CHAPTER 7. Plane Electromagnetic Waves

Reading assignments: Cheng Ch.7, Ulaby Ch.6,
Hayt Chs.12, 13, Halliday Chs.33, 34

1. Plane Waves in Lossless Media
A. Representation of Waves

1) General definitions of waves

a) Waves = Externally—excited oscillating or propagating perturbations
about an equilibrium state

equilibrium state
(e.g.) Sound wave, Elastic wave, Spring wave, Water wave, EM wave

Any physical field perturbed by wave can be expressed as

g(Rt)=g(R+g(R ), |lgllgl (1)

b) Uniform plane wave = Wave with uniform properties (same direction,
same magnitude, same phase, ...) at all points in the plane tangent
to the wavefront (surface of constant phase)

Note) A uniform plane wave ideally exists in a source infinite in
extent, but in practice it can be approximated by a spherical
wave far away from a source

Uniform plane wave —__

Spherical
wavefront
-m— 1 >= Observer
Wave Plane-wave

source approximation



2) Mathematical representation of waves
) A 1-D uniform plane wave E, travelling in positive z-direction

Ef(20) = chos(% = Ecoskz
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(b)Ef(zt) versus rat 2 =0

2 2
Ef(z, t) = Eo+cos( ;t :Z) = E0+cos (wt— kz)

X
= Re [E0+ej(m_kz)] = RelE(z)e’"] (7-9)*
where &k =2r/\ (rad/m) : wavenumber (propagation constant) (7-11)
w =2/ T = 2nf (rad/s) : angular frequency
27t 2
o(zt) = T % =wt—kz (rad) : phase of the wave
Phase velocity = velocity of a constant phase point
_ Ay _dz _ o _ A
ot — kz = const = dt(cot kz) =0 = u,= i -k =\f= T (m/s)
Ef(zt)t (7-10)
A= 2wk
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b) A 1-D uniform plane wave E, with a reference phase ¢ at t= 0

+ N n
Leads ahead of El’ <Z’ t> Reference wave (¢ =0): b, (2,t) = E, cos (wt— kz)
eference wave A : + +
reigrence wave X Lags behind reference wave: E. (z,t) = E, cos (wt — kz—7/4)
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E, (z,t) = E; cos A +.0] = E, cos (wt— kz+¢)

= Re[E e/ M+ = Re[(EoJr%j%)e'j(wt*kz)] = RelE/ (z)e’]

=E'/¢: complex amplitude (7-9) %+

c) General representation of a monochromatic harmonic sinusoidal wave

(Fourier component)

g1~ g €

jCot ¥ k- R)

+

(u,=wk >0)

(u,= ok <0) @

where g is a complex amplitude with a phase ¢ = tan '(g,;/ 91,)

Any waves can be represented by Fourier superposition principle :
i ) Fourier series representation for a periodic wave over an infinite

range (—oo,o0) or a non—periodic wave over a limited range [a, b]

81 = Z?lke

j(ot — k*R)

(3)

ii) Fourier integral representation for a non—periodic wave over an

infinite range (-, o)

L

g = T Jz(k)ej(‘“_k'mdk @)
Notes) Type of waves

Longitudinal wave : g Ik = kXg =0

Transverse wave g1k = k-gg=0

Electrostatic wave : E,#0, B =0 (5)

Electromagnetic wave :  E; = 0, B;#= 0

Acoustic (Sound) wave @ Vp; # 0

External

B fields can couple these waves (O, X, R, L,

_3_

)



B. Plane Waves in Lossless Media
1) Electromagnetic Waves in Unbounded Lossless Media

a) Transverse electromagnetic (TEM) wave along +z direction
In source—free (p,,=0,J=0) lossless (c=0) unbounded simple media,

Helmholtz's equation (6-98) by omitting a subscript s :
V2 E +KE = 0 (7-3)
w

where k= = —
w /e u)

In Cartesian coordinates (z,y,2), consider a 1-D uniform plane wave

(7-4)

traveling along +z direction (9%E,/oa*=0 & &°E,/oy*=0)

B,
(7-3) = T KE =0 (7-6)
dz
General solution :
E (2)=E'e ™+ E "% = EX2)+ E () (7-7)

T

where E), E, are integration constants to be determined by B.C.s
Electric phasor: E(z) = z[Ef(2)+ E, (z)] = z|E e ™+ E, ¢"*] (7-8)
For a cosine reference, the instantaneous electric wave :
E(zt) = Z;)[E;(z,t)—f— E;(z,t)] = az"ej“]t[E;(z)—f— E;(z)]
= zRe[E] ' 4+ B ] FTW + BTW

