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 Chapter 8: Practical Examples of plane stress or strain
— Introduction

- Spherical Pressure Vessels
- Cylindrical Pressure Vessels

- Maximum Stresses in Beams

- Combined Loadings
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* http://ocw.mit.edu/OcwWeb/web/home/home/index.htm

* http://nptel.itm.ac.in/

— http://nptel.iitm.ac.in/video.php?courseld=1053:
strength of materials




Deflections of Beams N,
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 |ntroduction

+ Differential Equations of the Deflection Curve (X & = &1 2]
Ol= 28 4A])

» Deflections by Integration of the Bending-Moment Equation
(ms2HE HEAMS HE=0 2et HE)

» Deflections by Integration of the Shear-Force and Load Equations
(S SIS A A M0 25t HA)

- M SDo o/ — T
* Method of Superposition (=& &)
« Moment-Area Method (2 2l E-0H & &)

* Nonprismatic Beams (2 o & &tH 2

N—



Introduction
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A beam loaded by lateral forces = axis is deformed into a

curve = deflection

 Chapter 5 Stresses in beams: curvature - normal stresses

and strains. Not the deflection curve itself.

* Finding deflections

— Serviceability requirement

— Useful for analysis of statically indeterminate

structure

— Important for dynamic analyses

(b)

FIG.9-1 Deflection curve of a cantilever
beam



Differential Equations of the deflection i),
cu rve SEOUL NATIO:iL UNIVERSITY
+ Deflection (X &) v e 1
— displacement in y-direction. (+) 1 /
» Angle of rotation (2l & 2!), 6 2 s

— angle between x-axis and the tangent to the deflection curve.

Center of Curvature <——

X dx

X < dx




Curvature of a Beam

* From the geometry of triangle O'm,m,,
pd6 =ds

« By rearranging,

* Under the assumption of small
deflections = deflection curve is nearly
flat

1 dé
N==—=—
o dx

: \
Radius of curvature  ~_|
¥ -

|

[
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— From chapter 5 Stresses in beams
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Differential Equations of the deflection R}
curve

— Expression for Curvature k & Angle of rotation
1 do

K=—=— v_ tan ¢
p as dx
— With small 6, v & k > ds = dx, 8 = tanf |
2
Kzizﬁ Q:C!V N Kzlzdv
p dx dx p X’
1 M
— If a material is linearly elastic and follows Hooke’s law % = ; “El
. . . . Moment -curvature relationship
— Differential equation of the deflection curve of a beam
dv. M d2v
= El — =M ElV'=M



Differential Equations of the deflection £,
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« Differential equation of the deflection curve of a beam

— Deflection v can be found with known bending moment M and
flexural rigidity El as functions of x.

EENCIRC)

dx* El
LA
— Sign conventions: o - 7
v 1 -~ INV N
{0 counterclockwise (+) !
sk concave upward (+) /NO\ e =

0

aM compression upper part (+) e B S
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Additional equations for M, V and g
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— Relations between bending moment M, shear force V, and
intensity q of distributed load

dx dx
— Through rearrangement
2 3
i(axd_\z/]:d_lvl:v Eld—Z:V
dx dx dx Prismatic beam dx
d’ d’v) dVv Constant El 4
—| El, — |=—=- v
dxz( dezj dx | El —=-0

dx



Differential equations of the deflection curve
Exact Expression for Curvature
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» With large slopes of deflection curve

K_i_ dg d(arctanv’) dx
p ds dx ds

ds? = dx?® +dv?
1/2

ds v’ 22 ,,
s (&) | o] T

d(arctanv’)  V’
— —
ax L+(V) With small 8
K_ 1 B V” 1
- = 3/2 "
P [ , 2} < > K=—=V
1+(V') 5



Deflections by integration of the

dITTerentIaI equatlon SEOUL NATIONAL UNIVERSITY
2
£l d_‘z’ _En'=M  Bending-moment equation
dx
d3V " Sh -f I
El—=ElV"=V ear-force equation
dx
El d_4V —Elv""=-q Load equation
dx”

— Start from any equation that you want

— Deflections can be obtained by integrating above equations
{Boundary condition
| Continuity condition

{ Symmetry condition
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Deflections by integration of the Fiid
— En nm q an L
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 Boundary, Continuity & Symmetry conditions
A 'Ir B A Cwlv B
A 'lv B I m— |
£ 2 e
A B A y i
t 2 NB _& C
v =0 gl vy=0 I At point C: (Mac=W)cp
V=0 (V)ac=0")cs
Boundary condition at a Boundary condition at a Continuity conditions at
simple support fixed support point C

— Symmetry Conditions: additional equation by inspection

§e.g.) simple beam under uniform load throughout its length



Example 9-1
Deflection curve for a simple beam under a
uniform load
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— Equation of deflection curve?
— Maximum deflection at the midpoint?

