2. Wave Propagation on Transmission Lines

A. General Solutions of Transmission—Line Equations
1) Wave solutions in the phasor domain

For uniform transmission lines with time—harmonic variation e’
Transmission—line equations:

’

d2
V(QZ) — ’}/QV(Z) =0 (8-10)
dz
d’I
(f) — ¥I(z) = 0 (8-11)
dz
where v=a+jf= V(R+jwL)(G+jwC)=+ZY (m™) (8-12)
a= Re|vV R+ jwL)(G+jwC)] (Np/m) (8-12a)
B=Im[V(R+jwL)(G+jwC)] (rad/m) (8-12b)
General solutions of (8-10, 11):
V)=V, e "+ V, e (V) (8-33, 62)
Iz)=IL"e ™+ I 7 (A (8-34, 63)
A
|
FTW BTW(reflected wave)

where unknown amplitudes (Vj, V., L', ") are to be determined by BCs.

o707 ~0
— — o, . . e
Generally, V., V., L', I are complex quantities, like V=V ¢"*

(8-33) in (8-8):

— i + =z — +z _ .
I(z) BT ol) [V."e V.o e 7] (8-34)

2) Characteristic impedance
Comparison of (8-34)x with (8-34) leads to

v, V,  R+jwl

I’ I v

o

=7 =R,+jX, (8-35, 64)

Define the Characteristic Impedance Z, of the transmission line by

R+ jwL 7 [R+¥ jwL 7
Z = = e s = _ Q —
¢ y G+ jwC G+ jwC Y (©) (8-38)
Notes)

i) Z, and v are independent of z and the length of the line, but

depends only on distributed parameters(R, L, G, C) and frequency (w).
ii) Phasor solution in terms of Z, from (8-34)x:

v, v,
I(z) = ——e "= — e (8-34)x+



iii) Instantaneous wave solutions in the cosine-reference time domain:
v(zt) = Re[V(z) €] = Rel( VOJrefvz—f— Voferz)ej‘”t]
= Re[|V 1 & (a+jB)e+ig"} 4 V| et t (a+jﬂ')z+j¢’}]

= !Vﬂi{‘%cos (wt— Bz+o¢ 7 )+ !V(;!{Qa%}cos (wt+ Bz+¢ ) (8-33)*
/‘ FTW(w( < 0: +z direction) \ BTW(wf > 0: -z direction)
attenuation of +z propagating wave attenuation of -z propagating wave

+ - + -
V , V) V) ,
0 ] |ZO|6 “ |ZO|6 “
V'] 1V,
= T e “cos(wt— Bz+¢" —gZ)ZO)— 7] e*cos (wt+ Bz+¢ —gZ)ZO) (8-34)xxx
. . w w
IV) Phase velocity: wu,= 5 =7 = fA (7-10, 50, 58)

B. Wave Characteristics on an Infinite Transmission Line
1) Wave solutions

For an infinite uniform transmission line, 3 no reflection waves (BTW).

Then, V(z)=V'(z)= Ve " (8-36)
v
I(2)=T"(z)=1" e 7= ZO e " (8-37)
or v(zt) =V, e “cos(wt— Bz+¢") (8-36)*
|V0+| —az +
i(z,t) = W e “*cos (wt— Bz+¢ — gbZO) (8-37)*

— The transmission line is characterized by two fundamental

properties, v and Z, which are specified by R, L, G, C, and w.

2) Characteristics in the lossless line

For lossless (R=0, G=0) or high frequency (wL>R, wC> G),
a) Propagation constant

(8-12) = ~y=atj8= jw VLC (8-39)
i.e., «a=0 (no attenuation), f=w+v LC (8-40, 41)
(cf) For lossless unbounded medium, v=jk, k== w ue (7-4, 42)
b) Characteristic impedance
(8-38) = Z,= R,+jX,= /L/C (8-43)
ie., R,= VL/C (constant) , X, =0 (8-44, 45)
(cf) For lossless unbounded medium, n= v/uu/€ (7-14)
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c) Phase velocity

