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 457.643 Structural Random Vibrations 

In-Class Material: Class 17 

 

III-2. Random Vibration Analysis of Linear Structures (contd.) 

 Response of a linear system to weakly stationary input 

𝜅𝐹𝐹(𝑡1, 𝑡2) = 𝛤𝐹𝐹(𝜏) where 𝜏 = 𝑡1 − 𝑡2 

Assuming zero initial conditions, 

𝜅𝑋𝑋(𝑡1, 𝑡2) = ∫ ∫ 𝜅𝐹𝐹(𝜏1, 𝜏2)ℎ(𝑡1 − 𝜏1)ℎ(𝑡2 − 𝜏2)𝑑𝜏2𝑑𝜏1

𝑡2

0

𝑡1

0

 

= ∫ ∫ 𝛤𝐹𝐹(𝜏)ℎ(𝑡1 − 𝜏1)ℎ(𝑡2 − 𝜏2)𝑑𝜏2𝑑𝜏1

𝑡2

0

𝑡1

0

 

where 𝜏 = 𝜏1 − 𝜏2 

Note 𝛤𝐹𝐹(𝜏) = ∫ Φ𝐹𝐹(𝜔)𝑒𝑖𝜔𝜏𝑑𝜔
∞

−∞
 

Thus,  

𝜅𝑋𝑋(𝑡1, 𝑡2) = ∫ ∫ ∫ Φ𝐹𝐹(𝜔)ℎ(𝑡1 − 𝜏1)ℎ(𝑡2 − 𝜏2)𝑒𝑖𝜔𝜏𝑑𝜏2𝑑𝜏1

𝑡2

0

𝑡1

0

∞

−∞

𝑑𝜔 

= ∫ ∫ ∫ Φ𝐹𝐹(𝜔)ℎ(𝑡1 − 𝜏1)ℎ(𝑡2 − 𝜏2)𝑒−𝑖𝜔(𝑡1−𝜏1)𝑒𝑖𝜔(𝑡2−𝜏2)𝑒𝑖𝜔(𝑡1−𝑡2)𝑑𝜏2𝑑𝜏1

𝑡2

0

𝑡1

0

∞

−∞

𝑑𝜔 

By changing variable 𝑢 = 𝑡1 − 𝜏1, one can show 

∫ ℎ(𝑡1 − 𝜏1)𝑒−𝑖𝜔(𝑡1−𝜏1)𝑑𝜏1

𝑡1

0

= ∫ ℎ(𝑢)𝑒−𝑖𝜔𝑢𝑑𝑢
𝑡1

0

 

= ∫ ℎ(𝑢)𝑒−𝑖𝜔𝑢𝑑𝑢
𝑡1

−∞

 

= ℋ(𝜔, 𝑡1) 

This is so-called “incomplete” Fourier transform of the impulse response function. 

cf. “complete” FT of IRF gives the FRF 

𝐻(𝜔) = ∫ ℎ(𝑡)𝑒−𝑖𝜔𝑡𝑑𝑡
∞

−∞
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Therefore, 𝜅𝑋𝑋(𝑡1, 𝑡2) for a weakly stationary input 𝐹(𝑡) is expressed as 

𝜅𝑋𝑋(𝑡1, 𝑡2) = ∫ Φ𝐹𝐹(𝜔)
∞

−∞

ℋ(𝜔, 𝑡1)ℋ∗(𝜔, 𝑡2)𝑒𝑖𝜔𝜏𝑑𝜔 

Note: 

 The response of a linear system to a stationary input is ___________ stationary 

necessarily. 

 However, as 𝑡1, 𝑡2 → ∞, the incomplete FTs becomes independent of 𝑡1 and 𝑡2, 

Therefore, 𝜅𝑋𝑋(𝑡1, 𝑡2) depends only on 𝜏 = 𝑡1 − 𝑡2 

Observations: 

