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22 Analytic Functions

22.1 Mapping

w = f(2) = ulz,y) + iv(z,y) (z =z +iy)

f : mapping of D into w-plane.
wo = f(20) : the image of zy with respect to f.

Example 1. Mapping w = 2°

i) polar coordinates: z = r(cosf + isinf)

w = R(cos ¢ +ising) = 22 = r?(cos 20 + i sin 26)
moduli R = r2, arguments ¢ = 2.

. 1< |2 <3/2 1< |w| < 4/9
Fig.306 ( 7/6<0<m/3 ( 7/3 <6< 2r1/3.

ii) Cartesian coordinates: z = = + iy
u = Re(2?) = 2% — y?, v = Im(2?) = 22y.
x = c=constu = c? —y?v=2cy.v? = 4c?(c

y =k = const. = v? = 4k*(k* + u)

2 _a).

22.2 Conformal Mapping.

Definition : A mapping that preserves angles between any oriented curves both in magnitude
and in sense.

Oriented curve : C: z(t)=x(t)+iy(t) : parametric representation
Example 2. circle : 22 +y?> = 1. = x = cost,y = sint.

c.x(t) = cost + isint.

Smooth C :

z(t) is differentiable and the derivative Z = dz/dt is continuous and nowhere zero.
positive sense :

increasing values of the parameter t. — defines an orientation of C.



angle of intersection « of two curves C7 and Cj :
the angle between the oriented tangents at the intersection point.

Theorem 1 (Conformality of mapping by analytic functions).

The mapping defined by an analytic function f(z) is conformal except at critical points, i.e.
points at which the derivative f’(z) is zero.

Proof. . 2(t) = dz/dt = &(t) + iy(t) is tangent to C.

I 21 — 20
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C” : the image of C.
w = f(z(t) = w = flz(t)]2(F)

tangent direction of C*

argw = argf+argé

The mapping rotates all directions at a point zp in the domain of analyticity of f through
the same angle arg f'(zp), which exists as long as f’(z9) # 0.

Example 3. Conformality of w = 2.
w=2z2",n=2,3,---conformal except at z = 0.
w=nz"Tlatz=0w =0
0§9§7r/n—>f(z)—>v20.
Example 4. Mapping © = z + 1/z. Joukowski airfoil.

1
w=u+iv=r(cosf +isinf) + —(cosf — isinh)

<

1 1, .
u= (7‘+;)COS€,U— (r — ;)sm@.

circle :

z| = r = const # 1 — ellipses x2/a? + 2/t =1
Y

|z =1 — —2 < u <2 of u-axis.

1 -1 1
w=1- — = % z==+1,w =0: not conformal.
z z



22.3 Exponential Function.
(1)

e = e"(cosy +isiny)

(2)

(GZ)I — ez

requirements :

(a) e* should reduce to the real e”, whenz = z is real.
(b) e* should be an entire function, i.e. analytic for all z.
(c) similar to calculus, its derivative should be

Proof. .
(a) y =0,cos0 = 1&sin0 = 0,e* = e”.
(b) u=e€"cosy,v = e siny.

ou 0 . ou Ov

87:6 COSyY, — =¢€ Cosyégza—y
ou . . Ov . ou ov
87y:—€ Slny,%ze Slny:%:_%

c) (e*) = (e*cosy)y +i(e*siny), = e* cosy + ie¥ siny = €?
(c) (%) y Y y y
Further Properties.

(3) functional relation : e*17%2 = e*1e*2 for 21 = x1 + iy & 23 = @ + Yo

. 2 .
ete®> = e"(cosy; +isinyi)e” (cosyz + isinya)

= "1 2[(cosyy cos Yo — siny sinys) + i(siny; cos Yz + cosyp sinyo)]
"1 2 [cos(yy + y2) + isin(y; + y2)] = e 2

z1=x & 20 =1y;

(4)
(5) Euler formula :

(6) polar form :

(7) ‘
2™ = cos 2 +isin2r = 1



(8)

™% = cosm/2 +isinm/2 =i
e™ = cosm +isinT = —1
e™™/? = cos(—7/2) + isin(—n/2) = —i

e ™ = cos(—m) + isin(—7) = —1

(9) From (5) |
|e¥| = |cosy +isiny| = (C052 Y+ sin? y)1/2 -1

(10) From (9) and(1)
|ez‘ =e*, argez =y =+ 2nw (n =0,1,2,--- )

(11)
e #£0, Vz

Periodicity of e* with period 2
(12)
ez+27ri —¢e* V2

(13) fundamental region of e* : —7 <y < 7.
: ¢® maps a fundamental region bijectively onto the entire plane.

