. annylar planeét’\g 7@7P02R,@2_2W
SERNPES | Vish mzm“ radius
' X ‘,\0 X oidal anggle
¢ =const. half—+plane Cb\R :
N I SR \
Minor axis (§r Magnetic axis)
K ¢: toroidal angle |
K . . X
A , >
Major axis

1) Variables and Vector Relations
Coordinate variables:
(u17u27u3)= (r,gb,@), 0<r<ow,0<op<2m 0<60<27 (40)

Base vectors: mutually perpendicular unit vectors
(ara a¢7 aa) = (/;'7 &7 é) (41)

which have the following properties:
i) orthogonal & orthonormal relations

i 5 = 5@;7' for ¢ andj =1r,¢,0 (42)
ii) right—handed cyclic relation
rxd=10, dx0=r, OxXr=20¢ (43)

2) Transformation of variables
Toroidal (r,¢,0) — Cylindrical (R, ¢, 2):

R= R, +rcosf = R, (1+ %COS@)

o= ¢,, z= rsinf (44)

Toroidal (r,¢,0) — Cartesian (z,y, z) :
r = Rcos¢ = (R,+r cosf)cos¢
y = Rsin¢ = (R,+1r cosf)sin¢ (45)

z= rsinf
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2) Differential quantities

[
A
h ~ ds,= r Rrdodd
N
(r4dr, 0+db, ¢+dp ) > infinitesimal volume
/ element
™ / A
< / | A -
N ‘ b ad, r,ﬁ”&)
a T LG, 7y & rdrdo
-7 - ¥ ' Is, — — o rdrd
8/ - “ Ro f ds, dr ¢
— - e - \ -~ ~/ /
- —F¢ - .
- - >x

Vector differential length di:
di=rdl,+ ¢dl,+0dly=rhdr+ ¢ hyde+ 0 hydf

= rdr+ ¢ Rdo+ 0 rdb (46)
Then, the metric coefficients in cylindrical coord. are
h,=1, hy= R=R,+rcosf, hs=r (47)

(cf.) Non—graphical method from coordinate transformation:
Since the differential length &7 is invariant in any coordinate system,

(dD* = (hydr)* + (hydd)* + (h,dO)* = (dx)* + (dv)* + (dz)*  (48)
The metric coefficients are then determined by using (45) & (48)

e 10T + (8 ()] -
hy = :(§—$)2+ (—3%)2+ (3—5)2]1/2 — R = R,+ rcos6 (47)
- )+ () ()] -

Vector differential surface areas ds;:
ds, = dl,dl, = r Rrdpdf (¢ —0 toroidal surface)
ds, = ¢ rdrdf (r—0 plane) (49)
ds, = 0 Rdrdg (r—¢ plane)

Differential volume dv:
dv = dlrdld,dlg = Rrdrdo db (50)
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Homework Set 1

P.2-1
P.2-4
pP.2-7
P.2-8
P.2-13
By using the representations of summation convention and Levi—Civita
symbol, prove that the scalar triple product A - (Bx< C) can be calculated
by the following determinant in Cartesian coordinate system.
A A

x Ay z
c c c
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