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 457.643 Structural Random Vibrations 

In-Class Material: Class 18 

 

III-2. Random Vibration Analysis of Linear Structures (contd.) 

 Stationary response of standard SDOF oscillator to “white noise” 

Useful for linear random vibration analysis of MDOF systems using modal combination, i.e. 

each mode is represented by a standard SDOF oscillator (will be shown later) 

Φ𝐹𝐹(𝜔) = Φ0 

PSD of the stationary response 

Φ𝑋𝑋(𝜔) = Φ0|𝐻(𝜔)|2 =
Φ0

(𝜔0
2 − 𝜔2)2 + 4𝜉2𝜔0

2𝜔2
 

Thus, 

Γ𝑋𝑋(𝜏) = ∫ Φ𝑋𝑋(𝜔)𝑒𝑖𝜔𝜏𝑑𝜔 
∞

−∞

 

= Φ0 ∫
𝑒𝑖𝜔𝜏

(𝜔0
2 − 𝜔2)2 + 4𝜉2𝜔0

2𝜔2
𝑑𝜔

∞

−∞

 

How? We can use ____________ theorem. Poles? 

𝑓(𝑧) =
Φ0𝑒𝑖𝑧𝜏

(𝜔0
2 − 𝑧2)2 + 4𝜉2𝜔0

2𝑧2
=

Φ0𝑒𝑖𝑧𝜏

(𝑧 − 𝑧1)(𝑧 − 𝑧2)(𝑧 − 𝑧3)(𝑧 − 𝑧4)
 

Solve (ω0
2 − 𝑧2)2 + 4𝜉2𝜔0

2𝑧2 = 0 for 𝑧 

ω0
2 − 𝑧2 = ±2𝑖𝜉𝜔0𝑧 

z2 ± 2𝑖𝜉𝜔0𝑧 − 𝜔0
2 = 0 

 𝑧1 = 𝜔𝐷 − 𝑖𝜉𝜔0 

 𝑧2 = −𝜔𝐷 − 𝑖𝜉𝜔0 

 𝑧3 = 𝜔𝐷 + 𝑖𝜉𝜔0 

 𝑧4 = −𝜔𝐷 + 𝑖𝜉𝜔0 
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First consider 𝜏 > 0, note 𝑧 = 𝑎 + 𝑖𝑏 

𝑒𝑖𝑧𝜏 = 𝑒𝑖(𝑎+𝑖𝑏)𝜏 = 𝑒𝑖𝑎𝜏 ⋅ 𝑒−𝑏𝜏 

Therefore, the function inside the integral vanishes as 𝑟 → ∞ if 𝑏    0. 

That is, we should use upper/lower half-plane for the residue theorem. 

∫ 𝑓(𝜔)𝑑𝜔
∞

−∞

= ∮ 𝑓(𝑧)𝑑𝑧
  

𝐶

 

= 2π𝑖(Res 𝑓(    ) + Res 𝑓(    )) 

= 2π𝑖 (
Φ0𝑒𝑖       𝜏

(    −𝑧    )(    −𝑧    )(    −𝑧    )
+

Φ0𝑒𝑖       𝜏

(    −𝑧    )(    −𝑧    )(    −𝑧    )
) 

As a result, 

Γ𝑋𝑋(𝜏) =
𝜋Φ0

2𝜉𝜔0
3 𝑒−𝜉𝜔0𝜏 (cos 𝜔𝐷𝜏 +

𝜉

√1 − 𝜉2 
sin 𝜔𝐷𝜏) , 𝜏 > 0 

From ___________ property of Γ𝑋𝑋(𝜏), for ∀𝜏 

Γ𝑋𝑋(𝜏) =
𝜋Φ0

2𝜉𝜔0
3 𝑒−𝜉𝜔0|𝜏| (cos 𝜔𝐷𝜏 +

𝜉

√1 − 𝜉2 
sin 𝜔𝐷|𝜏|) 

1) Variance of the stationary response of standard SDOF oscillator to “white noise”  

σ𝑋
2 = Γ𝑋𝑋(    ) =

𝜋Φ0

2𝜉𝜔0
3 

2) Exist in the mean-square sense? 

3) Mean-square differentiable? 

4) Cross-covariance of the response and its time derivative 

Γ𝑋̇𝑋(𝜏) = −Γ𝑋𝑋̇(𝜏) =
𝑑Γ𝑋𝑋(𝜏)

𝑑𝜏
= −

𝜋Φ0

2𝜉𝜔0𝜔𝐷
𝑒−𝜉𝜔0𝜏 sin 𝜔𝐷𝜏     for 𝜏 > 0  

Therefore, for ∀τ,  

Γ𝑋̇𝑋(𝜏) = −
𝜋Φ0

2𝜉𝜔0𝜔𝐷
𝑒−𝜉𝜔0|𝜏| sin 𝜔𝐷𝜏 
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5) Auto-covariance of the time derivative 

Γ𝑋̇𝑋̇(𝜏) = −
𝑑2Γ𝑋𝑋(𝜏)

𝑑𝜏2
=

𝜋Φ0

2𝜉𝜔0
𝑒−𝜉𝜔0|𝜏| (cos 𝜔𝐷𝜏 −

𝜉

√1 − 𝜉2
sin 𝜔𝐷|𝜏|) 

6) Note that the time derivative of the SDOF response to white noise is ______ 

differentiable (in the mean-square sense). 