: w 1 :
(8-41) in (7-50) = wu,= —& = (constant: ind. of f) (8-42)

g VLC

—  Distortionless (or nondispersive) line

1 c
(cf) For lossless unbounded medium, u, = =
Yo Ve e,

3) Characteristics in the distortionless lossy line

For the (distortionless) condition of % = % (8-46)

a) Propagation constant
(8-46) in (8-12) = ~=a+j8= v C/L(R+jwL) (8-47)
i.e., a=R+vVC/L (attenuation), B=w+LC (8-48, 49)
b) Characteristic impe&nce o

(8-46) in(8-38) = Z, = R,+jX, = v L/C (8-51)
i.e., R,=+L/C (constant), X, =0 (8-52, 53)
c) Phase velocity
: w 1 :
(8-49) in (7-50) = wu,= — = (constant: ind. of f) (8-42)

"B VLo
= Distortionless (or nondispersive) lossy line
4) Characteristics in the lossy line
For the lossy transmission line,
(8-12), (8-38), (7-500 = All of ~, a, B, Z, are functions of f

= Distorted (or dispersive) lossy line

e o
Distortionless (or nondispersive) line

o =
i ]
o =

Distorted (or dispersive) short line

Distorted (or dispersive) long line



For small losses (wL> R, wC> G)
7, JEL[CERLIY _E 1R, 1,6
(6-38) 7, \/ij(—jG/wC+1 =Veo\l 2o\ Taise

I, (G R\ . o
= 6[1‘}—](2@0 m)}_RO+jX0_|ZO|L¢ZO (8-51)

In most practical transmission lines of good conductors and

very low leakage dielectrics,

G R . .
o <7 neEs = X<0 (capacitive reactance)

Therefore, from (8-36) and (8-37)
I
V(z) = Z,1(z) = (R,—jIX|) I (z) X|

|Xo| Z, . R,
= VI(z) lags behind I(z) by qﬁZU:tan’l? v

(9

Attenuation constant from power relation

From (8-36) and (8-37)
V(z) = Voef(aﬂﬂ)z, I(z) = =2 ¢ (atib)z (8-54, 55)

Time—average power along the line (like time—ave Poynting vector 7-79):

‘/02672042 -Re 1
7,

P) = 7, () = 5 Rel V) () = —5—
V2 e 20z

] R()_jXO
2

R*+X?

V:)Q Ro e 20z
217,

(8-56)

1 ‘/02672(12
R+jX | 2

From energy conservation law,

Decrease rate of P(z) along z = Time—ave. power loss per length
(8—56)
B aP(z) ~

s = PL(z) = 200P(z) = PL(Z),
from which the attenuation constant can be found by
PL (Z)
2P(2)

¥
For lossy line, PL(z):(l/Z)(I2R+ VEG)=(V2/2Z)) (R+ GIZ*) e **(8-58)

a = (Np/m) (8-57)

Y. (8—54, 55)

(8-58) in (8-57) : = 3 R (R+GIZ)) (8-59)
For a low loss line with Z, =R, =+/L/C,
1
(8-59) becomes a = E(R VO/L+GVL/C)  (cf) (7-47) (8-60)
For a distortionless lossy line with Z =R, = +/L/C using (8-46),
: C
(8-60) yields a=R T (8-61) = (8-48)
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B. Wave Characteristics on Finite (Terminated) Transmission Lines

FIGURE 8—4
1(z')
o T
V()| Z(Z)
> Zy VL

L |
|

B & |L0(1,(], end

= {
0

!\1 ra
([l

1) General solutions
For finite uniform transmission lines, 3 reflection waves (BTW).
General solutions of (8-10, 11):

Viz) =V e "+ V, e (8-33, 62)
) =L e+ [ " = 27 Ve =iV et (8-34, 63)
f 1
FTW BTW (reflected wave)
v, v, _
where e =— = = Z,= R,+jX, : characteristic impedance (8-64)
BCs : (8-62, 63) at the load end (z=1) using (8-64),
v, v,
V,=V e+ vt I = ~ e M- ~ e (8-66, 67)

Solution of (8-66, 67) in (8-62, 63) with change of variable 2 =[1—z,
FTVL BTW

I .
V() = [(Z A Z)e ’V%‘]— (2, +2,)e” [1+ e 7] (8-72, 87)

