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457.643 Structural Random Vibrations
In-Class Material: Class 22

IV. Random Vibration Analysis of MDOF Systems (contd.)

Spectral moments of MDOF generic response y, = YiL; a,;s;(t)
Am = fomwm . 2d>ypyp (w)dw
Note
Dy y, (@) = Z Z ApiGp;Ps;s; (W)
iJ

Thus,

Am = Zz apl-apjj;) w™ - ZCDsis].(w)dw
i J

= 0, it
T

In words, the m-th order spectral moment of the generic response y, can be obtained by the
weighted sum of the m-th order (cross) spectral moments of the modal responses s;(t),i =

1,..,n

If WN approximation is made, the spectral moment is approximated as

T

Can use the closed-form formulas provided in the previous classnotes for /1%’2’]

4n®, (0,C; +»;C;) Dy = E[s, (t)-Sj(t)]Z 4TC(DO(Di(DjE<O)iCj +0;5;)

Kij ij

{[(@2+wf)g+2w¢j] < tan1[“1_5‘2]—(@2—605)'{”']+[(wf+wf);j+2w.w,-d - tanl[ gl J}
Iz o,

J1- g J N ¢

}\’O,ij = E[Si ®- S; M)]=

20
,im = Ki.o

I}
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Example:

A frame structure with a light equipment attached («
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1) and small damping (¢,,¢é, 1)

The ground acceleration process is assumed to be a white noise with the intensity @,

Question: the mean square of the displacements E[x#] and E[x3]

E.O.M.

Mx + Cx + Kx = MR(—%,)

Here P = and F(t) = F(t) =
Eigenvalue analysis

IK—2AM| =0

‘ak—/'lam |_0
1+ o)k —Am|

2

k
-Q+a)—1+—=0
m

m?
a 1 k
1= (1 +Ei§\/a2+4a)a

For small ¢ «< 1,
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Modal masses:
M, = ¢IM¢1 =2m
M, = ¢§M¢2 =2m

Modal participation factors:

LGP
Yi M, M,
_1+va
_1-Va

Effective modal participation factor:
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The corresponding modal vectors are

¢,

b, =

1
-
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Recall

E[x] = 47 = Z Z Apitpjdo,ij = Z Z ApipjPoj | Aojio.jj
i i

WN modal responses:

’k
where w, = —

— SfZT%
Po12 = [(1—7)2+4&2r](1+7)

where r = w,/w,, and

Va va

- g B -2 g
Lor=l-Tf = E=Ve =14 =rg=?
Therefore,
482

Po12 E 557 T =

4 +a

L
Finally, from A = Zf iﬁ and E[x2] = ;¥ ap:1a,po.ij/A04i’o,jj» the mean square
2 2

responses are derived as

2

1 1 1 1
E[x{] = (m) Ao11 t+ 2 (m) (‘ m) Po,12+/A0,1140,22 + (— m) Ao22
td, 1 482
28w] 2a 462+ a

nd, 1 4&2
Elxa] = w"'(”ﬁ)

For & =0.05, the standard deviations of the displacements normalized by /nd)o/wag are
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TP,
%l |38

td,
%! |38

Po,12 0 Po,12 0

Exact neglected Error (%) Exact neglected Error (%)
a=0.01 5 7.07 41 0.866 0.707 —18
a =0.001 6.71 22.4 233 0.975 0.707 —27

Random vibration theory behind modal combination rules

Recall y, = }i_; aris; and (y;nax)z = (Xan Simax)z where

max — max t)| and s™** = max |s;(t
% ()] and 57 = max]s;(0)

o<tst

1) Modal combination rules

SRSS (Rosenblueth 1951):

T

max ~

< (Serm)

i=1

1/2

CQC (Der Kiureghian 1981, EESD)

n n
=YY

i=1j=1

n

WN .max .max
AriQrjPo,ijSi ~Sj

n—1 n

= Z(ari)z(simax)z + ZZ Z arl_arjp(lgl’/ilj\/simaxsjmax

i=1

i=1 j=it+1

1/2

2) Random vibration theory

Recall

Am = Z Z AriQrjPm,ij /lm,iiflm,jj
i
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For example, consider m = 0

— B[y2] — A2 — f
lo = E[Yf] =0y = zz ari@rjPo,ij |Ao,iilo,jj
i J
= ZZ AriQrjPo,ijTs; s
i

That is,

2

ZZ ariarjpo,ijasiosj
Lo

Assume E[y/"%*] = poy_and E[s["*] = pay,, E[sma"] = pog;

max max E[Smax] 2

Sl ] j
arlar]po ij p p

Inspired by this, CQC rule is proposed as

N[ =

ymax WN ¢ max max
Z Z AriQrjPo,ij S Sj

i=1j=
This actually means

1

n 2
max ~ § E max max
= arlar]po ij E E[S ]

i=1j=1

Herein E[s]"**] and E[s]"**| are obtained from spectrum.

3) SRSS works well when modal frequencies are well-separated, say r = G-
wj 0.2+Ei+fj

(w; > w;) because p,;; = 0.10 for the range.
4) Approximation introduced in CQC for practicality

~ ~WN
Po,ij = Po,ij
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FILTERED WHITE NOISE INPUT, §° =0.60
————WHITE NOISE INPUT
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Figure 2. Comparison of correlation coefficients for

responses to white-noise and filtered white-noise inputs
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Figure 3. Coefficients p,, ;; for response to white-noise
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