E Chap. 2-3. High Resolution Monotonic Schemes =
e MUSCL Schemes and Slope Limiters "

o Geometric interpretation on numerical scheme in terms of reconstruction,
evolution and projection step. i :
See the works by van Leer(1977, 1979), and others

Ex) Flow physics of first-order upwind scheme for u, +au_=0,a >0
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Reconstruction at " Evolution during (£ ~ ¢"*") Projection at ¢"*'

Reconstruction step: approximation of the exact initial distribution
In MUSCL, the initial profile is approximated (or reconstructed) by a linear profile.

Evolution step: reconstructed initial profile is convected As, =a-At by u, + au, = 0.
The reconstructed profile on Eulerian mesh is drifting in a Lagrangian manner.
Flux evaluation by tracing characteristic propagation of a reconstructed profile in (x,#) plane

Projection step: projection of the convected profile to update a new solution at "' =¢" + At. —

I = The drifted profile is remapped onto Euler mesh to obtain cell-averaged values.
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F Chap. 2-3. High Resolution Monotonic Schemes

Extension to 2"-order reconstruction, evolution and projection step
Reconstruct a linear profile from cell-average values
u (x)=u;+8;(x—x,), x, ,, <x<x,,, with alocal slope S’ _—

Upwinding flux evaluation at evolution time-step, At

n+l

U, ,O)=u,+S; (%—a(z‘—t")j —>F.,,= Lﬂ au,,,,()dt = au; +S; %(l—a) witha >0

Depending on the treatment of slope, three variations at projection step
u',, —u’
Jj+1 j-1

- Scheme I: obtain u}™' by, say, S7 = e

- Scheme II, III: obtain both solution(u;’”) and slope(S]’.’+l ), which resembles FEM-type solution approximation.

Ui (") - Ui (") u; —u’

n+l -1 n n
an §7° = = ij +(S7 =S57.,)(0.5-0) {u;’” }
to update | °

2Ax
() [ 7w (= @ty —x)dx =[ " ul " (0)(x - x, )dx

12 Xj-1/2

x J

Monotonic treatment of local slope is essential to be consistent with Godunov’s constraint.

- R — TP
, ]
’
, 1
, 1
’ P
P -

= A - —= L
j-1 j j+1 j-1 j j+1 j-1 j j+1
Non-monotonic estimation of the local slope creates a new (artificial) local extrema. = numerical

oscillations
[

—

-
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?’ Chap. 2-3. High Resolution Monotonic Schemes

If ¥ (u(x))< TV (") in reconstruction step, the whole steps are TVD, since evolution and
projection steps are intrinsically total variation not increasing.
—> a higher-order monotonic solution at ¢ =¢" + A¢ e e |

Subcell distribution u(x) not creating new extrema after solution reconstruction
e minu, ,u;,u;,) <u(x)<max(u, ,u;,u,,) with

n

n n n
- u" —u’ u' —u"
. -1 1
§? =minmod 243}7@# or
Ax Ax

Slope limiters to satisfy monotonic subcell distribution

2nd_order MUSCL flux with slope limiter and 1st-order upwind flux
« Ist-order upwinding using cell-averaged values (u;,u )
‘aj+1/2 ‘

Fj+l/2, st — %(fj +fj+1)_ A”j+1/2 = fn(”jsujﬂ)

« Linear distribution with slope limiting

u.l
<x£xj+1/2 u. f (DL

j-y2 =

u(x)=u, +§J’.’(x—xj), X

A'x QN Ax S
Ur :u(xj+1/2) = U, +751 and u, :u(xj_l/z) =u, _751

« Replace u;,u ., by u,u .,

=1 j j+1 j+2
1

a; i+1/2
‘ (]+1/2)(L,R)‘ |
F, ona = E(fjk + fne )_ > AUy = Jn (ujR sUGyL ) !
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Chap. 2-3. High Resolution Monotonic Schemes

PPM — A quadratic extension of MUSCL approach

Initial reconstruction is approximated by a quadratic polynomial.

