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457.643 Structural Random Vibrations
In-Class Material: Class 18

I1I-2. Random Vibration Analysis of Linear Structures (contd.)

Stationary response of standard SDOF oscillator to “white noise”

Useful for linear random vibration analysis of MDOF systems using modal combination, i.e.
each mode is represented by a standard SDOF oscillator (will be shown later)
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First consider T > 0, note z =a + ib

izt _ pila+ib)t — piat . ,—bt

e
Therefore, the function inside the integral vanishes asr » o if b 0.

That is, we should use upper/lower half-plane for the residue theorem.
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As a result,
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1) Variance of the stationary response of standard SDOF oscillator to “white noise”

nd,

0% = Ixx( )=m
0

2) Exist in the mean-square sense?
3) Mean-square differentiable?
4) Cross-covariance of the response and its time derivative
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5) Auto-covariance of the time derivative

d*Tyx (1) _ g
dTZ 26(1)0

I (t) = — e~$woltl <cos wpT — sin a)D|r|>

4
e

6) Note that the time derivative of the SDOF response to white noise is

differentiable (in the mean-square sense).
Setting Y (t) = X(t), Tyy (x) = Ixx(7)
dl“:;—:(‘r) does notexistatt =0

7) PSD of the time derivative (velocity)

Dyx () = W Pyy(w)
3 dyw?
(w2 — w?)? + 48202 w?

8) Note

o) 2 ,iwt

w?e
Iy (0) = @
1 (D) 0 J‘_oo (w3 — w?)? + 482 wE w?

dw = Resultin (5)

The term inside the integral is o(w?)/o(w*): decays faster than 1/w
How about X (£)? @33 (w) = w*®xy(w)

Therefore, Iy (7) is the integral of the term proportional to o(w*)/o(w*): does NOT

decay faster than 1/w. Thus I'y3(t) = o

9) Variance of the time derivative X (t)

P,
28 wq

of =Txx( ) =

Non-stationary response of standard SDOF oscillator to “white noise”

Kxx(ty, t2) = f DoH (w, t)H" (v, tp)e 1~ dw
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Supplementary Materials: SDOF responses to WN

I. “Stationary” responses of the standard SDOF oscillator to white noise: X (t) and its
derivative Y (t) =dX (t)/dt

(Plots generated for o, =2m, £=0.05 and ®,=1.0)

(1) Autocovariance function of X (t):
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1. “Nonstationary” responses of the standard SDOF oscillator to white noise: X (t) and
its derivative Y (t) = dX (t)/dt

(1) Autocovariance function of X (t):

min(t;,t,)
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Note:
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. . )
1) Eventually approaches to the variance of the stationary response, 22—0
0

2) The “sufficient” time to achieve stationarity depends on (o,.
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(2) Autocovariance function of Y (t):
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1) Eventually approaches to the variance of the stationary response, 27[ 0
@
2) The “sufficient” time to achieve stationarity depends on (o,.
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(3) Crosscovariance of X (t) and Y (t):

O (t,1,)

2

e @l tlsing, |t,—t, |-

Ky (t.1,) =
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(4) Crosscorreltion coefficient function of X (t) and Y (t):

Ky (b ty)
\/Kxx (tt) Ky (t0 1)
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Pxy (tl’tZ):

Py (1) =

in which

()
Ky (t,1) = %e’zc‘”‘" (1—cos2m,t)
D

Pxy®

Note:
1) p,, (t) isnot zero due to the nonstationarity.
2) Therefore, p,, (t) can be used as a criterion for checking stationarity.
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Stationary response of standard SDOF oscillator to wide-band inputs: approximation

by “white-noise” response

Dyy(w) = (DFF((UNH((HNZ A
=d)|HI1*>

Where qDO = q)FF(wO)

v

The accuracy of the WN approximation depends on

e &:Bandwidth of |H(w)|? (accurate if it is narrow
band, i.e. £ = 0)

e Bandwidth parameter of F(t) (e.g. 6,s,¢y)

accurate if it is wideband, e.g. 5 > 0

v

w
o =1
Wg

Spectral moments of stationary response of SDOF to white noise input
A = f W"Gyx(w)dw
0

_ 2%] W™ H(w)2dw
0

to =[i"] = o = 22

1-&2
o A, =220x—2 tan’! me(l_g) for§ =0
28w n 1_{2 T

2
= Useful for identifying the bandwidth of the process, e.g. § = [1 — %
042

.2 )
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e A, —oifm>3(Why?)
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