Chap. 4-8. Boundary Conditions

o Finite computational domain
Evaluation of numerical fluxes at wall and far boundary

Ex) 1-D finite computational domain
« U, and U,, cannot be updated without the knowledge of fluxes at boundaries.

n+ n At n n n ] ] n 1 '
U; = U’ - Ax (Fz+1/2 F—l/z) - F1/2 = F( U,\ U, ) FN+1/2 F(UN’ Uy, )
é 1
U, U,
_ .
boundary at 1<i<N boundary at
wall far-field

For subsonic/transonic compressible flows around airfoil, far-field distance (/) can change
from O(10c) to O(100c) depending on the nature of far-field BCs.

Ex) Velocity correction at far field boundary
« Steady subsonic/transonic flows around 2-D airfoil

- the flow in the far field can be modelled by the P-G equation as (1-M2)g,_ + ¢, =0.

- the perturbed far field velocity induced by a point vortex approximation of airfoil is given by
r
u= ) =L ) =L it p= 1M T =,
"+ +py

- the total Ve1001ty component at far field can be modelled by

cc,p 1
dzr [I-M?sin*(0-a)]

-

ugp =(cosa+FsinOu,, v, =(sina—-FsinOu, with F' =

| Improper BCs (wall and far-field) will spoil numerical accuracy and convergence
I characteristics.
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Chap. 4-8. Boundary Conditions
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e Wall Boundary Condition
For 2-D Euler eqns., | aiaa
oU OF oG |

o ax oy
Flux evaluation at a cell (i, j) adjacent to the wall
(FAy—GAx), = (Fn,+Gn,), Al with n=(Ay,—Ax)/ Al = (cos 8,sin §) and Al = JAX + Ay

[ p(Veon) ] [0 ]

p,Ay

0 or %j UdS+j (de—de)zO

For (x, y) coordinate, (an + Gny) Al = Al =

pU 0
3 U’ + A
For (%, §) coordinate, T"'F(U) Al=T" P D p.Ay
il —p,Ax
. pUH o0 |

Estimation of wall pressure
« Direct flux evaluation using ghost cell

- define quantities at the ghost cell j =0 by

- -
Py =P, Uy =U,,Vy ==V,,(pE), =(pE),, and compute the interface flux like a normal cell ”
M
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Chap. 4-8. Boundary Conditions

Estimation of wall pressure (Cont’d)
« Direct flux evaluation using ghost cell

- O.K. for flat wall or mildly curved wall, but not for wall with steep curvature

such as the airfoil leading-edge
« Extrapolation

- Estimate the wall pressure from pressure distribution inside the computational domain

- First-order approximation: dp/6n=0— p, = p, with O(An)error

L — 3p —
- Second-order approximation: p,, = p,——An = p, — Py Pipy 2P TP
on 2An 2

with O(An2 ) error, but this may not always provide expected accuracy if there is numerical

oscillation near wall.
s / computed pressures near wall

”\

/,;/\_,\,/ = =< exact pressure

7D, s Ps

SIS

w,lst
w,2nd,

« Apply force equilibrium from the normal momentum eqn.: pressure force = centrifugal force

op _pIVI _P+v)  pop, ol ) o +v7)
p— = —> ) pw = pl - Al’l
on R R An R R

and R is computed using neighboring grids (i -1, j), (i, j), (i +1, ).
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Chap. 4-8. Boundary Conditions

e Far-field Boundary Condition

2-D non-conservative form of Euler eqns. with primitive variables of (p,u,v,s)
%+(V-V)p+pv-v =0, ‘ZV F(VVWVP g, ZS +(V-V)s =

Assume waves are propagating normal to the local ) -dir. and no shocks
Local 1-D isentropic flow withp/ p” =€’

la—'0+ a'0+au 0 Eq.(1) 8_u+ 6u+ Lo =0 Eq.(2)
pot pox Ox ot ox p Ox
ov ov os  Os
—+u—=0 Eq.(3 —+u—-=0 Eq.(4
o o W) e 3D
From czzg—p] =yp’"'e’, 2logc=logy+(y—1)logp+s

P
e _(p-)Lyas » Lo 2 A 1 i B
c p p yr-lc y-1

Equation (1) by using Eq. (4) and Eq.(5) becomes
2 ( oc ﬁcj c ( os os j ou
—| —+u— |- —+u— |[+c—=0 >

y—1\ot ox) y—-1\ot oOx ox
i(@4—u@j+ca—u=0 or of % +ui 2 +ca—u=0 Eq.(6) —
y—1{lot ox ox ot\ y—1 ox\ y—1 ox ”
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2 2
Also fromp/ p” =¢€’, d—p:}/d—p+ds ord—p:czd—p+c—dsEq—'@>d—p: 2¢ de——Sds Eq.(7)
p P P Py py=1L  y(y-1
From Eq.(2) with Eq. (7) B o e |
2
My 20 € B g R
ot ox y—-lox y(y—1)ox
From Eqs.(8) = (6),
2 + + 2
Ol 2 haey 2 us 2 | B g B ey 5B g
ot y—1 ox y—1) y(y-1)ox t ox y(y—1)ox
2 - - 2
o u— 2¢ +(u—c)i u— 2 |__¢ @zo — ai+(u—c)aR - ﬁzo Eq.(10)
ot y—1 ox y—1) y(y—-1)ox ot ox y(y—1) ox
2
We may assume (C 3 2—S =0, and Egs. (3), (4), (9) and (10) can be approximately expressed as
y(y—1 ox
v] [u 0O 0 0 |[v]
S O u O 0 S : : : : :
+ =0 Eq.(11) (locally 1-D Riemann-invariant-like expression)
R 0 0 u+c O ||R"
R, [0 0 0 wu-c|R |
s u 0 0 S
e Notethat |[R" | +|{0 u+c 0 ||R"| =0 for 1-D Euler equation without approximation o

R‘t 0 0 u—cl| R
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Chap. 4-8. Boundary Conditions
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e With Eq.(11), far-field BC can be specified by the sign of the locally 1-D wave-
speed and the corresponding invariant.
Supersonic flow with |u| > ¢ B |

—> pure extrapolation from the inner computational cell, or specify everything as free
stream values (v,s,R*,R"),.,=(v,s,R",R"), or (v,s,R",R"),

Subsonic flow with |u| < ¢

« ¢ >u > 0: extrapolate v, s, R" and specifiy R : (v,s,R"),,, =(v,s,R"), and R, =R,

« —c<u < 0: extrapolate v,s, R~ and specifiy R : (v,s,R"),,, =(v,s,R")_ and R,,, =R,

— (u, v, c,s) . are obtained. — all other physical variables at far-field boundary can be determined.
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