ZIL(ZLcoshyz + Z sinhy?') (8-74)
, I, , ,
4 vz o -1 vz o — 29z _
1) = 27 Lz +2)" —(Z,~27)e 7= 7 (Z,+2,)e” [1— e 7] (8-73, 89)
IL ’ ’
= (Z;sinhvyz + Z,coshvz') (8-75)
ere I'= ~2 = 2t~
where = Vj 747, e voltage) reflection coeff. of Z, (8-88)
: complex value with [I'| < 1
Notes)
(8—63, 88)
¥

i) Current reflection coeff. = —TI (out of phase)

I’
i) For Z, =27, I'=0 and V, =0 (no reflection wave)
= The transmission line is said to be matched to the load.
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iii) For an open-—circuit line (Z,— o), I'=1 and V, = V" (in phase)
iv) For a short—circuit line (Z,=0), I'=—1 and V, = — V," (out of phase)

v) For Z, # 7, 3 standing voltage and current waves along the line,

. . H/max‘
standing—wave ratio (SWR): S= VT T_rﬂ or 20log,,S in (dB) (8-90)
== ‘F‘ = m (8—91)

|I"| = 0: matched
AN
1< <

II'|=1:0.c. or s.c.

vi) For a lossless(a=0, X, =0; y=343 Z =R,)) line, (8-87, 89) become

I - P

V()= é(ZLJrRO)e]ﬂZ [1+ ] (8-92)
: 1 5 (0,25

I(Z ): ﬁ(ZL—}_Ro)e] [1_ |ﬂ6 r ] (8-93)

2) Input impedance
Impedance Z(z') looking toward the load end at 2’ from the load:

/ Z; + 7 tanhvyz? 14 e 27
Z(7) = V<Z,) =7, = 7, =7, + 67 - (Q) (8-77)
I(7) 4 Z,+* Ztanhyz 4 1—Te 2%
(8—74) (s—s7)
(8—75) (8—89)

Input impedance Z, looking into the line from the source at 2’ =1I:

V.  FIGURE 85
Ziz T :(Z)z/:l | Z, ’
) z=0 ; [
Z, + Z tanhnl 14 Te 2 : z| v
= 7~ =7 —— (8-78) o
Z,+ Ztanhvl 1—Te 2 } .

Note) When Z,= Z , Z = Z, irrespective of the length [
= The transmission line is matched
For a lossless(a=0, X, =0; y=36, Z,=R,) line, (8-78) become
Z;+ iR tanl
Z =R —— (8-79)
R,+jZtan 5l

From the standpoint of the generator circuit,

V.= 21 4V, V —-17
Z,+z, ¢ %

It Z,= 2, but Z,=7,, reflected at the load and ending at the generator
It Z, = Z, but Z,# Z,, reflected at both the load and generator

repeating indefinitely
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3) Standing waves
For lossless lines (y=3p3), (8-62, 63) with (8-88) becomes

V(Z,) — VvoJr (CJBZ/"}_ Fe*jﬂz/) (8-62)
v L
I(Z,) _ ~ (ejﬂz o Fefjﬂz ) (8-63)*

Polar expression of (s-88) in (8-62)+ using V()= [V(z)V'()]"? gives
V= AV, @ + 10 e )] - (Ve % 4 [1e” "red™ )]y 12
= (VL4 P 4112770 e 90 oy
— VAL 4P+ 2l cos (282 —0,)]2  (8-62)ss

= Standing—wave pattern resulted from interference of incid. and reflec. waves

V(I
"\% / N\ /
, / ~
IV |mi|1 < N
:'*‘ i _A Imin '_;‘ 'I’Ill:IN 0
4 2 4
(a) IV(D| versus 7’
17(2)l
3
i T mA
Imax P : o, +
/7 O\ / .
Nor N
l'”min ch— uall
"N 0
4 2 4
(b) (D) versus z°
_ +
[V = 1V, 14111 (3)

