Ch 1. Fundamentals of Turbulent Jets

Chapter 1 Fundamentals of Turbulent Jet

1.1  Turbulent Jets

1.2  Plane Jets

1.3 Axially Symmetric Jets

Objectives

= Derive governing equations of turbulent jets

* Derive constancy of momentum flux along jet axis

* Analyze velocity profile of plane and round jets using geometric
similarity

" Determine the amount of fluid entrainment into jets
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Ch 1. Fundamentals of Turbulent Jets

1.1Turbulent Jets

1.1.1 Turbulent Motions
(1) Wall turbulence
- turbulent motions which are constrained by one or more boundaries

- turbulent generated in velocity gradient caused by the no-slip condition

(2) Free turbulence
- turbulent motions which are not affected by the presence of solid boundaries
- Example: Fig.16.1
shear layer (mixing layer)
immersed jet
wake of an immersed body
- Velocity (shear) gradients are generated.
- Viscous (molecular) shear stress usually can be neglected in comparison with

turbulent eddy stresses throughout the entire flow field.

[Cf] In wall turbulence, due to the damping of turbulent by wall, viscous stresses in the
laminar sublayer must be considered.

- In jets and wakes in large bodies of fluid, pressure gradient in the direction of motion

1S zero.
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Ch 1. Fundamentals of Turbulent Jets

PIV measurements of round jets

(R100), Re=177) (R200J, Re=437) (R400J, Re=1,305) (RS00J, Re=2,163) (R600J, Re =3,208 ) (R900J, Re =5,142 )

Figs. Evolution of Round Jet with Increase of Reynolds Number (I Images)

—w/lU=1

/B

Fig. 4.6(c) Velocity Vector Fields for Case NF]300 lay PIV
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PIV system

. . AX
Velocity of particle A: U, = A asAt— 0
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PIV: field measurement
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1.1.2 Equation of Motion for Turbulent Jets
« Common properties of free turbulence and wall turbulence

- width of mixing zone < longitudinal distance, X

ou ou
_ — > —
oy OX

~ same assumption as those by Prandtl

— use Prandtl‘s 2-D boundary-layer equations for steady 2-D free turbulent flows with

zero-pressure gradient and neglecting molecular-viscosity

For instantaneous velocity,

[6u ou auj op ol
pl ——+U—+V— |[=——+ - X-com

o ox oy) ox Moy
a_u+@:()
ox oy

Decompose velocity and pressure, then take average over time

(a _ou _auj op a)ﬁ o’u _ouV'
p| A=+ UT—+V— :—%—pl + pt e,
X OX

ot ox oy oy> 7 oy
a_U_l_a_V:O
oX oy
_ - - _
u? = 5_U — aL:i(ga_uj
OX ox  oOx\' oOx
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Ch 1. Fundamentals of Turbulent Jets

_ou ou'v’ a( 8u] a(rj
uv =¢6— — = —| —
oy oy oyl oy) oy\p

(2)
where &= n
yo,
u
T =1)— = turbulent shear stress
Substituting (g) into (c) gives
_ou _ou_ 107
Tkl (1.1)
x oy poy
ou ov
—+—=0 (1.2)
ox oy

~ B.C.s are different for plane and axisymmetric jets and wakes.

~Eq. (1.1) and Eq. (1.2) are equations of motion for the 2-D turbulent free jet with a

zero pressure gradient in the axial direction.

[Re] Equations for a turbulent boundary layer

Apply Prandtl's 2-D boundary-layer equations

2
8_u+u8u ou_ 10p ya

- (8.7a)
ot OX ay P OX p&y
Z—u+@:0
X
% (8.7b)
ou oV
—> U—+Uu—=0
OX oy
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Add Continuity Eq. and Eq. (8.7a)

ou _, ou (8u @j_

—+2U—+|V—+U

ot OX oy oy
\’ \’
ou’ ouv
x

_lop, pudu
pox  poy’

(A)

Substitute velocity decomposition into (A) and average over time

oU+u) au
ot dt
o(u+u"’  ou’ +6u'2
OX dx OX

o &y oy
0 —— 1 op
—_—— _+_ e . S,
o (PHPY=— 2o
2 2
A0 @iuy=H2Y
oy p oy

Thus, (A) becomes

U, W AUV 1dp pdW_ou” oV

ot ox oy

(B)

poOX poy> ox oy
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Subtract Continuity eq. from (B)

ou _ou _ou 16p wdm ou” ou'v'
— U —+V— = ———+ = —
ot ox oy poOX poy’ OX oy

ou _oéu _ou) dp  au?  om ouv
pl —+U—+V— |=———p + 1=
ot OX oy OX OX oy oy

— Equation of motion in x-direction
Adopt similar equation as Eq. (8.25) for y-eq.