0 < y <« of the fundamental strip — mapped onto the upper half-plane.
O<argw <m

left half of the strip goes insede the unit disk |w| <1, (" e* <1 for z < 0)
right half goes outside, |z| > 1.

Example 5. Function values. Solution of equations.

(1) e = e®(cosy + isiny)

61'470'& = 61'4(COS 0.6 — 7sin 06) = 4055(0825 — 05651) = 3.347 — 2.290s.
|61.4—0.6i| — 61.4 = 4.055 arg 61.4—0.6i =06

(3) eA1t22 — o211, ,22

e*T = e%(cos1 +isin1)&e* ™" = e*(cos1 —isin1)
e? - et(cos? 1 +sin’ 1) = b = ) +1=D)

Equation e = 3 4 4i = €% - ¥ = e%(cosy + isiny)

e’ =|e*| =5,z =1Inb = 1.609



ecosy =3 cosy = 0.6 B
< e*siny =4 ) = < siny = 0.8 )y_0'927

Ans. z =1.609+ 0.927i + 2n7i (n =0,1,2,--+)

22.4 Trigonometric Functions. Euler formulas.

e =cosx+isinz, e ¥ =cosxr—isinx

1 . ) 1 . )
cosT = 5(6”j +e ™) & sinz= ?(e“c —e )
i

(1)

1 .
cosz = —(e”+e**), sin ?(ew )
i
(2) _
sin z cos z
tanz = , cotz=—
cos z sin z
(3)
1 1
secz = ,  Cscz = —
cos z sin z
(4)
(cosz) = —sinz, (sinz) =cosz, (tanz) =sec?z
(5) Euler’s formula '
e = cosz +isinz, for all z.

Example 6. Real and Imaginary parts. Absolute value. Periodicity

(6)

(a) cosz = cosxcoshy — isinxsinhy.
(b) sinz = sinx coshy +icosxsinhy.

(7)

(a) | cosz|*> = cos’ x + sinh?y.

(b) |sinz|? = sin®x + sinh?y.

cosz = l[ei(ﬁiy) +e—i(x+iy)]

=N

1
= Ee_y(cosac +isinz) + §ey(cos:v —isinz)

1 1
= i(ey +e Y)cosx — §i(ey —e Y)sinz.



(8)

From(6a)

From(6b)

For instance,

Example 7.

(a)

1
coshy = i(ey +e )

1
sinhy = 5(63’ —eY)

.cosz = cosxcoshy — isinxsinhy

Sosinz = l[ei(u’vﬂ'y) _ e—i(x-i—iy)]

21

1 1
= —e Y(cosx +isinx) — —eY(cosz — isinx)

27 27
1 1
= 5(69 +e Y)sinz + ii(ey —e Y)cosx

*.sin z = sinz cosh y 4+ ¢ cos z sinh y

1
since cosh?y — sinh?y = Z(e2y e ¥ 4p2_e 4y =1

|cosz|> = cos®xcosh?y 4 sin® rsinh?y
= cos®z(1 + sinh?y) + sin® zsinh? y

= cos?z +sinh?y

2

|sinz|?> = sin®zcosh?y + cos® zsinh?y

= sin?z(1 + sinh?y) 4 cos® zsin’y

= sin?z + sinh?y

cos(2 4 3i) = cos2 - cosh3 —isin2-sinh3 = —4.190 — 9.109¢
cosz & sinz are periodic with period 2.

tanz & cot z are periodic with period 2.
Solution of equations. zeros of cos z and sin z.

cosz =5
1 iz —iz
5:cosz:§(e + e %)

e —10e% +1=0



e = e YT = 54 /25 — 1 =9.899 and 0.101
e ¥=9899 or 0.101, €*=1
r=2nmt y=+£2.292.

Ans. z = £2n7 +2.292¢

cosz=0=cosz=0 & sinhy=0

1
Ans. z::|:§(2n—|—1)7r (n=0,1,2,---)

sinz=0=sinx =0 & sinhy=0
Ans. z = £2nw (n=0,1,2,---)

(9) General formulas

cos(z1 & 2z2) = cos 21 - coS 2z F sin 21 - sin 2y
sin(z1 £ 2z9) = sin z1 - cos zg £ sin 29 - cos 21

(10)

2

cos? 2z +sinz =1

1 . . 1 .. .
Proof. cos?z+sinz = 1(6222 +24e727) 1(62” —24e%) =1