Assume u(x) = a, +a,(x—x,)+a,(x—x,)* withx,_,, <x<x_ ., B |

and determne a,,a, and a, from
2 2
_ Xjv1/2 d _ _ Ax d B Ax A_x
u; _L. . u(x)dx, u, ;=u(x, ,)=a, _a17+a27 and u, =a, +a, ~—+a,
" -

4

712 Ax? 2

uy ; and u, , are then determined by some complicated blending of limited 4th-order or 2nd-order

2
Ax Up  —U; Up . —U; Uy . +U,
- a,=u,———a,,a, =—>—> and a, = ———L| — -,

accurate approximations of u,, ,, with many extra techniques, such as shock sensing and artificial
compression.

More details can be found in Colella and Woodward (1984).

<
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E Chap. 2-3. High Resolution Monotonic Schemes

e LED Schemes using Positivity Condition

~Fp =0 —

3 o d .
o Start from a semi-discrete form, Ax%+ Fop
t

For first-order scheme

Utitin
Take F,,,, = (fj +fj+1) ]+1/2( ]+1/2A”]+1/z) and estimate @, = Uy U

n
u) if uy, =u;

n
if u, #u;

Sin=Fitanu, aj+1/2
j+1/2 (f + fj+1) j+1/2Auj+l/2 —— f/ +( 5 U

a;
J; ( oo ta —vsz”‘j—l/z
a

2 J

Au,y,

A4

Sia=S—a; a0,
1/2 (f +fj 1) 1/2A” T

du,
_ _ A j-1/2
Thus> Ax ? F]+1/2 + F}—l/Z - (0‘ j+y2 T 9 j Au J+1/2 [05 j-1/2 + T] Au j-1/2

a;.n a; i,

=C; (uj+1—uj)+C;(uj_1—uj) with C; = , C‘ =a; ,,+

e For — = chj (u,. —u j) with the local stencil of u, if ¢; > 0 (positivity condition),

! i# ]
local maxima do not increase and local minima do not decrease (LED condition).
From C; >0, a,,,, > ‘ a0 ‘ / 2 for allj, yielding the minimum amount of numerical diffusion —

r

to satisfy the LED condition is upwinding for the first-order scheme.
L‘ﬂ‘
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E Chap. 2-3. High Resolution Monotonic Schemes

o Design of limited anti-diffusion

A simple candidate with arithmetic anti-diffusive flux

1
L H
d 2 = d 2 TG T Au /2 _E(A” a3 T Au j—l/2)

.- _/

3rd-order ant:difﬁlsive flux

This violates the positivity condition. = some limited form of anti-diffusion
Setd,,,,=a,.,, [Au i —L(Au PR j_l/z)] with a limited-average operator L(u,v)
epl. L(u,v)=L(v,u) +p2.L(au,av)=aLl(u,v)
=0 ifsgn(u)=sgn(v)
. 3 L = ° 4 L
p3. L (wu)=u 8 (u,v){i 0 ifsgn(u)=sgn(v)

Note that pl1~p3 are natural properties for any average, and p4 is to impose positivity condition.
By setting a =1/u(or 1/v),

« pl,p2: L(1,v/u) = L(u,v)/u (or L(u/v,1)= L(u,v)/v) — L(u,v)=uL(1,v/u) (or vL(u/v,l))
Consider (o(r) = L(l,r) = rL(l/r,l) with »=v/u, then (o(r) = r(o(l/r)

=0 i1fr<0

>0 ifr>0

Thus, L(u,v) is another form (general form) of limting function.

*p3: (D=1 . p4 ¢?(r){

—

—

I
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E Chap. 2-3. High Resolution Monotonic Schemes

[

: 1
With din =y |:Auj+l/2 —-L (Auj+3/2 Au; ), ):| and ', , = E(fj + /i ) —d,

du

ain 42
Ax—L = FJ+1/2 + F -2 = f, +—L Auj+1/2 _dj+1/2 + fj - Aujfl/Z _djfl/Z
dt 2 2

A 4j-12
== ]2 A”j+1/2 T |:A”j+1/2 —L (Auj+3/2 5 A”j—l/z ):| - JTA”j—l/z —Q; |:A”j—1/2 —-L (A”j+1/2 5 A“j—3/2 ):|