0 —
0=——(D 2
5 (p+pv")

Continuity eq.:
ou ov
+ — =

— 0
ox oy
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1.2 Plane Jets

Zone of flow establishment | Zone of fully deveJoped flow

% -

by i~E
—t Uy - -
* Plane jet:

height of slot = 2D,

length of potential core = L,

X<L, u. =Y,

x> L, u, <Y,

* Entrainment of surrounding fluid

— volume rate of flow past any section in the jet increases in the X -direction
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1.2.1 Constancy of momentum flux
Derive integral momentum equation

Integrate Eq.(1.1) w.r.t. Y

0 _aU i _8U ®© aT
pj_wu &dy+p.[_wv5dy:j_wady (1.4)
@ ) ®

Integral by parts:
juv’dx =uv —Iu’vdx

ua—vdy
a_u+a_V:O
ox oy
PO
=——1/| u-d
2 ax-[—w y
ok @ 0 oy
€) —dy=7| =n -7 =0
- ay ‘ " ay o0 —00
Eq. (1.4) becomes
p— 0 “Tdy=0 (1.5)
OX 9~
[ pudy =constant=J (1.6)

1-12



Ch 1. Fundamentals of Turbulent Jets

pU =momentum per unit volume (mu /vol.= pl)

JUdy =volume per unit time (vol./t=Q =U-A=1udy)

pUZdy =total momentum per unit time passing any section of the jet

= momentum flux per unit length of slot

—> Eq. (1.5) states that the flux of momentum of the jet is constant and independent of X

— There is no change in the longitudinal momentum flux.

* Constant in Eq.(1.6) can be evaluated from momentum influx at X =0

Atoutlet U=U,=const. for b, <y<b,

J, =momentum influx=pU, xU,2b, =2,0U b,

[ putdy =2pUch, (1.7)
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1.2.2 Velocity profile

In fully developed region of the jet, assume that

b~x"

o ~x"

max

Then, consider order of magnitude of each term in eq. of motion, Eq. (1.1)

6u 8u 1oz
5X ay ,05y
D 0 _ou (leaX)2 X" w21
X X X
@ v _ou ( ou J ou (umaxbj(um} (U)X -l
6y EX oy X b X X
W N _o_, F__U o [,
X ox oy o ox
8 0 (7)) (U,) 2
oy\ p b
£~ (T,
LHS of (1.1) ~x "
RHS of (1.1) ~ X"
.m=1
—Sib~x (a)
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— The plane jet expands as a linear function of X.

Now consider order of Eq. (1.7)

Jipﬁzdy =2pU.b,

-2n+m

pUb, ~x72" X" ~ X

— Eq. (1.7) is independent of Xonly if -2n+m =0

m 1
TN=—=—
2 2

1
U ~Xx?2

max

(b)

1

— The centerline velocity decreases as —=

Jx.

* Jet Reynolds number, Re,

— 1 1

U0 5

Re, ===~ x 2x' ~ X2
v

— Reynolds number increases as \/;
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1.2.3 Similarity of velocity profiles

We don't know yet about velocity distribution, rate of entrainment, and actual jet dimensions.
Beyond some transition distance past end of potential core (L, ), the velocity profiles are
similar.

— transition = 6 ~ 40 (2bp)

* Use semiempirical approaches based on the assumption or geometric similarity of velocity

profiles.

U (lj _ (&) (1.8)
u

in which g:% - y=2& > dy=xd¢&

» Assume function f as Gaussian curves which is found to be satisfactory from the

experiments.

a y’
M (&)= _ 1.9
- ) eXPE 2Cfx2] (1.9)

max

in which C, = spreading coefficient = const. to be determined experimentally
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[Cf] Top Hat distribution

Primary Core Boundary
Secondary Core Boundary

"/ Velosity Profile
Along the Major
Axis
E: o x"
u

log.{_

Potential ~ Two- )
Core Dimensional Axyfymmm-m
Region Region Region

N
>

Y

Fig. 1. Schematic Diagram of Three-Dimensional Rectangular Jet
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(a) AR5-200MINC

(b) AR5-200MAJC

Fig. 8. Lateral Velocity Profiles on Center Sections of Major and Minor Axes (AR = 5)
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Constancy of

momentum flux

—

Ch 1. Fundamentals of Turbulent Jets

/

Combine Eq. (1.7) and Eq. (1.8)

