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Eng Math II

16 Heat Equation

16.1 Solution by Fourier Series

- Energy conservation in the control volume
Eg = Ein — Eout + Egen

where Ey: Energy stored in the control volume

Fi : Energy entering in the control volume through the surfaces
Eout : Energy exiting out of the control volume through the surfaces

Egen :  Energy generated inside the control volume

orT oT

. 0
Eg = —(dm-c,T) = pcpdva = pcpada:dydz

ot
p: density (kg/m?), c,: heat capacity (J/kgK)

Ein = gudydz + Gydzdr + ¢ dxdy
Eout = (jx—i-dardydz =+ qy—ﬁ-ddedgj + (jz—l—dzdmdy

Fourier’s law of heat conduction

. or . oT . orT
Gz = _k87$7 Qy - _k87y7 qz = _k&

k: thermal conductivity (W/m-K)
By Taylor series expansion, ignoring higher order terms

. . 04y . ., 04 . .04,
Qr+dr = 4z + %dl' Qy+dy = dy + 87yydy Qztdz = 4z + 92 dz
Eiy— Eoue = (Gzdydz + ¢ydzdx + ¢dxdy)
. Py
— (godydz + 2% dudydz + 4ydzde + 2P dydzde + g dwdy + 2
ox oy 0z
o ol 8‘]y 0q.
= <6:U dy + 9% dxdydz
0 oT 0 oT 0 oT
- |2 (& )+ L (k2| dedyd
[c%c( ax>+ay< ay>+az< a)] e
Egen = gdzdydz g : volumetric heat generation (W/ m3)

94 dzda:dy)



Pcp%fdxdydz = [88 (k?) aa (kgT> 88 (kgT” drdydz + gdrdydz

For k = k(z,y, 2),
LOU 0 (LoTN 0 (0T 9 (0T .
Poar = ox "oz ) "oy \"ay ) T e ) T

or  o°T N 9T N 0T N
Prar ~ 92 T By T 822 Y

For k =constant,

For steady-state,
O*T N o*T N 0*T
ox2 = Oy 022

+g=0
No heat generation,
o*T N o*T N o*T
ox2  Oy?2 022
VT =0

=0

- Transient heat conduction equation with no heat generation:

oT
— =aVT, o= K
ot cp
«: thermal diffusivity (m?/s)
- One-dimensional heat equation
o _ a({ﬁl (1)
ot 02
- Boundary conditions
T(0,t) =0, T(L,t)=0 for all ¢ (2)
- Initial condition
T(x,0) = f(x) 3)
First Step. Two Ordinary Differential Equations
T(x,t) = F(z)- G(t) (4)
FG =aF"G
G F )
e ? =P (5)

because G/aG depends only on t and F”/F only on x. Both must be equals to a constant

_p2'

F'+p’F = (6)
G+ap’G = 0 (7)

o



Second Step. Satisfying the Boundary conditions
- A general solution of (6) is

F(z) = Acospz + Bsinpz
- From the boundary conditions (2) it follow that
T(0,t) = F(0)G(t) =0, and  T(L,t)=F(L)G(t) =0

Since G = 0, it would give a trivial solution v = 0.

F0)=A4=0
F(L)=BsinpL=0 = sinpL=0
p="r, n=123
- Setting B =1,
F,(x) :sinw, n=1, 2, 3,
L
- From (7)

Gn+ MG, =0 where )\, =ap, = \/&H—L7T

- General solution ,
G (t) = Bpe Pt n=1,2, ---
nmT

To(@,t) = Fu(@)Ga(t) = Busin——e ™" (n=1,2, )

. . . _ 2
- Eigenfunctions: Bj, sin 2Ze~Pnt

- Eigenvalue: A\, = /a - p, = a"F
Third Step. Solution of the Entire Problem

T<m7t) - ZTn(x7t> = ZB” sin ?e_ap%t, (pn - n%)
n=1 n=1
- From (3)
o0
T(z,0) = Z;Bn sin n—zxdg; = f(x)
9 L
B":L/O f(x)-sinn—zxdx (n=1,2,---)

Example 1. Sinusoidal initial temperature
p=8.92 g/cm?, ¢=0.092 cal/(g °C), k=0.95 cal/(cm sec °C), L=80 cm.