— Angles of rotation at the supports?

q
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Example 9-2 (A
Defiection curve for a cantilever beam under
a uniform load
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h
4
/K <
™
S
=

FIG.9-11 Free-body diagram used in
determining the bending moment M
(Example 9-2)



Example 9-3

Deflection curve for a simple beam
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X1 > A

(b)




Example 9-3 o

0.008

v (deflection) a=0.1b=9.9 | ... 000 TS SO VN SO S A
v (deflection) a=9.9 b=0.1 S
- = = y{slope of curve) a=0.1 b=9.9 Pl :

e — V'(slopeufcuwe) a=g_g b=n_1 ......... ......... ......... / ......... ......... .........

0.006

0.004

a > b >

distance, x (m)



FRRY
Schedule Y
« Week 12 17 May 19 May . (ch.7) +ch. 8
« Week13 24 May 20 May (O) : Ch.9(deﬂection)
 Week 14 31 May : Ch.10(indeterminate)
« Week 15 7 June :ch.10 (indeterminate)
* 9June . Final Exam + beer party

Finalized schedule
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On Monday
Defl
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ections by integration of the differential equation
2
= d_‘z’ —ElV' =M Bending-moment equation
dx
d3V ”m I
El — =EN"=V Shear-force equation
dx’
d*v " Load ti
El —=EIV"" = _q (o] equa [o]}]
dx*

— Start from any equation that you want

— Deflections can be obtained by integrating above equations

{Boundary condition
| Continuity condition

{ Symmetry condition



Deflections by integration of the shear-
force & Load equations
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 We may start from shear force V or load q
— This may be more convenient to some of you.

3
= av_ ElV" =V Shear-force equation

dx?

d4V nn L d t
El —=EIV"" = _q Od equa ion
dx”



Deflections by integration of the shear-
force & Load equations

___Example 9-4
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— Equations of the Deflection curve?

— Deflection and angle of rotation at the free end?

(b)



Deflections by integration of the shear- %M}"
force & Load equations SEOUL NATIONAL UNIVERSITY

___Example 9-5

— Equations of the Deflection curve?

— Deflection and angle of rotation at the free end?




Method of Superposition
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 Method of Superposition:

— Deflections by different load can be found by superposition.

— E.g.) vl due to g1, v2 due to g2
q1+q92 =2 v1+v2

— Condition: linear differential equation

Contribution from
concentrated loading

Contribution from
distributed loading

Y

P

q

Y X A J
A

B~

¢

(a)




Method of Superposition
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* Table is useful for calculation of deflection & rotation angles

* Superposition may be used for a type that is not available in

the table /ﬂ/

— gdx may be seen as a concentrated load Af i‘“ L %c
— Deflection of concentrated load ke
_ Pa3L? — 4a”) A
" 48EI AP
gdx <P a<«x q=2q_L0X
dde = X (3L% —4x%)dx e —
24LEI \
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Appendix G. Table G-2 S

0, L
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P ___Px 242 PR N BN <L
4 v= —425!(3L 4x7) v = ](\_E',.*(L 4x7) (U =x= -;)
A | A o o
6(' o 'Snr!x = wawam HA i HR Ty
L L E 48E1 16E1
5 P v= —GTE._(L? - b =17 v = —&(L2 - b =37 O=x=a)

6LEI

g Pab(L + b) g Pab(L + a)
N 6LEI ® 6LEI
L* a b '_“l

PH(3L> — 4b%)
fafz b, 6= Ifa<bh, &-=
y : 48EI 4 :

Pa(3L? — 4a°)

48El
L2 - p? 2 _ 23R
Ifa= b' xn = \/7) and 5mn\ = P!)(L_ —b )
3 9V/3 LEI
v —2XGal —3a — ) V= ——al—a*—x) (O=x=a)
6El . 2E] 3
Les 2 2 Pa
- 32— 42 el
X as) V 2!5!('

b)

5 Pa(3L” — 4a°
§(SL2~4(;3) 0, = O =— Ifa S b, 8(: — a( da )

2_‘;‘{‘-1. .2 J___M 48EI
L 3Lx+x7) v = oL

M, L? ML My L
8 = - -

8, = =
16E] 4 3El % 6El
_ V3 _ MoL?
X = L(E 3 ) and Sy = OV3E]

