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457.643 Structural Random Vibrations
In-Class Material: Class 12

[I-2. Stochastic Calculus (contd.)

Cross PSD (contd.)

> Application example of cross PSD

Der Kiureghian, A. (1996). A coherency model for spatially varying ground motions. Earthquake Engineering
and Structural Dynamics, 25:99-111.

Coherency function of ground acceleration processes a,(t) and a;(t) at stations k and [:

Gakal ((l))

6ok (@) G @)

Yi(w) =

Using the coherency function, one can characterize

(1) Incoherence effect: scattering of waves in the heterogeneous medium and differential

superpositioning of waves
(2) Wave passage effect: delay in the arrival of the wave

(3) Attenuation effect: amplitude decreases due to geometric spreading, material damping

and wave scattering

PSD of derivative process
Ryx(7) :f q’xx(w)eimdw

dRxx (1)

Ryx (r) = dz

- f ( )Pyx(@) e“Tdw

Comparing the two equations above, we note

Dy x (w) =
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Itis also seen that

Pyx(w) =

We also know that

Ryx(r) = ——dzi):;(r)
_ _fw( 2Dy (@)ei®Tda
= f ) el“Tdw
Therefore,
Pyx(w) =
In general,

Dy myym (@) = ((0)™(—iw)" Pxy (w)

Generation of artificial time histories by PSD

e.g. “Spectral representation” method
Shinozuka & Deodatis 1991: Stationary & Gaussian
Deodatis & Micaletti 2001: Non-Gaussian

n

X)) = Z a;cos(w;t + 6;)

i=1

+ q;: contribution from the frequency w; ~ determined by

+ w;: closely-spaced frequency values (>0), deterministic.

+ §;: random phase angle ~ U(0,2m]
+ 6; and 6; are statistically independent (i # j)

Check

1) E[X(®)]
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2
E[cos(w;t + 6;)] j cos(w;t + 6;) do
0

Therefore, X(t) is a - process

2) dxx(ty,ts)

n n
Gxx(ti, ty) = Z Z al-ajE[cos(cuitl +6,) - cos(w]-tz + Gj)]

i=1 i=1
()]

E[cos(a)itl +6;)- cos(a)jtz + Hj)] = E[cos(w;t; + 6,)] - E[cos(wjtz + Hj)]

E[cos(w;t; + 6;) - cos(w;t, + 6;)] = %{E[cos(wi(tl + t3) + 20)] + E[cos(w;(t, — t2))]}

= %cos(wi(tl —t3))

= %cos(wi ) > X(t)isa process

Therefore,

n
1
Rex(0) =3 ) abcos(ai)
i=1

D) =7 ) a6 + ;) + (@ — )]

i=1

Recall Ryx (1) = 0%cosw,T = Pyy(w) = 072[6((0 — wy) + 6(w + wy)]
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Given PSD Spectral Representation

How to determine q;?

... such that the powers E[X?] in the corresponding intervals are equivalent

WitWitq

Dyy(w)dw =

wWij_1+wj
2

When Aw is small,

Wit — Wi—1

q’xx(wi) : 2
Therefore,
Wi — Wj_
- ap = ZJCDXX(CUL') %

= 2/ Pyx(w;) -
The generated process has Gaussianity and Ergodicity (proof: Deodatis 2001)

Spectral moments
+ VanMarcke (1972, ASME JEM): first introduced

+ Michaelov et al. (1999, Structural Safety): a good summary and extension to

nonstationary case

=>» Partial descriptors of PSD (cf. partial descriptors of PDF)
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The m-th order spectral moment is defined as

Am =f WMGyx(w)dw
0

1) Help compute variances easily

v

2o = f Gy (@)dew =
0

AZ = f (UZGX)(((U)d(IJ
0

/14 = f (L)4Gxx((l))d0)
0

AZTL = f wznaxx(w)da) =
0

2) Capture frequency-related characteristics of a random process
(in analogy to spectral moments E[X™] capturing characteristics of a random process)

+ Central frequency

M fooo wGyy(w)dw
4o fooo Gxx(w)dw A

Wc

In analogy to the mean

fjooox - fx(x)dx _

E[X] = =2
¥ J_o fr(x)dx

v

Geometric “center” of probability

density function

Central frequency: centroid of PSD
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+ Normalized radius of gyration of PSD

A_z_(a_lf
/10 AO A
S =
wC
b
_N% e
i
= ’1"32—1, 0<s<oo :
Al

+ Bandwidth factor

s
s2+1

§=

Ifs—>0,6 =
s>, 8=

Therefore, 0 <6 <1

If s = /% — 1 is substituted,
1
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