(10)



Solution.

T =, . DT
T(x,0) = f(z) = 100-sm% = Zanm—

n=1 L
By orthogonality of the trigonometric functions,
B; =100, By=B3=---=0
7r k 0.95
== = — = _—————=1158 cm?
L= %7 e T 892 % 0.002 em’” /sec

7‘_2
T(x,t) =100 - Sm% 11585t

At x = L/2=40 cm,

w2

100 - 671.15880215 — 50

In0.5
t= niﬂz = 388 seconds
—1.158555t
Example 2. Speed of decay
Solution.
3rx

T(x,0) = f(x) =100 - sing

3mxr 158322
T (z,t) =100 - sin O 11585
80
At x =40/3 cm,
3rx _ 2
50 = 100 - sin e 14202
In0.5
t= 1172 ~ 43 seconds
~10.422 7,

Example 3. "Triangular’ initial temperature in a bar

B _ T if 0<z<L/2
T(x,O)—f(f)—{L_m if L)2<z<L

Solution.



From (11)

2 [ L2 nmwx L nmwT
B, = = in —d L— in —d
n 7 _/0 zsin — x+/L/2( x) sin 7dr
2 [ L/2 L (L2 nwT
= — |——xcosnmzL + — CcoS ——
L nmw 0 nT Jo L
o L L (L
+ — |- —(L -2 cos 2% - — cos L gy
L | L2 MTJL/2 L
[ L? nmw n L?  nrx L2 n 2 nmw L? nmwT
= — |———cos sin —— COoS sin
L onm 2 272 L |, onm 2 n2m? L L2
B 2L<_n7r , +,@)_4LS. nm
= 53 sin 5 sinnm + sin 5 )= 2.2 in 5

If n is even, B,, = 0.
Otherwise n is odd,

4L 4L
BHZW (nzl, 5, 9, ) and Bn:—w (TL:3, 7, 11, )
T(z,1) 4L i waze (W)Qt 1S_ 37r:ne 3T 2t n
= — — —a = — —sin——exp{ —a | — —
R Ly e B R L

Example 4. Bar with insulated ends. Eigenvalue 0

- Governing equation

or  o°T
o = aw =0
- Boundary conditions
T.(0,t) =0, T.(L,t) =0
- Initial condition
T(x,0) = f(x)

- Separation of variables

T(x,t) = F(z)-G(t)
GF = aGF"
; _ F" 2

G
oG- F =P

F'+p’F =0
G + ap’G

F(z) = Acospz + Bsinpz



T.(0,t) = F'(0)G(t) = 0, T.(L,t) = F'(L)G(t) =0
S F(0)=F(L)=0
F'(z) = —Apsin pxr + Bpcos pz

F(0)=Bp=0, = B=0
F'(L) = —ApsinpL =0, = sinpL=0

nm
p:pn_f (n:07172a )
F,(x) = cos Lzm (n=0,1,2---)

- Eigenfunctions

To(2,1) = Fo(2)G(t) = An COS%G_Q(T)% (n=0,1,2, -

- Eigenvalues
nm
An = Va—
va—
(e.) o0 o 2
T(z,t) = ZTn(x,t) = Z Ay, cos N o)t
n=0 n=0
- With the initial condition
T(x,0) = ZA" cos % = f(x)
n=0
1 [E 2 (L
AOZL/O f(x)dx, A":f ; f(x)cos?da:, (n=0,1,2, ---

Example 5. "Triangular’ initial temperature in a bar with insulated ends

B B T if 0<ZL‘<L/2
T(x,O)—f(w)—{L_x if L/2<z<L

Solution.