= 3}[E0+cos (u)t—kz)—FE;cos (wt+kz)] : FTW + BTW

In unbounded media, only FTW exists.
E(zt) = QEE;(Z,IS) = QEE;(z)eM =z Re [E:ej(wtsz)] = .’)A’)E:COS (wt—kz)
Notes) (7-9)
DV — —jk,
i) 6-80c) = V-E, = 0
= k- FE=0 i.e, k1LFE : Transverse E wave

v? N _k2

iii) (6-80a) = VXE, = — jou H,
= kXE=wuH e, HLEk1LFE : Transv. EM (TEM) wave
FE andH are in phase

The associated magnetic wave can be found from (6-80a) :

(7-9) in (6-80a) VXE, = — jou H,
| ES
= H(zt) = g}H;(z,t) = g}Re [H(je](wtsz)] = y——cos (wt—kz) (7-15)

where n= v/ /e = |E|/IH| (£2): Intrinsic impedance of medium (7-14)
In free space (or air), n,= \/u,/€e, = 1207 = 377 (12)
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(e.g. 7-1)

A uniform plane wave E= zE,(zt) propagating along +z—direction (kI 2)

ine=4, p,=1, c=0 with f=100 MHz, E, (1/8,0)=10"" (V/m)

a) E(zt)=7 b) H(zt)=7? c) z, =7 where E,=+max. at t= 10""s
Solutions)

w 2710° 4
k=wvpe = —/u,€e = 1-4=— (rad/m)
. c VI 3x10° 3

A=27/k=3/2 (m)
a) E(zt)=zE,(zt)=210 *cos (2r10% — kz+¢)
E,(1/8,0)= 10" }

:>27r108t—4?7rz+¢20 =  ¢=1/6

. E(zt) =210 *cos

47 1
2m10% — ?(z—g)} (V/m)
b) n= Vu/e Zno/\/g=1207r/\/12607r (£2)

~E, 107!
H 7t = y— =
(zt)=1y i i

COS

27110% — 4—;(2— %)} (A/m)

c) E,(z,)= +max. at t= 10" s

= 27105(107%) — 4—7T(zm— ;): +2n1, n

=0, 1, 2,

FIGURE 7-2
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b) Transverse electromagnetic (TEM) wave along an arbitrary direction

Y4 FIGURE 7—14

H(z, 2)

Plane of constant
phase (phase front)

Consider a uniform plane E-wave propagating in k—direction.
~ — ik z+k ~ k. ~ k.
where k= ZEI’J'I‘“F 2/4:2 = kL : wavenumber vector

The associated H-wave can be found from (6-80a) :

(7-20) in (6-80a) H = — L VXE
Jou

E, . R ke
=  H(z,z) = E(—xk’ﬁ- zk,)e koot h2)

or (7-23) in (6-80a) with Vv — —jk
_ kXE _kXxE

W \
bV [E1
wp
= H1lklFE : Transverse EM (TEM) wave
FE andH are in phase.

= H (H and E are in phase)

(7-20, 23)

(7-21)

(7-24)

(7-25)



C. Doppler Effect
= Frequency shift detected by a receiver from a transmitter

when there is relative motion between them.

FIGURE 7—3
air { = T_co f
7 =
| di f
moving transmitter receiver
(time — harm. wave source)
(a) Att=0. (b) Att= At
Time elapsed at R while T is moving during At :
) r’ Ty U
At =t,— 1, = (At—l——)— — = At(l— —0059) (7-18)
c c / c
uAt L r,

For the time—harmonic source of f, let At=1/f,
then, the frequency received at R from the moving transmitter is

- ar = [+ oo
= ;= = fll1+— -
f N » f . cost (7-19)
1— —cosf
C

Doppler shift of the received frequency at R :

Af=f—f= f%cos@ (7-19)=
Notes)

i) For approaching T and/or R (0 < 0#<7/2), Af > 0: Increasing f.
For receding T and/or R (7/2< 6 < ), Af <0 : Decreasing f.
i) Application = Doppler radar speed gun : u oc Af
iii) Red shift = Lower—frequency light spectrum (red) emitted by a
receding star



D. Polarization of Plane Waves
1) Polarization State

Polarization of wave = Shape and locus of the tip of the wave vector
moved at a fixed location in space during a
period T = 2n/o

Linear Elliptical Circular = polarization state
polarization polarization polarization

y ¥ ¥

L

Consider transverse electric wave traveling in the z—direction
E(2,t) = RelE(z) ] = Re{[iEgc (z)+ :&Ey(z)]ej“’t}

= Re{lzE,, &%+ :&Eyo &%) k) y

= zE, cos(wt— kz+ ¢,)+ :&Eyocos (wt— kz+ ¢y) 6)
Real wave at a fixed plane z=0
E(0,t) = :EEMCOS (wt+ ¢,)+ g}EyOcos (wt+ gby) (7),(7-27)*