when cos (262, —0,)=1 = 23 . —0,=2nr

n=12,.... for 6,.<0

4 =0,1,2,..... for 6,>0

0,
= Z’maXZ(QF—i—QmT)/Qﬂ :(—+ ))\f {
T<0p<m B=2m/A

Vi = 1V, 1Q=ITD) (5)
when cos (267’ min — 0 ): -1 = 26 . —0,= @2n+1)r
;o 2n+1 _
= Z i = 4ﬂ_+ 1 ))\ n=0,1,2, .. (6)
- o . Or A
st minimum position (n=0): boin = | —+1] 7 (7)
0\ 0\
st maximum position(n=0or 1): l..=—— or L+i (8)
a7 a7 2
Using 12/, — 2 = M/ 4,
L Lyw T A4 for 1, <\4
min =\ A4 for I = \/4 (©)
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V()

SWR . (N £ Valtage on ling
Matched line WU+| R R
A Eh X ; o ¢ 0 100 Ry=100Q =5$Eic.q
i 7 7 g
(a) 71 =7y (matched line): T'=0 = /2 ]
| A A V2l
| D | ZIVU+I e
- \‘ %
o 0 118F 0 ) 3
il 2 ll_ = Eﬂ'n -'fL: 0
X 3 A 2 o -
4 2 4
(b) Z;, =0 (short circuit) : I'=—1
= A 1 |V(Z')l 2 s S
| o] | " LI o b (e
- ZIV[) l L1 b 2
oo L 10 o + A 7 =
l i vl A
4
| ~ £
N TR g 0
4 2 4

(c) Z; =co (opencircuit) : I'=1

Determination SWR, II'|, #,and Z; by a slotted-line probe:

Sliding probe
To detector —-— /

Probe tip Slit
g

Measurements of |V, I, [V .l and I,
= Determine Sand |I'| from S= Vi (8-90) , II'l= L e
Vil ’ S+1
Or A
0, from [ ,,= (7+1)Z (7)
0 Z1— 2%,
I' and Z; from I'=|[Ile’"= 7,77 (8-88)

(e.g. 8-5) For a lossless terminated transmission line,
given Z,=R,=50(Q), S=3, I, =5(cm), volt. min. dist.= 20 (cm)
a) I'=7 and b) Z, =7
a) A\=2x02=04, [I''=(3-1)/B+1)=05

0
lmin=(—r+1)i = Op=nl , /A—1)=nm(4x0.05/04—1) = —7/2
T

4
=10 =05¢ 7= —jo.5
o) 1= % 052 270 7 = 30—740 (Q)
= =  —j05= — = 30—
Z,+7, J Z,+50 L J
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4) Characteristics in lossless finite lines (a=0, X,=0; y=46, Z,=R))

a) Open-circuited line (Z;,—> o0, I'=1, §— )

O O
Zipe: — P> Z,= R, Z,— oo (practically for f< fyur )
O O
l 7 ——(
B8-62)x = V (J)=V" (777 4 ¢~ 177) = 2V Fcos B2 (8-62)*oc
ve 25Vt
—63)x = N % (87 _ —iBz — ° o3 ’ —63) %
(8-63) L.(2) R (e e ) R sinfz (8-63)
B A
— et . = = . = = — i —
(8-79) ioc 7.0 31X - JR, cotfl (purely reactive)  (8-80)
For very shot line (Bl=2rl/A< 1),
_jRo \/L/C ."-.‘
Z =iX = = — j—— =:—j+—— capacitively reactive (8-81)
0c ] 0c ﬂl ]w\/L—Cl ‘\_‘?,‘(,L)Cl p y
Voel2)
4 2vo*

i <
B
b=
[~

]

k J

M.