Au, Au,
_ Qi -3/2 j-1)2 32
= G~ % +a, L) 1,— Au,,yy — aj71/2+ + L) ——=1{|Au,_,,
2 Au 2 Au
JH)2 -2

_ +1/2 Y-z
=1 % — 12 T, 1/2¢( ):| A“j+1/2 _|:aj1/2 T ) + a,+1/2¢( ):| A” 12

=C/(u;,, —u,)+C; (u,_, —u,)

Jj+l

J
ry =Au; ), / Aty s 1y = Bl 5 / Bty

1
By requiring C; > 0, the LED scheme is obtained if o, i 2 E‘a jﬂ/z‘ for all ;.

: _ +1/2 . j-1/2
with C; =a,,,, - ’2 +a, 1/2¢( ) C, _aj71/2+ i +aj+l/2¢( )

<
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? Chap. 2-3. High Resolution Monotonic Schemes

Examples of LED limiters
1 0 ifsgn(u)=sgn(v)
L t = — =
et ()= L e} senlv) {il )

« Minmod: L(u,v) =S (u,v)min(u,v)

2uv
)

« van Leer: L(u,v) =S (u,v

u+v
S (u,v)max (min(2

« superbee: L (u,v)

uf,|v Vi, |Uu

b 2

),min(Z

)

-+
—_— ,

« Limited arithmetic mean: L (u,v) =S (u,v)min(

,alu v|). It recovers the MC limiter if o = 2.

Or more gnerally,

q

« Augmented arithmetic average: L (u,v)= %D(u,v)(u +v) with D(u,v) =1— |2 ; Y
u+v
L (u,v)|q=1 =minmod, L (u, v)|q=2 = van Leer, L(u, v)|q%o = arithmetic mean bouned by TVD region
« a-mod: L(u,v)=S(u,v) (1+05)|u||\'/| :{mlnmod l.f “
max( ul,|v )+am1n( V|, |u ) van Leer if =1
482 (1482
« a-f3-mod: L(u,v) = S(u,v) d Z a)w |v| VY
max(|u v )+amin(|v |u ) -
s

If a=£=0, L(u,v) = Juy (limited geometric mean)

[ S

Amfanced Computational Fluid Dynamics, 2019 Spring Aerodynamic Simulation & Design Laboraton‘y,mji



E Chap. 2-3. High Resolution Monotonic Schemes

—

e LED and TVD schemes, and Stability
See the works by Jameson(1995), and others

LED condition does not accentuate local extrema nor create new local extrema.
« LED schemese——— TVD schemes

« Monotonicity violation of TVD in multi-dimensional situation. — MLP condition

=z

LED schemes and [ stability
e Linear 1-D case

du, | |
For = ch.j (ul. —uj) with ¢; = ¢; (Ax,At,a) > 0 on a 'local' stencil of u,
{ i#j

n+l n

, u; —u;
consider A— = ch.j (ul. —uj)
t

i#j

n+l __ n ~ n__n\— _ ~ n ~ n : ~ n+l n
Then, u;" = u; +ch.j (ui uj) (1 ch.j)uj +Zc..u. with ¢, =c,At. —> v/~ = Za..v
J

[7heg’ ijoj

<Sa|<X Se
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n+l

1
v V" v V"

. _ n
From consistency, Z a;=1, and v a; o a;
J
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E Chap. 2-3. High Resolution Monotonic Schemes

LED schemes can provide I, stability (Cont’d)

Thus, [ stability is maintained by requiring max Z‘ay‘ <1 (or ||A|Lo <1 with v = A4v").
; j

1

From consistency (Z a;=1) and positivity (a, = 0), max Z ‘aij‘ <L
J L

. . - o . 1
This can be realized by 1— Z ¢, and by limiting the time-step as Az < .
izj Ci‘
! i%j ’
« Nonlinear multi-dimensional case
du, | |
For ” = chj (ul. —uj) with ¢, =¢;(u,Ax,At,a)>0ona local stencil of U,
i#j

similar results can be obtained by assuming a Lipschitz-continuous monotne flux to evaluate ¢, (u).

« See the works by Barth (2003), MLP schemes (Yoon and Kim (2008), Park and Kim (2010, 2012))

i
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