M(l-" 2 2 Mn 2 2 ( L)
= (12— 4y? o= (L2 — 1242 0=x==
YT ToaLEl £ ) 24LEl gk \D=rma
om0 g =ML ML

A 4] B 24EI
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Method of Superposition
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— Total deflection can be obtained by superposing all the contribution
of concentrated load

L/2

q XZ q L/2 q L4
S, =jd5c =j 02 (3L% —4x?)dx = —2 j(3L2—4x2)x2dx= 0
) 24LEl 24LEl 4 240LE]
— Similarly rotation of angle can be obtained.
da< X
_Pab(L+b) | 9P
W= TR q= qLo b« (L-X)

L/2

o 2 41qo|—3
6, = L —x)(2L — x)x°dx =
"4 3LEI ( X )

2880El




Method of Superposition g@ﬂ?g’
Exampie 9'6 SEOUL NATlo:iL UNIVERSITY
* 05 & 057
 Refer to Appendix G. Table G-2 4 P
_— ”-l - = 5
A
a >e—DhH —>|
L
(a)
y

(b) —Jop



Method of Superposition G
Exampie 9-7 SEOUL NATIO:?L UNIVERSITY

¢ B & Bg?

’
g e e cqdy
I
A 1 E F:-:QIB
T— — X
| x [ dx
4—£‘—b47£4b | (1
2 2
(b)
(a)
y
A B
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Moment-Area method v},_:“;g
m I-v.loment-Area Theorem SEOUL NATlo:iL UNIVERSITY

* From geometry (assuming a small angle of rotation)
1 dé 1 M

— Two points m, & m, small distance apart

M Area of the M/EI diagram
de:adx between paints A and B

K

B
jd@z@B _HA :eB/A
A

First Moment-Area Theorem: /ﬁ
The angle 65, = the area of the M/El Diagram ~




Moment-Area method
Second Moment-Area Theorem
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* Tangential deviation Tangential deviation of B with respect to A

— Vertical deviation of B on the deflection
curve from the tangent at A

— (+) when B is above

— Two points m, & m, small distance apart

element mym, M

= first moment of the area of the
shaded strip
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Moment-Area method iy
Second Moment-Area Theorem
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— By integrating
B B M
_[dt =t,, :/{Xlﬁdx

Second Moment-Area Theorem:

Tangential deviation tg,, = first moment of the
area of M/EI diagram between A and B

— (+)M - B is above A
(-) M - Bis below A

— First moment of the area of the M/EI
diagram: area x centroid C




Moment-Area method
Exampie 9-10

¢ B & 552

(0]
Co
PL

EI

FIG.9-24 Example 9-10. Cantilever beam
with a concentrated load



Moment-Area method
Exampie 9-11

¢ B & 552

q
A C _ VY Vv Vv B
. L g L
2 2
}‘
A B
] 1 X
\: _"ai\'_
Tt
)
X
. | I
Az' Al.
%2
A3 SEI
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gL
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FIG.9-25 Example 9-11. Cantilever beam
supporting a uniform load on the right-
hand half of the beam



Moment-Area method
Exampie 9-12

¢ 0, &5,?

(0]




Nonprismatic beams fiad,
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» Beams having varying moments of inertia
— No new concept is needed
— Not always work by analytical method

— Analysis could be more complex

IIIUIUGOC t
moment of inertia
< Mis largest



Nonprismatic beams %M}"
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« Example 9-13
* Prob 9.7-9

— Cover plate doubles the

moment of inertia d =%(2L+x)
_ ? B0 bl o b
eA & 60. P I = TRETE (2L+x) E (2L +x)
:& - ; — GA & 6C?
kliiﬁ M =—Px
| “ |
A 2] I ,& 2 B
(b) YA " —F 34
1 3 Wk
- R
ta i < L

PRORB. 9.7-9




Deflections of Beams (&1

 |ntroduction

« Differential Equations of the Deflection Curve (X & = &1 2]
Ol =284

* Deflections by Integration of the Bending-Moment Equation
(s 2HE HEAS H=0 2et HE)

» Deflections by Integration of the Shear-Force and Load Equations
(I—I Clad )l 5B ™ AIO ME()| O & Jél)

O Do o/ — T
» Method of Superposition (=& &)
* Moment-Area Method (2 2l E-0 & &)

* Nonprismatic Beams (2= &€ =™ £)