20000, = p(@)%, [ £2(E)dy =p()2, [ F2(£)déx

Let 1,=[" 2(&)d¢

Then, the ratio of the centerline velocity to the initial jet velocity can be given as

2U.b, = (@) xI, (1.11)
u 2b,
—max |70 (1.12)
U, XI,
_ 1
- max =T
X
— the same result as Eq. (b)
* Length of potential core, L,
u
—mx =1 at x=L,
0
sl= 2b,
L1,
2b
L =—"" (1.13)
|2
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1.2.4 Entrainment Hypothesis

The total discharge per unit width of the jet, X > L, is given by integrating the local velocity

across a section of the jet,

= [ udy =, [ f(&dy=0,x[ f(&d¢ (1.14)

where Q = volume flux

The initial discharge per unit width, Q, is given

Q,=2by, (1.15)

Divide Eq. (1.14) by Eq. (1.15) to obtain the ratio of the total rate of flow to the initial

discharge

TR IO
¥

2b, xI 2
U 2b X|

Q I X
Q_ X (1.16)
QO 2b0I2

—~  0Q=+/x

where —— = volume dilution
0
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« Experimental results by Albertson et al. (1950)

_, C,=0.109; 1,=0272; 1,=0.192

Then, we have

u. /U,=2.282b,/x=3.22b,/x, x>L, (1.17)
L, =10.4b, (1.18)
Q/Q,=0.62\x/2b,, Xx>L, (1.19)

- Gaussian velocity distribution

Eq. (1.9):

U LY
U P 2C x?

IO R B 62 N U IR S A
_exp{ 2(0.109)2()()} exp{ 42.08[)(}}

[Cf] Abramovich (1963)

%?i:378 b, / X

0

Zijnen (1958)

%?a:312~352 b, / X

0

Newman (1961)

%?ﬁ:339 b, /X

0
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— 2
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FIG. 16-3. Distribution of centerline velocity in flow from slot [1].
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1.2.5 Theoretical Solution for Equation of Motion for 2-D Boundary Layer Flow

Solve equations of motion and continuity

ou ou 10r

U—+V—=——"

ox oy poy (1)
a_u+a_u:0

ox oy

2)

Given: 2 equations

Unknown: u,v,r

— We need 1 more eq. for 7

1) Tollmien solution (1926)

— use Prandtl's mixing length formula

(3]
oy

lcb —> I=pb —> [I=pCx

2) Goertler solution (1942)

— use Prandtl‘s 2nd eq.

r=ped
P oy

u/u_=1-tanh*(cy/X)

uiu, :i(ﬂ_a_ytanhza_y_o_stanha_yj
o X X X X

1-26



Ch 1. Fundamentals of Turbulent Jets

L Abrawvuv;‘ck v oed

p= £ , @=oc.0%

2 = F'() = 0.0176e™"+ 0.662313? cos( > ?) +
e

. -
+0.228e’ sin( Vza ?)- (2.60)
7 ¥
R l v . - ?,:'J—'
a E=2 Fxpcrim';nﬂ of Albertson 7-?/
a F=j( andothes (7] __g7¢
. T _/
—— TAllmien's theory Fd
4 7
/%‘(‘
- 55 = 45 g o5 5 P

Fig. 2.2. Velocity profile {n the boundary layerofa submerged
jet (x = x/bo

g 544/&/17‘/}:5, pPAT(1755)
Pawq C13290

u= V23~ Vé-: (1 — tanh?y), I &értler
71/ | |- .
L e V‘-- V;; \ 27 (1 — tanh?)) — tanh 3 | (23.45)
?i="‘¥‘ TE Mz ( UT Umax)
ey - s e e VS!‘-? Prdudf/é Sftt’a»a:f
* x~ 2em v
= 767 » -35em Rypeeny
N e =5cm
e s =80cn o i
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v
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¥

Fig. 23.7 Velocity distribution in o two.dimensional, turbulont jot. Mossurements dus lo
Foerthmann [13). Theory: curve (1) due to Tollmien; curve (2) from eqn. {23.45)

e kyprb‘:o::"i&f: Sinh % . __aL (6:— e—-z) aze
cosh x .l. (e*+ €9
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1.3 Axially Symmetric Jets

* Axially symmetric jets
~ round jet issuing from a circular hole, pipe, nozzle

~ symmetrical about longitudinal axis of the jet

axial - z,v,
radial - r,v,
Experimental curve . Z
1.0 = ===(aussian curve "

o Computed Eq. (16-27)