> 2
I 4

I

| ~+—1

1 I

1 I

1 I doc (200
: r Current 2ivgt
1 (]

1 1 ]

] |

] I

L } -
2 "2 A

: 2 4

i ! |

I 1

| ]

1 ]

1 1 "rlul:

| 1 P v -

| : Impedance 70

| 1

1 1

I 1

! } o
A 3A X X

1 4 2 4

[} I

i I
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b) Short-circuited line (Z,= 0, I'= -1, S— )

O
[T p— Zo = Ro _ -.":ll:ll]ﬂ.
L circuit
O
[ 7 +———0
(8-62)x = V, ()= V. (/" —e %)= 2jV sinss (8-62)*sc
Ve o 2Vf
(8-63)x = I.()=—— (/" +e /%)= cos 32 (8-63)sc
RO RO
8-79) = Z, = m = jX,. = jR tanfl = jR tan Y (8-82)

= purely reactive (inductive or capacitive depending on tan/l)
= Proper choice of [ of s.c. line can substitute for inductors and capacitors.
For very shot line (Bl=2rl/A< 1),

Z.=jX,, = jRAl = jVL/CwvLClI z;ﬁle © inductively reactive (8-83)
For Bl=m/2, i.e, [=\4, e > OO
= A s.c. quarter—wavelength line is effectively an o.c. line.
Vie(z)
A 2ivg*
Voltage =1

F_J-
<-
S1Fe
oSt
1
L
[

F I e VA
A
= 1

L}
4




Input impedance of terminated transmission line'

Load condition General case (z # 0) Lossless case (2 = 0)
) Ly + Z, tanh yx &+ j&g tan fix
Any value of load Z 2, =Zy— SR it fied
s T o . ® Zo + Z, tanh yx ; Y Zo + jZ, lan fix
Open-circuited line (£, = x) Z; = Zycoth yx Z; = —JZ, cot fix
Short-circuited line (£, = 0) Z; = Z, lanh yx Z: = JZ, tan fx

"9 = a + jfi. where 2 = altenuation constant in nepérs per meter, f = In/d = phase constan! in radiang per meter,
and 1 = wavelength.

c) Half-wavelength lossless line (I =n\/2)

A
Z,= 7, for Il=n)\2 (n=1,2,3,...) (10)

2 .
For I=n)\/2 (n=1,2,3,...), tanfl = tan(il) =tannm =0 in (8-79):

= A half-wave lossless line transfers a load impedance to the
generator end without change.
= The generator induce the same V and I across the load as
when the line does not exist there.
d) Quater-wavelength lossless line (I = \/4 +n\/2)
For I=MX4+n)\2 (n=0,1,2,3, ....),

tangl = tan(%ﬂl) = tan (7/2+nn) — o in (8-79):

2
0

ZZ’:Z for I=\4+n)\2 (n=0,1,2,3,...) (8-111)
L

— Quater—wave transformer to eliminate reflections at the load terminal.

Feedline A

A/4 transformer

Z(\] ZI — Zi] /I.

o "

R ———

If Z =24, , no reflections at the terminal AA'.

By (8-111), Z,= Z°/Z, = 7 ,=./Z,7 (11)
Therefore, if a quarter-wave lossless line having a characteristic impedance
of Z,=1/2yZ; is inserted between the feedline and the load,

there are no reflections at the terminal and all the incident power is
transferred into the load.
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e) Determination of Z, and v by input impedance measurements

= 2() = Z, + Z tanhvl
rom (8-78) )= Om,
Z,.=Z,cothyl for Z,— co and Z,, = Z tanhyl for Z, =0 (8-84a, b)
= Z() = V Zioc Zisc (Q) (8-85)
1 _ Zisc _
v = Ttanh ! 7. (m™ (8-86)
d) Power flow along the transmission lines
Time—average power flow along the line by analogy with (7-79),
, , 1
P(Y)=o2,(7)= ERe[VI*] (12)
For lossless lines (y=3p),
V(Z) = V. (% + re %) (8-62)
+
(7)) = = (% — e %) (8-63)*
ZO
At the load (2 =0), the incident and reflected waves are
V0=V, L0)=V'/Z (13)
V.(0)=rv L(0)=—IV/Z (14)
(13), (14) in (12) :
+|2
D A
P = 2R6[VO ANV 27 (12);
P :iRe[mﬁ (—I‘*V*"/Zn:—|n?|v"+|2 (12)
T 2 o o o 2Zo r
Net average power delivered to the load :
1V, 1P )
P=P+P=—> (1—=111°) () (7-108

(15)

Homework Set 4 1) r.8-5 o) P.8-7 3) P.8-9

4) P.8-11 5) P.8-13 6) P.8-15
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