3. Graphical methods:
Stereographic projection



1) Types of projection

*Projection: Mapping 3D images into 2D ones on a planar surface

Parallel projection: parallel rays are projected to a planar surface from
an object. It Is useful to convey measurements of
distances or angles.

ex.) Orthographic projection (Fig.3.1, Fig 3.4),
obligue projection (Fig.3.2)

* Perspective projection: nonparallel rays connecting one or more foci
and a object are projected to a surface.
It is useful to convey perspective views of objects.
ex.) Equal area projection,
equal angle (stereographic) projection



1) Equal-Area projection (S H & £ H &)

Fig. 3.5

Advantage: Area of a small circle is preserved.
Disadvantage: Shape of a small circle is distorted according to
Its location on the sphere.



2) Stereographic (equal-angle, = 2) projection

Lower focal point (=upper hemisphere) projection

Advantage: Shape of a small circle (angle) is preserved
(conformal).
Disadvantage: Area of a small circle changes according to its
location on the sphere.
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* Projection of a vector

Define a line intersecting a focal point and a point (x, y, z) on a sphere, and calculate t,
when the line intersects a horizontal projection plane.

X'=xt, y'=yt, z'=-R+(z+R)t LT,
2'=0 atthe projection plane — t, = | /f
Z+ R ‘ (G, 4.9 ‘ j’H

%o = Yo = ) ALY

Z+R’ 7Z+R



* Projection of a great circle

1. Define a line intersecting a focal point and a point (X,, Y,,0) in a horizontal
projection plane.

2. Obtain t when the line meets the sphere.
3. Obtain the relation between x, and y, when the line meets a joint plane.

Joint plane: sinasin Sx+sinacos fy+cosaz=0 pZ py
Sphere: x* +y* +z° =R’ /A / ’
Line (0,0,-R)—(X,,¥5,0): x=Xt, y=yt, z=R(t-1) . fo;
Line - sphere: x;t° + y,t* + R* (t —1)2 =R* > t=— ZR; = N/ |/
Xy +Yo +R s
2R R, R(R?-x2-y¢,

) 2 2! ) 2 2! 2 2 2
Xo + Yy +R X +Yy +R Xo +Yy +R



Line - Joint piane:
2R?singsin Bx, + 2R’ sinacos By, + R(R® -, - yg )cosar =0
2Rtan asin A%, + 2R tan arcos By, +(R* - x; = y5 ) =0
(%, —Rtanasin 8)° +(y, —Rtanacos B)° —R” tan’ (sin” B+cos® §) = R?

2
— Circle

~Rtanasin §)"+(y, Rt *=R*(1+tan’ ) =
(%, —Rtanasin ) +(y, —Rtan ccos j) (1+1tan @) —

Circle: (CX,Cy):(Rtanasin,B, Rtanacos f), radius=i
cosa
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Apply the same procedure for the great circle to deriving the small circle projected.

Joint plane: sinasin fx+sina cos Yy + cosaz = Rcos ¢

Sphere:  x*+y?+27*=R?
Line: X=Xt y=yit, z=R(t-1) | =
2 g2 2\ | 7 X
. ZRZX0 2R2y0 R(R _Xo_yo) .
Sphere - line: X=————">—, Yy=—F—7F"—, I —— b
Xo + Yo +R Xo + Yy +R X; + Yy, +R 4

Joint plane - line:

2 a3 : 2 a3 2 2 2
2R’ sinasin Bx, + 2R?sinarcos BY, + R(R® — X} — y;

(cosa +cosg) X, —2Rsinasin Bx, +(Cosa +cos @) y

o N

2 2 2
Jcosa =Rcosg(R? +X; +; )
2

—2Rsinacos fy, = R*(cosa —cosg)

; . 2 ; 2 ] 2
(XO_RsmasmﬂJ J{yO_Rsmacosﬂj _( Rsin ¢ j L Circle

COS + COS ¢ COS + COS ¢

Circle:

COS« + COS ¢

(CX’Cy):(Rsmasmﬂ Rsmacosﬁj’ adius — __RSING

COSa +C0S¢  COSa + COS ¢

COS + COS ¢



e HW.2

Draw an equatorial-net by equal-angle
projection. Set the angle between two adjacent
longitudinal/latitudinal lines 10°.