)

(12)

(13)



1 [E 1 1. L L
Ay = = dp — — . -. 2 =~
0 L), f@dr=g-5b-5=7
2 L2 nwT L nwT
A, = — —d L— —d
n 7 [/0 @ cos — 33+/L/2( x) cos 7 dz
2L . nnz L2 L (Y% pre ]
= — | —zsin—— - — sin —dx
nmw L |, nm Jo
2| L L [t
+— | — (L —x)sin — — sin nre dx
L |nm L2 " JLpe L

L/2 L
2 | L2 n7r+ 2 nmwT / L?  nm L\? nmwT
= — [——sin— — | cos —— — ——sin — — CcOS ——
L nmw ! 2 nm L 2nm ! 2 nm L
L2
2L nmw
= 2.2 (c 57—1+COS——cosnﬂ'>
2L
.'.An:W(QCOS%—COSHTF—l)
-If nis odd, 4, = 0.
-Ifn=2, 6, 10,---,
8L
An = n2m2

“Ifn=4,8,12,---, A, = 0.

L S8L|1 2mx 21\ ?
T(m,t): 4_F ﬁCOSTexp —Q f t

Steady-State Two-Dimensional Heat Flow

1 6mx 67 2
+6—200$Texp -« T t

oT 0*T  0*T
o aviT=a(%
ot~ “ a<8x2+8y2>
- If the heat flow is steady, then 97'/9t = 0.
T 0T
2 —_ — —_—
VT = 5.2 T 7 0 (15)

- Boundary value problem

Dirichlet problem if T is prescribed on C,
Neumann problem if the normal derivative T,, = 97'/0n is prescribed on C, Mixed
problem if T is prescribed on a portion of C' and T}, on the rest of C.

Dirichlet Problem in a Rectangle R

- Governing equation

9T 0*T

2
VT 0x2 + 0x2

0

7



- Boundary conditions

T(0,y) =0, T(a,y) =0
T(z,0) =0, T(z,b) = f(x)
- Separation of variables
T(z,y) = F(z) - G(y)

L &F 1 &6
F dz2~ G dp b

d? 9

72 +p°F =0

- Boundary conditions

7(0,y) = F(0)G(y) = 0,
T(a,y) = F(a)G(y) =0,

= F0)=0
= Fa)=0

F(z) = Acospz + Bsinpz
F0)=A=0 and F(a)= Bsinpa =0

nm

oy = o =1,2, -
DPn a (n )

F(x)ZFn(:c):sin@ (n=1,2,---)
a
d2Gn nm\ 2
dy? _<a> Gn=0

Gn(y) = A, sinh nry + B,, cosh nry

a
- Boundary condition

a

To(2,0) =0 = Fo(2)Gn(0) =0 = Gn(0) =0

Gn(0) = B, =0

Gn(y) = Ay sinh

- Eigenfunctions

nmy
a

nmy

To(z,y) = Fy(x) - Gp(y) = Ay sin I inn Y

- Last boundary condition to obtain A,

a a



T(x, ZA sm—Slhn—Wb

a

- By using the orthogonality of the trigonometric functions,

A, smhn—ﬂb / f(z sin@da@
ZA sm—m hmry (19)
where 5 u
nmwx
Ay=———— in —d 2
asinh(nﬂ'b/a)/o J(w)sin a (20)

16.2 Solution by Fourier Integrals and Transforms

- Specifically, we shall find solutions of the heat equation in a bar that extends to infinity on
both sides (and is laterally insulated, as before).

or  9°T
= g 21
at " 9a2 (21)
- No Boundary Conditions, only the initial condition.
T(x,0) = f(x) (—o0 < < 0) (22)
- Substituting T'(x,t) = F(x)G(t) into (1),
F" +p*F 0 (23)
G+ap’G = 0 (24)
- Solutions are ,
F(z) = Acospr + Bsinpr and G(t) =e "
- A solution of (1) is
T(x,t;p) = FG = (Acospzx + Bsinpq:)e_o‘p%. (25)

Use of Fourier Integrals
- Since f(z) in (2) is not assumed to be periodic, it is natural to use Fourier integrals instead
of Fourier series.

T(x,t) :/ T(ﬂ%t;p)dp:/ [A(p) cos pa + B(p) sin pa]e =" dp (26)
0 0
Determination of A(p) and B(p) from the Initial Condition.

T(x,0) = /OOO[A(p) cos px + B(p) sinpx]dp = f(z) (27)

9



— 71T/OO f(v) cos pvdv, B(p) = 71r/00 f(v) sinpvdv.