Ex Consider two components of E(0,¢) for ¢, = 0, ¢,= &
T\ / E,= E,, coswt
wt

E,= E,, cos (wt+ 6) = E, (coswt cosd— sinwt sind)  (8)

Ey

5\1\ /- Ef Ez/2 2E,E, 2

: > = e + E2 o E{ cosd = sin”é
et 20 o z0 ~yo

é ‘\-/ T Y Y

y : Eq. of ellipse (9)(7-28)x

Axial ratio :

major aris
minor axis

Minor axis AR =

x 1< AR< oo
cirble lin&ar

line

®
o

Polarization ellipse




2) Linear Polarization
a) Linear polarization with a positive slope

For 6=0 (¢,= ¢, same phase) (o *2m , n=10,1,-)
E_E) 0 B _ 0 g of staignt
9) E. Eyo E. Eyo q. of straight line (9L+)
7 = E(0,t)= (zE,,+ yE,)coswt (7L+)(7-32)

® = E,=E,coswt and E = E , coswt : in-phase (8L+)

i S EJ - EyOCO.S wt

ypo~——AF=0, 27
~ ~ 2= |
E(0,t) = (z E,, 4 y E4) coduwt E
—+ tan~! =2
A z0
0 \ FI .............. i

FIGURE 7—5(b)

b) Linear polarization with a negative slope

For 6 =m [or 2(2n—1)n, n=1,2, ]
y EZL, E’y
B, K, o)

Yo

E(0,t)= .'IA:Emcoswt + g}E cos (wt+ ) (7L-)
E,=E,, coswt and E, Z—'E coswt (8L-)

yo

. out—-of-phase




3) Circular polarization
a) Right—-hand (or positive) circularly polarized wave

For phase difference 6= —— [or 5= — (n——l)n . =12 -
2 2
and £, = E, =E, (same amplitude)

E E

= g =1 = E° + E° = E’: Eq. of circle  (9RCP)(7-28)
X0 yo

(7) = E(0,t)= zE,coswt+ yE, cos (wt— g)z az"Eocoswt-i— g}Eosinu)t(7RCP)(7—2‘7)

8 = E,= E,coswt and E,= E,sinwt : lags by 7/2 (8RCP)

— Right-hand Circular Polarization (RCP)

A 5?3 2 FE cm(wt-%)z_EOM ot

= -

FIGURE 7—5(a),

_EO'

Transmitting
antenna

Left screw sense
s in space

Right sense of rotation
in plane

Note)

E0,t)= iEocoswt—i— g}Eocos (wt— %)

LT

= R|@GE+gEe 2)e

= EI o Exo o Eo o
E, " B,e "7 —jE, "’
JE,
or i = —1 for RCP




b) Left-hand (or negative) circularly polarized wave

For phase difference 6:+% [or § = — (n-l——é)n , n=1,2, -

and £, = E, =E, (same amplitude)

0

Q) = ?X + ?«V =1 = E§(+ Ezy = E°: Eq. of circle  (9LCP)(7-28)
X0 yo

7) = E0,t)= LIA:EOCOSU.)t"f— g}Eocos (wt + %): JEEOCOSLut— @Eosinwt(7LCP)(7—31)

8) = E,= E,coswt and E,= — E,sinwt : leads by n/2 (8LCP)

—> Left-hand Circular Polarization (LCP)

Note) f},
E(0,t)= zE, coswt+ y E, cos (wt+ g) K ‘ E(oﬂpf .1 /@
e i .45/‘;.‘1 I\l
; 2y ! A _
= Rel@E, +yE,e ' *)eM] - e
Ex E’zo Eo i ;a
= — = o _ __
E, E,, ol (/2) JE J
JE,
or —&/— = +1 for LCP (D

Y

4) Elliptical polarization
For 6= 0 and FE,, = E, [5 — shape, Eyo/Ewo — tilt angle (7)]

3

)

L.
i

Notes) For same amplitudes (E,, = E,)

PLP REP RCP REP NLP LEP  LCP LEP

f =0 — ?}. +&F _ ?/:_. 7
2 3m/2 Lissajous /2

0 o S

phase, amplitude, frequency
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Tilt angle (7) —% —

N
W

LCP

LEP

LP

REP |

RCP

(e.qg. 7-2)
LP plane wave = (RCP + LCP) waves of equal amplitude

(Proof)

T

JE,
From (10) —— = —1 for RCP and (11)

= +1 for LCP,
Ey Ey
~ ~ — ik Eo ~ e — jkz
ERCP(Z):(wa+ yEy)B e = 9 (-’L'_jy)e ’
E

o

Byep(z) = (8B, + g E)e ¥ = 2zt jy)e ™

2
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