1. lim
𝑡→∞

ℋ(𝜔, 𝑡) = 𝐻(𝜔) for a “stable” system 

Therefore, the response of a linear system to a stationary input becomes 

____________ e__________ 

2. 𝜅𝑋𝑋(0,0) must be ________ and it means σ𝑋
2 (0) =      . This makes sense because we 

assumed _________ IC’s 

3. For the stationary response, i.e. 𝑡1, 𝑡2 → ∞ 

𝜅𝑋𝑋(𝑡1, 𝑡2) = ∫ Φ𝐹𝐹(𝜔)
∞

−∞

ℋ(𝜔, 𝑡1)ℋ∗(𝜔, 𝑡2)𝑒𝑖𝜔𝜏𝑑𝜔 

                      =  ∫ Φ𝐹𝐹(𝜔)
∞

−∞

|𝐻(ω)|2𝑒𝑖𝜔𝜏𝑑𝜔 

That is,  

𝛤𝑋𝑋(𝜏) = ∫ Φ𝐹𝐹(𝜔)
∞

−∞

|𝐻(ω)|2𝑒𝑖𝜔𝜏𝑑𝜔 

 

4. From this result, for a stationary response, it is found that 

Φ𝑋𝑋(𝜔) = 
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For example, let us consider… 

 ℋ(𝜔, 𝑡) and 𝐻(𝜔) of standard SDOF oscillator 

Recall 

 ℎ(𝑡) =
1

ωD
𝑒−𝜉𝜔0𝑡 sin 𝜔𝐷𝑡 

 𝐻(𝜔) =
1

𝜔0
2−𝜔2+2𝑖𝜉𝜔0𝜔

=
𝜔0

2−𝜔2−2𝑖𝜉𝜔0𝜔

(𝜔0
2−𝜔2)

2
+(2𝜉𝜔0𝜔)2 

 

|𝐻(𝜔)|2 =
1

(𝜔0
2 − 𝜔2)2 + 4𝜉2𝜔0

2𝜔2
 

 

ℋ(𝜔, 𝑡) = ∫
1

𝜔𝐷
𝑒−𝜉𝜔0𝜏 sin 𝜔𝐷𝜏 ⋅ 𝑈(𝜏) ⋅ 𝑒−𝑖𝜔𝜏𝑑𝜏

𝑡

−∞

 

= 𝐻(𝜔) [1 − (cos 𝜔𝐷𝑡 +
𝜉𝜔0 + 𝑖𝜔

𝜔𝐷
sin 𝜔𝐷𝑡) ⋅ 𝑒−𝜉𝜔0𝑡 ⋅ 𝑒−𝑖𝜔𝑡] 
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From this result, the terms in ( ) has the same order as 1, and 

𝑒−𝑖𝜔𝑡 oscillates. Therefore, the rate of the convergence of the 

terms in [ ] to _____ is determined by _______ 

In other words, “sufficient” time to achieve stationarity depends 

on 𝜉𝜔0𝑡 = 𝜉
2𝜋

𝑇0
𝑡 

Suppose we set  𝜉𝜔0𝑡 = 2𝜋𝜉
𝑡

𝑇0
= 𝜋  (note 𝑒−𝜋 = 4%) and solve it for 𝑡, i.e. time to make the 

exponentially decaying term as 4%, 𝑡4% =
𝑇0

2𝜉
 

e.g. ξ = 0.1  𝑡4% ≅ 5𝑇0, ξ = 0.05  𝑡4% ≅ 10𝑇0 

※ Alternative (empirical) method: 
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Figure 3. A typical scaled std[𝑍(𝑗Δ𝑡)] curve and the fitting function 

 

 Stationary response of standard SDOF oscillator to “white noise” 

Useful for linear random vibration analysis of MDOF systems using modal combination, i.e. 

each mode is represented by a standard SDOF oscillator (will be shown later) 

Φ𝐹𝐹(𝜔) = Φ0 

PSD of the stationary response 

Φ𝑋𝑋(𝜔) = Φ0|𝐻(𝜔)|2 

=
Φ0

(𝜔0
2 − 𝜔2)2 + 4𝜉2𝜔0

2𝜔2
 

Thus, 

Γ𝑋𝑋(𝜏) = ∫ Φ𝑋𝑋(𝜔)𝑒𝑖𝜔𝜏𝑑𝜔 
∞

−∞

 

= Φ0 ∫
𝑒𝑖𝜔𝜏

(𝜔0
2 − 𝜔2)2 + 4𝜉2𝜔0

2𝜔2
𝑑𝜔

∞

−∞

 

How? We can use ____________ theorem 

(to be continued…) 
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