Setting 𝑌(𝑡) = 𝑋̇(𝑡), Γ𝑌𝑌(𝜏) = Γ𝑋̇𝑋̇(𝜏) 

𝑑Γ𝑌𝑌(𝜏)

𝑑𝜏
 does not exist at 𝜏 = 0 

7) PSD of the time derivative (velocity) 

Φ𝑋̇𝑋̇(𝜔) = 𝜔2Φ𝑋𝑋(𝜔) 

=
Φ0𝜔2

(𝜔0
2 − 𝜔2)2 + 4𝜉2𝜔0

2𝜔2
 

8) Note 

Γ𝑋̇𝑋̇(𝜏) = Φ0 ∫
𝜔2𝑒𝑖𝜔𝜏

(𝜔0
2 − 𝜔2)2 + 4𝜉2𝜔0

2𝜔2
𝑑𝜔

∞

−∞

= Result in (5) 

The term inside the integral is 𝑜(ω2)/𝑜(ω4): decays faster than 1/ω 

How about 𝑋̈(𝑡)? Φ𝑋̈𝑋̈(𝜔) = 𝜔4Φ𝑋𝑋(𝜔) 

Therefore, Γ𝑋̈𝑋̈(𝜏) is the integral of the term proportional to 𝑜(ω4)/𝑜(ω4): does NOT 

decay faster than 1/ω. Thus Γ𝑋̈𝑋̈(𝜏) → ∞  

9) Variance of the time derivative 𝑋̇(𝑡) 

σ𝑋̇
2 = Γ𝑋̇𝑋̇(   ) =

𝜋Φ0

2𝜉𝜔0
 

 

 Non-stationary response of standard SDOF oscillator to “white noise” 

𝜅𝑋𝑋(𝑡1, 𝑡2) = ∫ Φ0ℋ(𝜔, 𝑡1)ℋ∗(𝜔, 𝑡2)𝑒𝑖𝜔(𝑡1−𝑡2)𝑑𝜔
∞

−∞
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 Supplementary Materials: SDOF responses to WN 
 
I. “Stationary” responses of the standard SDOF oscillator to white noise: )(tX  and its 

derivative dttdXtY /)()(   

 

    (Plots generated for ,0   05.0  and 0.10  ) 

 

(1) Autocovariance function of :)(tX  
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 (2) Crosscovariance function of )(tX  and )(tY : 
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(3) Autocovariance function of )(tY : 

 

 
































|sin

1
cos

2
          

)(
)(

2

||

0

0

2

2

0

DD

XX
YY

e

d

d

 

 
0

02

2
)0(




 YYY  

 

(4) Crosscorrelation coefficient function of )(tX  and )(tY : 
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II. “Nonstationary” responses of the standard SDOF oscillator to white noise: )(tX  and 

its derivative dttdXtY /)()(   

 

(1) Autocovariance function of )(tX : 
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1) Eventually approaches to the variance of the stationary response, 
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2) The “sufficient” time to achieve stationarity depends on 0ζω .  
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(2) Autocovariance function of )(tY : 
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1) Eventually approaches to the variance of the stationary response, 
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2) The “sufficient” time to achieve stationarity depends on 0ζω .  

 

 

0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5
0

2

4

6

8

10

12

14

16

t


2 Y

(t
)

 = 0.1

 = 0.05

 = 0.01

 = 0.001

mailto:junhosong@snu.ac.kr


Seoul National University                                                                                         Instructor: Junho Song 
Dept. of Civil and Environmental Engineering                                                           junhosong@snu.ac.kr 

 

  7 

(3) Crosscovariance of )(tX  and )(tY : 
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(4) Crosscorreltion coefficient function of )(tX  and )(tY : 
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Note: 

1) )(tXY  is not zero due to the nonstationarity. 

2) Therefore, )(tXY  can be used as a criterion for checking stationarity. 
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 Stationary response of standard SDOF oscillator to wide-band inputs: approximation 

by “white-noise” response 

Φ𝑋𝑋(𝜔) = Φ𝐹𝐹(𝜔)|𝐻(𝜔)|2 

≅ Φ0|𝐻(𝜔)|2 

where Φ0 = Φ𝐹𝐹(𝜔0) 

 

The accuracy of the WN approximation depends on 

 𝜉: Bandwidth of |𝐻(𝜔)|2 (accurate if it is narrow 

band, i.e. ξ ≅ 0) 

 Bandwidth parameter of 𝐹(𝑡) (e.g. 𝛿, 𝑠, 𝜉𝑔) 

accurate if it is wideband, e.g. 𝜉𝑔 ≫ 0 

 
ω0

ω𝑔
≅ 1  

 Spectral moments of stationary response of SDOF to white noise input 

𝜆𝑚 = ∫ 𝜔𝑚𝐺𝑋𝑋(𝜔)𝑑𝜔
∞

0
 

= 2Φ0 ∫ 𝜔𝑚|𝐻(𝜔)|2𝑑𝜔
∞

0

 

 𝜆0 = E[𝑋2
] = 𝜎𝑋

2 =
𝜋Φ0

2𝜉𝜔0
3 

 𝜆1 =
𝜋Φ0

2𝜉𝜔0
2 ×

2

𝜋√1−𝜉2
tan−1 (

√1−𝜉2

𝜉
) ≅

𝜋Φ0

2𝜉𝜔2 × (1 −
2𝜉

𝜋
)  for 𝜉 ≅ 0  

 Useful for identifying the bandwidth of the process, e.g. 𝛿 = √1 −
𝜆1

2

𝜆0𝜆2
 

 𝜆2 = E [Ẋ
2
(𝑡)] = 𝜎𝑋̇

2 =
𝜋Φ0

2𝜉𝜔0
 

 λ𝑚 → ∞ if 𝑚 > 3 (Why?) 
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