04
- V—ng—o = 7x104

0.2}
- \ﬂ-.‘. °

0 ] ] ] ] l | ] | |
0 0.02 004 006 008 0.10 0.12 0.14 0.16 0.18

r/z

1.3.1 Derivation of Equation of Motion

Employ the same boundary-layer approximation as in the plane jets in cylindrical coordinates

8\/Z/+V 8VZ+V_98yZ/+V avzj__ap+ lg(rasz+Lazz+azz N
pﬁt " or r/éH * oz ;T varar )T P e > [TEP

/ Axisymmetri / / /

steady :
cal jet pressure 2 2
gradient ov, > ov,
=0 or’ or’
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ov, ov, {15(&2)}
PN+ PV, = r

or 0z F& or (1.20)
Substitute 7 = :
ubstitute U or
ov, v, 1 orr
Vv, +V, =—— (1.21)
or oz pr or
Continuity eq. (From (6-30)) becomes
10 0
——(rv.)+—(v,)=0 1.22
- ar( 0) az( ;) (1.22)

Assume half width and centerline velocity as a power function of z as in the plane-jet analysis
d~z"

(Vmax ~ 27

Evaluate the order of magnitude of the terms in the eq. of motion

dNZ1 (A)

Evaluate the order of magnitude of the terms in the eq. of constant-momentum flux

2
27[ij (V,)*rdr = pV.? (”20 j (1.23)
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Ch 1. Fundamentals of Turbulent Jets

Therefore, the order of magnitude of the terms gives

(Vz)fnaxdz - Z—2n+2m - ZO

T~

-2n+2m=0 flux is independent of z

Finally we get

d ~z — Jet boundary increases linearly with z.

_ 1 . . . .
(V,) e ~— — Centerline velocity deceases inversely with z.
z

[Cf] For plane jet: m=1, n =%

[Re] Spreading coefficient
For plane jet, b =Kz

For round jet, d =kz

*Value of k
Plane jet Round jet
Velocity profile 0.116 0.107
Concentration profile 0.157 0.127
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* Eddy viscosity

77~d2%~d (v,),. ~7' -7 ~2" =const.

— Eddy viscosity is constant throughout the mixing region of the jet.

Eq. of motion Eq. (1.20) for turbulent flow becomes

\78\72+ Vavz— 19 raVZJ
pr@r 'Ozaz nrar or

(1.20)

Divide (A) by p

_ N, _ oV, ¢ a( avz)
v +V =——1|r (1.24)
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1.3.2 Solution for axially symmetric jet

Solve eq. of motion, Eq. (1.24) and continuity eq., Eq. (1.22)

Assume geometrically similar velocity profiles

VZ

(V2) e

=1'(&)

r
z

where &'=

Use following boundary conditions

o, | &
r=0. v.=0; —-=0 E
or
M\
Solution can be obtained by integration of Eq. (1.22) and Eq. (1.24).
[Re] Hinze (1987), pp. 520 ~ 527
v, 1
- = T (1.25)
( Z)max — r
1+(7,) ——
max 882
Substitute experimental data for&, (1.26) into (1.25)
£=0.001962(V,) (1.26)
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Ch 1. Fundamentals of Turbulent Jets

V. 1
" L = , 1>
) PR
max 1 + 2
0.016z
v, 1
= - (1.27)

— Exact solution

[Cf] For slot jet, Yo _ 2.28, /Z—bo (B)
U, X

Constancy of
momentum flux

Substitute Eq. (1.27) into Eq. (1.23)

(Vi/)max =64—-C (1.28)

in which z = distance from geometrical origin of similarity

« Length of potential core, L

At z=L,, (V),.=Y

L, =6.4d,

From the actual origin L, =6.4d,+0.6d, =7.0d,
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[Re] Detailed derivation of Eq. (1.28)

2
Eq.(1.23): Zﬁpjo (V,)’rdr = const. = pV, (”jo j

j:(vz)z rdr :évjdg (A)

Substitute Eq.(1.27) into (A)

(7))

2

1 4
1+ il
0.016z

L.H.S. JOOO rdr

Set r’=X — dt’:d—x
2r
1
a= 2
0.016z
Then, L.H.S = (Vz)fnaxro 1 ) ax
o (1+axX)" 2

W] 11 1]
2 | 3(1+aX) a],

V)2 [ 1 } 1 N
:—Z max 0+— = — 0.0162 V
2 | 3a 6( V)

=0.0027{2(V, )}
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Ch 1. Fundamentals of Turbulent Jets