* Projection of half spaces




 Joint pyramid: an intersect of joint half spaces
shifted to the center of a projection sphere
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Fig. 3.17



 |ntersection of two joints

Fig. 3.12
« Arc of joint pyramid (Fig. 3.17)

- An arc represents a joint plane.

- A concave arc to the center of a joint pyramid indicates upper
space of the joint arc when lower-focal-point projection adopted.



4) Additions
 Normal to a given plane

(X, ¥,2) > (X, Yo)
RX Ry

X, = , =
° R+z Yo R+1z

L : Rsinasin Rsin
i =(Rsinasin g, Rsinacosf, Rcosa)—>( sinasin /- Rsl O‘COS'BJ

1+cosa  1+cosa
Rsina

Distance from an origin to (Xx,, Yy, )=+/X. + VY’ =
IO or Yo ) =% o =0 s

~RtanZ
2



* Plane normal to a given vector (line)

(n,.n,.n,)=(sinasin g,sinacos B,cosa) - a, S

from the great circle equation

—(C,,C,)=(Rtanasin §, Rtanacos ), radius =
cosa

(Xo» Yo) = (X,Y,2)

From the procedure to obtain the great circle equation
Sphere: x> + y* +z° = R?
Line: x=xt, y=yt, z=R(t-1)
2R? 2R2x, _2RYy, R(R*=x; - y7)

—>t= X = = Z=
2 2 27 2 2 2! 2 2 2! 2 2 2
X, +Y, +R X, +Y, +R X; +Y, +R X; +Y, +R




» Center of a great circle passing two points

-Vector analysis

(X,,Y;) inaprojection plane —(x,, y;, z,) onasphere, (X,.Y,)—=>(X,, ¥,,2,)

. X, X X,
n:(n N n): Sk
[ %% % |

x1lyr iz

Center of a great circle:

x1 lyr iz

[Rnx Rny]:[R(ylzZ -7,y,) R(zx _Xlzz)j

n | n lez_Y1X2 | lez_Y1X2

z z

n.  n

z z

R
(n,.n n)=(sinasinﬂ,sinacosﬂ,COSa)—>(Rtanasinﬁ,Rtanacosﬂ):[Rnx nyj




- Graphical procedure: refer to Fig.3.19 and Fig.3.9 with Eqn.(3.7)
1) Plot an opposite vector point to one of the predefined points.
2) Draw a circle passing through the 3 points.

 Orthographic projection of a vector on a plane

1) Draw a great circle of a plane.

2) Plot plane normal (n) and a vector (v).
3) Plot the opposite vector, -v.

4) Draw a circle passing through the 3 points (n, Vv, and-V) &
5) Find out the intersection points of the two great circles.

Refer to Fig. 3.20



5) Projection of sliding direction
e Lifting

- The lifting direction is identical with the direction of resultant
force: s =r

 Single-face sliding
1) Draw a great circle of a block sliding plane.

2) Draw a great circle passing through a normal to the sliding plane and a
direction vector of resultant force.

3) Find out two intersection points (vectors) of the above two planes

4) Draw a great circle whose normal vector is identical with the direction
vector of resultant force.

5) The sliding vector is one of the two intersection vectors which is located in
the great circle above.



e Sliding In two planes simultaneously

1) Draw great circles of two block sliding planes.
2) Find out two intersection points (vectors) of the above two circles

3) Draw a great circle whose normal vector is identical with the direction
vector of resultant force.

5) The sliding vector is one of the two intersection vectors which is located in
the great circle above.