- Fourier integral (7) with A(p) and B(p)

T(z,0) = 1 /000 {/00 (f(v) cospvcospx + f(v)sinpv sinpa:)dv} dp

™ —00

T(z,0) = / [ / f(v cos(px—pv)dv] dp

- Similarly, (6) in this section becomes.

T(o1) = % /0 - [ /_ Z F(v) cos(pz — pv)e_apztdv] dp

= i/:: fw) [/000 emop’t cos(px —pv)dp] dv

- Evaluating the inner integral by the formula
o0
/ e cos 2bs ds = \é%ebQ
0

- Choose p = s/+v/at as a new variable of integration and set

_ (z—v)

2Vt
2bs = (x —v)p and ds =+ atdp

e 2 1 o 2 NG
e~ Pt cos(pr — pu)dp = / e cos2bs ds =
/0 (px — pv)dp N N

DN

() e { -}

- By inserting this result into (9),

st o {2

T(z,t)

- Taking z = (v — x)/2V o,

v=x+2zVat — dv=2Vatdz

/f (z +22Vat)e”

T(x,t) =
( 2\/7‘('0{

T(z,t) = ﬁ/_ f(z+22vat)e ™ dz

10
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Example 1. Temperature an infinite bar

Ty = const if x| < 1,

f(m):{ 0 if o] > 1.

Solution.
- From (11)

Tp /1 { (x —v)? }
T(x,t) = expy ——— » dv
@) = 5 Jrat ) "\ dat
- Introducing z = (v — z)/2V o,

T, [O-0)/2va
VT iy avar

T(x,t) e dz

Use of Fourier Transforms

Example 2. Temperature in the infinite bar in Example 1.

Ty = const if |z] <1,

f(x):{ 0 if |2| > 1.

Solution.

- Let T' = F(T) denote the Fourier transform of T, regarded as a function of .

F(Ty) = aF (Tyy) = a(-w?)F(T) = —aw’T

1 o0 1 9 [ ~ oT
F(T) = — | Te™%do=——— | Te™dy=""
(T3) =/ te x 5 ot /Oo e T=
0 A
67 = —C%L)QT

- Initial condition

T(z,t) = \/12? /_(: f(w) —owttoiwe g,
fr == [ e

(34)



/ f(v [ / e_a“2t6iw(x_”)dw] dv

—aw?t zw(w v) w2t

=e " cos(wxr — wv) + jem oWt

e sin(wz — wv)

- Sine is an odd function. -
2/ et sinw(z —v)dw =0
— o0

-1 /_Z ) [/OOO e cos v)dw] dv

Example 3. Solution in Example 1 by the method of convolution

Solution.
- The beginning is as in Example 2 and leads to (14).

1 RN 4
T(xz,t) = \/%/ f(w)e_““’%ewxdx

- Revoking the convolution integral in Fourier transform

T(a,t) = (f * g)(x) = / " f(@)a(w)e du
where 1
Glw) = oo

- By the definition of convolution

/ )9z~ p)dp

with ot = 1/4a or a = 1/4at, using (17)
F(e_m2/4at) = V2ate ™’ = \2aty 2mg(w)

- Hence ¢ has the inverse
1 2
e 7 /4ot

V2aty2m

- Replacing = with = — p and substituting this into (18),

00 T — 2
Tw.t) = (1)@ = 5 = [ s {1 e

Example 4. Fourier sine transform applied to the heat equation.

12
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Solution.

- A laterally insulated bar extends from x = 0 to infinity.
- Initial condition: T'(z,0) = f(z).
- Boundary condition: 7(0,t) =0 = f(0) =0.

F (T)) = %t = aFy(Tyy) = —aw?Fy(T) = —aw? Ty (w, t)

A 2

Ts(w,t) = Clw)e "
T(.T,O) = f(x) = Ts(wa 0) = fs(w) = C(w)
Ts(wa t) = f;(w)e—aw%

- Taking the inverse Fourier sine transform and substituting

fulw) = \/f / " f(p) sinwp dp

2 > > . —aw?t -
T(z,t) = - - f(p) sinwpe sin wz dpdw

13

(40)



