
Advanced Computational Fluid Dynamics, 2019 Spring Aerodynamic Simulation & Design Laboratory, SNU

 Riemann Problem and Its Properties
 An IVP of (1-D) Euler eqns. with discontinuous initial data of two constant state

 At t > 0, solution can be composed of four different states.
 Depending on initial condition, four sub-cases can be considered.

 (RW-CD-SW), (SW-CD-RW), (SW2-CD-SW1), (RW2-CD-RW1)

SW: shock-wave, CD: contact discontinuity, RW: rarefaction wave

 Shock-tube problem is a special case of Riemann problem.

 Solution of Riemann problem is self-similar, or, U(x,t) = U(x/t).
 Solution is constant along x/t = const. in (x,t) plane.

 Solution of Riemann problem for          Godunov Scheme
 Firstly introduced by Godunov to obtain a cell-interface flux at        

 For the case of (RW-CD-SW),
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 For the case of (SW-CD-RW), (cont’d)
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 Region ( ,  ) :  conditions across contact discontinuity 
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 Linear Riemann Problem for Small Fluctuation
 If                 is (globally or locally) constant,

 From hyperbolicity, eigenvalues are real and distinct with λi , and linearly 
independent right/left eigenvectors with               .

 From                                                         , Eq.(*) becomes
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 Approximate Riemann Solver
 From the original work by Godunov, a flux at a cell-interface can be obtained 

by exactly solving the local Riemann problem defined at                            .
 Computationally expensive due to iterative computation of the non-linear algebraic eqn.

 In many cases, local fluctuation across a cell-interface is small.
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 Local linearization by approximating the flux Jacobian matrix at
 See the works by P. Roe(1981)

 Upwinding for SCL

 For                                                                              upwind differencing changes the 
direction of discretization depending on the sign of the local wave speed.
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 Linear case with a(u)=a

 Nonlinear case with

 Construction of 
 Define a parameter vector as 
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 For any quadratic product uv

 If 
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 Ex) Construction of        for isothermal 1-D Euler eqns.
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Chap. 3-2. Methods to design         :  II. Flux Difference Splitting1/2
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 Flux at a cell interface
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 Characteristics of FDS (vs. FVS)
+ Split the flux difference by defining a cell-interface state followed by 

upwinding  wave interaction between left and right states through         

 Capturing discontinuities
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1 2 1 2 1 2

 Numerical dissipation at a cell-interface

1 1
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 Characteristic wave splitting (three-wave approximation)
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Chap. 3-2. Methods to design         :  II. Flux Difference Splitting1/2
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1  transition from  to . Exact capturing of shock/CD and Good for N-S computationsi i U U
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