
Chapter 5. Long Waves 
 
 
Wave length is long compared with water depth: 
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Depth-averaged conservation of mass 
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Using Leibniz rule of integration, 
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Introducing depth-averaged velocities: 
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Linearizing by assuming η , ,  are small, U V
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Depth-averaged equation of motion 
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Assuming horizontal velocity gradient is constant over depth so that xxτ , yxτ  are also 

constant over depth and integrating over depth using Leibniz rule, 
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Introducing correction factors, xxβ  and xyβ , such that 

 

∫

∫∫

−

−−

=+

=+←=+

η

ηη

ηβ

ηηβ

hxy

hhxx

uvdzhUV

udzhUdzuhU

)(

)()( 22

 

 
we have 
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Assuming no friction (equivalent to Euler equation) and linearizing, 
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On flat bottom, the continuity equation becomes 
 

0=
∂
∂

+
∂
∂

+
∂
∂

y
Vh

x
Uh

t
η  

 
Differentiating with respect to , t
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Substituting the linearized momentum equation, 
 

02

2

2

2

2

2

=
∂
∂

−
∂
∂

−
∂
∂

y
gh

x
gh

t
ηηη  

 

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∂
∂

+
∂
∂

=
∂
∂

2

2

2

2
2

2

2

yx
C

t
ηηη ;  wave equation 

 
Energy flux 
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Co-oscillating tide 
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For the node to locate at , lx =
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Related topics: 
 

1) Location of barrage (turbines and sluice gates) of tidal power plant 



2) Wave reflection from perforated-wall caisson breakwaters 
 
Channel with variable cross-sections 
 

 
The equations describing the channel walls are 
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Using the kinematic boundary conditions 0=⋅ nu  on channel walls and FFn ∇∇= / , 
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Integrating continuity equation over depth and channel width, 
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Using the kinematic boundary conditions on the walls and defining the cross-sectional 
average velocity, 
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we have 
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Linearizing, assuming small bottom slope, and using LKFSBC, 
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Differentiating the continuity equation w.r.t. , t
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Using the equation of motion, 
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Ex 5.1 
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Another example: 
 

 
 
Assume long standing wave: 
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Substituting the assumed solution, 
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The general solution to the Bessel equation is 
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Using the offshore boundary condition, tHtl ση cos)2/(),( = , 
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Step problem 
 

 
 
Evanescent modes are important near the step ( 21 44 hxh <<− ). Considering only the 
progressive modes, 
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The matching conditions at the step )0( =x  are 
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Solving for the transmission and reflection coefficients, 
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if , 21 hh >> 1→rκ : Pure standing wave in Region 1 

           2→tκ : The wave of the same height as the standing wave is  



                  transmitted to Region 2 
 

if , 12 hh >> 0→tκ : No transmission 

           1−→rκ : Full reflection but with  phase shift °180
 

 

 



Seiching
 
Seiching is an oscillation in a basin at its natural frequency instead of (known) tidal 
frequency 
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See Table 5.1 of textbook for variable cross-sections. 
 



Long waves with bottom friction 
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Assume no surface wind stress. Then, the linearized 1-D equation of motion with 
bottom friction becomes 
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For unidirectional open channel flow, 
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where  = Darcy-Weisbach friction factor. For a bi-directional oscillatory flow, f
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which is nonlinear. To linearize, we expand bτ  in a Fourier cosine series: 
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Keeping only the first term, 
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which is now linear. The linearized equation of motion is now 
 

AU
x

g

UU
h

f
x

g

h
h

x
g

t
U

m

zx

−
∂
∂

−=

−
∂
∂

−=

−
−

∂
∂

−=
∂
∂

η
πρ

ρη
ρ

τη

)3(

)(

 

 
where 
 

1
3

<<=
h

fU
A m

π
 

 
Continuity equation: 
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Differentiating w.r.t. time, 
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Substituting the equation of motion, 
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This is the wave equation with bottom friction. The second term is the friction term. 
Compare this with Eq. (5.23) of textbook. 
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The wave number, , is complex. Define  as the wave number with no damping: k Ik
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Solving the quadratic equation, 
 

2

11
2

2 ⎟
⎠
⎞

⎜
⎝
⎛+±

=⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ σ
A

k
k

I

r  
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Thus the wave amplitude decays exponentially with x . 
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Storm surge 
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where ρ  = density of water,  = wind speed, and  = wind friction factor given 
by Van Dorn (1953) as 
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with  = 5.6 m/s. The cW x - and y -components of wτ  are 
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Linear equations: 
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Simple case: 0=θ  (2-D problem) and steady state 
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Let 
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Constant depth: 
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Using the boundary condition, 0=η  at 0=x , we have . Therefore, 2
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Sloping bottom: 
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Recalling  and integrating after substitution of Aghln w =)/()( 2
0ρτ uAhh =−+ 0/)( η , 
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Using the boundary condition, 0=η  and 0hh =  at 0=x , we have 
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Therefore, 
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If wτ  = constant, 
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Including Coriolis force, 
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where φω sin2=Cf  = Coriolis parameter 

ω  = earth’s rotation speed =  rad/s1027.7hrs24/2 5−×=π

φ  = latitude (positive in northern hemisphere, negative in southern hemisphere) 
 

 
 
Assume a long straight coastline so that 0/ =∂∂ yη  and 0=U  everywhere, which is 
true only in equilibrium state. Also assume that winds start to blow at . Then the 0=t
y -momentum equation gives 
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If η>>h , 
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Assume  so that . Then BtAV tanh= BtABdtdV 2sech/ =
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We have one equation for two unknowns A  and B . To solve this equation, let 
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Using the relationship , 1sinhcosh 22 =− xx
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Finally 
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When steady state is achieved after a long time, 
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Introducing  into V x -momentum equation, 
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Solving for )( η+h  with the assumption of constant slope, i.e. lhxh // 0−=∂∂ , 
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where  and *l *A  are given by Eq. (5.108) of textbook. 


