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21 Analyticity
21.1 Limit, Continuity.

limit.
lim f(z) =1L
Z—Z20
) —1 <.
|z — 20| < 0.

continuity : lim,_,,, f(2) = f(20)
a function f(z) is said to be continuous at z = z

Derivative. i A2)— flz0)
/ Y zo + Az) — flzo
F(z0) = AI,IZIEO Az
Az=2z—2z0,2 =120+ Az

Fon) — tim L) =S 0)
z—20 zZ— 20

Example 1. Differentiability, Derivative.

fz) =2
by (A= 22+ 220z + (Az)? — 22 ) B
P =dm ™ a ~ % Az Al (22 ¥ B2) =22
Differentiation rules.
(cf) =cf'. (f+9)=1f+g, (fo)=Ffg+1d
(i)/: f/g_fg/
g 9?
(2" =nz""! (n: integer)
Example 2. zZ not differentiable.

f(z)=z=z—1y.
f(z+Az)—f(z)_(z—I:Az)—Az_g_A:E—iAy Ax —0:—1.
Az N Az Az Az +ilAy Ay —0: +1.



Analytic Functions.

Definition (Analyticity).

A function f(z) is said to be analytic in a domain D if f(z) is defined and differentiable at all
points of D. The function f(z) is said to be analytic at a point z = 2y in D if f(z) is analytic
in a neighborhood of zy. Also, by an analytic we mean a function that is analytic in some
domain.

Example 3. Polynomials, rational functions.

polynomials 1,222, -

quotient of two polynomials g(z) , h(2)

f(z) = 9(z) : rational function.

h(z)

21.2 Cauchy-Riemann Equations. Laplace’s Equation.

w = f(z) = u(z,y) + wv(z,y)
Cauchy-Riemann equations.
(1)
Up = Vy, Uy = —Vy

f is analytic in a domain D if and only if the first partial derivatives of u,v satisfy the two
so-called Cauchy-Riemann equations everywhere in D.

Theorem 1 (Cauchy-Riemann equations).

Let f(z) = u(x,y) + iu(z,y) be defined and continuous in some neighborhood of a point
z = x+ 1y and differentiable at z itself. Then at that point, the first-order partial derivatives
of u and v exist and satisfy the Cauchy-Riemann equations (1). Hence if f(z) is analytic in
a domain D, those partial derivatives exist and satisfy (1) at all points of D.

Proof.
(2)

flz+Az) — f(2) (f(Z) =u+1iv

Az—0 Az z=x+ Zy
Az = Az +iAy.



f(2) = ug + vy
ii) Path II. Az — 0.

u(z,y + Ay) —u(z,y) v(z,y +y+ Ay) —v(z,y)

f'z) = Al;rgo 1Ay * iAlgi/rgo 1Ay
(5)
f'(2) = —iuy + vy
(4)=(5) = vy v — .

Theorem 2 (Cauchy-Riemann equations)

If two real-valued continuous functions u(z,y) and v(x,y) of two real variables z and y have
continuous derivatives that satisfy the Cauchy-Riemann equations in some domain D, then
the complex function f(z) = u(z,y) + iv(zx,y) is analytic in D.

Example 3. An analytic function of constant absolute value is constant. Show that if f(z)

is analytic in a domain D and |f(z) = k =constant in D, then f(z) =const in D.
Solution. u? +v? = k2.

Uy + Vv = 0, uuy +vvy =0

Cauchy-Riemann equations. v, = —uy, & vy = Uy
U Uy — V- Uy =0 a)
U Uy — V- Uy =0 b)

(a)-u+(b)v : (u?+v?) - u, = 0.
(a)-(=v)+(b)-u 1(U +0%) - uy =0.
i)if k2 =u?+v?=0thenu=v=0— f=0.
ii) uy =uy =0by C-Req. v, =vy, =0

u = v = const — f = const



Polar form. z = r(cosf + isin )

f(z) =u(r,0) +iv(r,0)
x=rcosl,y=rsinf. - r=+/22+y2 0= arctan%

z x y y
r,y —— —mMmMMm— — — r, = - = —
(@22 Yo @2yt r
e L vy
1+ (y/a)? a2 22 + y? r?
0 — 1 1 T o
YUl (y/z)? x a2y? r2
x
Uy = Uy Tg +Ug - Op = — - Uy %Ue-
r r
Uy = Vyp - Ty + g - 0 —g-vr—l——vg.
y y - 2
Since u; = vy TT - Up — YUY = TYV, + TV - -+ A)

Yy x
uy:ur-ry—kueﬂy:;ur—&—ﬁue.

x
—U;nz—vr-rm—vg-ﬁw:——-w—i—%vg.
r r
Since Uy = —Vy TyUr + zug = —rzv, +yvg - - b)
a)xx+ b)xy up - (22 4+ y?) = vg(2? + )
1
L. u'r' - 7’09

a)xy—b)xx : —(y® + 22)ug = r(y* + 2%)v,

(7) ur = Lvg,v, = —Lug  (r>0)

r

21.3 Laplace’s Equation. Harmonic Functions. = (Solution of Laplace’s
Equation)

Theorem 3 (Laplace’s equation)

If f(2) = u(x,y) +iv(z,y) is analytic in a domain D, then u and v satisfy Laplace’s equation.
(8) V2u = Uy + uyy = 0.

and

(9) V20 = vy + vy = 0.

respectively, in D and have continuous second partial derivatives in D.



Proof.
) Uy = Vy = Ugy = Vyg

Uy = —Vp = Uyy = —VYT
i) Uy = Vy = Ugy = Vyy

Uy = —Vp = Uyy = —VTT
If two harmonic functions u and v satisfy the Cauchy-Riemann equations in a domain D,

they are the real and imaginary parts of an analytic function f in D.
Then v is said to be a conjugate harmonic function of w in D.

>:>um+uyy—0

= Vgg +Uyy =0

Example 4. How to find a conjugate harmonic function by the Cauchy-Riemann equations.
u=x’—1y?—y
sol) Uy = 22, Ugy = 2,uy = =2y — 1, uyy = —2.
Uggy +Uyy =2 —2=0 .- harmonic function.
By C-R. vy = uy = 2x,v; = —uy = 2y + 1.
v =2y + h(x) = v, =2y +dh/dz.

sodh/dr=1= h(x)=xz+c
v=2zy+x+ec