LHS.=RH.S,; 0.00272*(V,)? =1v02d§
8

max

T \2 2
(Vz)max — 68d_0

1.28
n . (128)

Combine Eq. (1.26) and Eq. (1.28)

£=0.00196z £V06.4%j =0.013V,d,— constant (1.29)
YA
£_001Ndy 6 013Re, (1.30)
\" \"
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Ch 1. Fundamentals of Turbulent Jets

[Re] Gaussian curve

— Comparison of exact solution, Eq. (1.27) and Gaussian curve — Fig. 1.4

* Gaussian curve for axisymmetrical jet

Constant C
Reichardt (1951) 48
Hinze (1959) 108
Schlichting (1979) 72

Papanicolaou and List (1988) 80 z/dg < 50
93 z/dg > 50

Yu et al. (1998) 78

[Example] Air jet
V, =100 fps; d,=0.1ft; v= 1.6x107*ft* /sec (Table 1-6)

o _ 100(0.1)

= = 62,500
* 1.6x10™

&

2 =0.013(62,500) =813 ~ 10

\"

— ¢ (turbulent eddy viscosity) is 10 times larger than molecular viscosity

For laminar flow,

‘21 > Re, = 1

— ~ 80
v 0.013
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For roumd Jet;
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Ch 1. Fundamentals of Turbulent Jets

1.3.3 Lateral Spread of Jets

For both plane and round jets, the lateral spread of of jets is linear.

1 1
b~z;d~z

V. 1
For line (jet boundary) along which —2*—=0.5 (or —=0.37)
€

(%)

a=6.5 for plane jet (A1)

a=5 for round jet (A2)

[Re] Gaussian profile

— 2
Vi 5= exp| —K (L)
z

(V2)

—k(ij = 1In(0.5) — 1:(_Mj
Z 7 k

Then, use trigonometric function

r o r
—=tanao — ao=tan —
YA z

*Turbulent nature of jet flow

FIG, 16-5. Development of a turbulent jet [4].

1-38



Ch 1. Fundamentals of Turbulent Jets

— The precise jet boundaries cannot be defined due to turbulent nature of the flow.
— Actual jet limits are statistically determined.

— use intermittency factor €2

_ time during which the flow is turbulent

total elapsed time of measurement

Q=1 for fully turbulent region ~ — center part of the jet

Q = for nonturbulent region — edge of the jet
Q
1 U.j_-.h._h..xg
"
0.8} ~ .
E Fil o o}
E O 6_ A zé":}i[] \\ {EZ}I'[‘IQK
(FZ)T]IU._‘( ' iy \\
and 0.4 e 37 ~
¢ o 46 , .
0.2 v 645 Modo _ g 100 S~
K x 76 u = —— i
0 | | S ) A R L i
0 002 0.04 0.06 0.08 0.10 012 014 016 0.18 0.20
/ riz
FIG/ 16-6. Radial distribution of intermittency factor in a round jet [5].
center of
jet

Radial distribution of intermittency factor

DAt r/2=016 — V. =0.1(¥) : Q=05

max ?

ii)At r/2=0.10 — v, =0.37v Q=1.0

zmax
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Ch 1. Fundamentals of Turbulent Jets

1.3.4 Fluid Entrainment

The amount of fluid entrained by the round jet is determined by integrating the velocity

profiles in the zone of established flow.

The volume rate of flow is given as

(a)

Let X=r°, a=()_, b= (V)
8¢z

dx=2rdr — dr=——dx
o

Then, (a) becomes

Q=27rajo0 1 : ax = ra _—121 =O+7Ta{l:|=i72'
0 (1+bX ) 2 (1+bX)" b | b] b
Q =8r¢z (1.31)

Since initial flow rate, Q, 1is given as

d,
(4}
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Ch 1. Fundamentals of Turbulent Jets

The ratio is given as

Q  8msz 32(0.013Vd,), 0.42z

Q OL v, GV d,
L _ompl (132)
Q, d,

[Cf] A similar calculation based on the Gaussian curve gives

Q _oasl (133)

Q, d,

— This is Because velocities are small near the edge of the jet by the Gaussian curve as

shown in Fig.1.4.

[Cf] For slot jet, g =0.62 X
Q, \/ 2b,
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Ch 1. Fundamentals of Turbulent Jets

Homework # 1-1

Due: 2 weeks from today

. For both plane and round jets,

a) Plot Q vs x (2)

b) Plot U__ VS X

. Prove Eq. (A1) & (A2) using Gaussian solution with k = 48.08 for plane jet and k =

72.0 for round jet.

. For axially symmetric jet, derive Eq. 1.33.
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