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 457.643 Structural Random Vibrations 

In-Class Material: Class 22 

 

IV. Random Vibration Analysis of MDOF Systems (contd.) 

 Spectral moments of MDOF generic response 𝑦𝑝 = ∑ 𝑎𝑝𝑖𝑠𝑖(𝑡)
𝑛
𝑖=1  

𝜆𝑚 = ∫ 𝜔𝑚 ⋅ 2Φ𝑦𝑝𝑦𝑝
(𝜔)𝑑𝜔

∞

0

 

Note 

Φ𝑦𝑝𝑦𝑝
(𝜔) = ∑∑𝑎𝑝𝑖𝑎𝑝𝑗Φ𝑠𝑖𝑠𝑗

(𝜔)

𝑗𝑖

 

Thus, 

𝜆𝑚 = ∑∑𝑎𝑝𝑖𝑎𝑝𝑗

𝑗𝑖

∫ 𝜔𝑚 ⋅ 2Φ𝑠𝑖𝑠𝑗
(𝜔)𝑑𝜔

∞

0

 

𝜆𝑚 = ∑∑𝑎𝑝𝑖𝑎𝑝𝑗          

𝑗𝑖

 

In words, the m-th order spectral moment of the generic response 𝑦𝑝 can be obtained by the 

weighted sum of the m-th order (cross) spectral moments of the modal responses 𝑠𝑖(𝑡), 𝑖 =

1,… , 𝑛 

If WN approximation is made, the spectral moment is approximated as 

𝜆𝑚 ≅ ∑∑𝑎𝑝𝑖𝑎𝑝𝑗          

𝑗𝑖

 

Can use the closed-form formulas provided in the previous classnotes for 𝜆𝑚,𝑖𝑗
𝑊𝑁  
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Example:  

 

 

 

 

 

A frame structure with a light equipment attached (𝛼       1) and small damping (𝜉1, 𝜉2      1) 

The ground acceleration process is assumed to be a white noise with the intensity Φ0 

Question: the mean square of the displacements E[𝑥1
2] and E[𝑥2

2] 

𝐌 = [
          0       

     0            
] 

𝐊 = [
𝛼𝑘          

          (1 + 𝛼)𝑘
] 

E.O.M. 

𝐌𝐱̈ + 𝐂𝐱̇ + 𝐊𝐱 = 𝐌𝐑(−𝑥̈𝑔) 

Here 𝐏 =           and 𝐅(𝑡) = 𝐹(𝑡) = 

Eigenvalue analysis 

|𝐊 − λ𝐌| = 0 

|
𝛼𝑘 − 𝜆𝛼𝑚      

           (1 + 𝛼)𝑘 − 𝜆𝑚
| = 0 

𝜆2 − (2 + 𝛼)
𝑘

𝑚
𝜆 +

𝑘2

𝑚2
= 0   

𝜆 = (1 +
𝛼

2
±

1

2
√𝛼2 + 4𝛼)

𝑘

𝑚
 

For small 𝛼 ≪ 1, 
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𝜔1 ≅ (1 −
√𝛼

2
)√

𝑘

𝑚
 

𝜔2 ≅ (1 +
√𝛼

2
)√

𝑘

𝑚
 

The corresponding modal vectors are 

𝛟1 = {

1

√𝛼
1

} 

𝛟2 = {
−

1

√𝛼
1

} 

 

Modal masses: 

𝑀1 = 𝛟1
T𝐌𝛟1 = 2𝑚 

𝑀2 = 𝛟2
T𝐌𝛟2 = 2𝑚 

Modal participation factors: 

γ𝑖 =
𝛟𝑖

T𝐏

𝑀𝑖
=

𝛟𝑖
T         

𝑀𝑖
 

γ1 =
1 + √𝛼

2
≅ 

γ2 =
1 − √𝛼

2
≅ 

Effective modal participation factor: 

𝐀 = 𝐐𝚽𝚪 = [

12

22

12

22
12

22

12

22

] [

12

22

12

22
12

22

12

22

] [

12

22

12

22
12

22

12

22

] =

[
 
 
 

1

2√𝛼
−

1

2√𝛼
1

2

1

2 ]
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Recall 

E[𝑥𝑝
2] = 𝜆0

(𝑝)
= ∑∑𝑎𝑝𝑖𝑎𝑝𝑗𝜆0,𝑖𝑗

𝑗𝑖

= ∑∑𝑎𝑝𝑖𝑎𝑝𝑗𝜌0,𝑖𝑗√𝜆0,𝑖𝑖𝜆0,𝑗𝑗

𝑗𝑖

 

WN modal responses: 

𝜆0,𝑖𝑖 =
𝜋Φ0

2𝜉𝑖𝜔𝑖
3 ≅

𝜋Φ0

2𝜉𝜔0
3 

where 𝜔0 = √
𝑘

𝑚
 

𝜌0,12 =
8𝜉2𝑟

3
2

[(1 − 𝑟)2 + 4𝜉2𝑟](1 + 𝑟)
 

where 𝑟 = 𝜔1/𝜔2, and 

1 − 𝑟 = 1 −
1−

√𝛼

2

1+
√𝛼

2

=
√𝛼

1+
√𝛼

2

≅ √𝛼,  1 + 𝑟 = 1 +
1−

√𝛼

2

1+
√𝛼

2

=
2

1+
√𝛼

2

≅ 2 

Therefore,  

𝜌0,12 ≅
4𝜉2

4𝜉2 + 𝛼
 

Finally, from 𝐀 = [

1

2√𝛼
−

1

2√𝛼
1

2

1

2

] and E[𝑥𝑝
2] = ∑ ∑ 𝑎𝑝𝑖𝑎𝑝𝑗𝜌0,𝑖𝑗√𝜆0,𝑖𝑖𝜆0,𝑗𝑗𝑗𝑖 , the mean square 

responses are derived as 

E[𝑥1
2] = (

1

2√𝛼
)
2

𝜆0,11 + 2(
1

2√𝛼
) (−

1

2√𝛼
)𝜌0,12√𝜆0,11𝜆0,22 + (−

1

2√𝛼
)
2

𝜆0,22

=
𝜋Φ0

2𝜉𝜔0
3 ⋅

1

2𝛼
⋅ (1 −

4𝜉2

4𝜉2 + 𝛼
)  

E[𝑥2
2] =

𝜋Φ0

2𝜉𝜔0
3 ⋅

1

2
⋅ (1 +

4𝜉2

4𝜉2 + 𝛼
) 

For  𝜉 = 0.05 , the standard deviations of the displacements normalized by √𝜋Φ0/2𝜉𝜔0
3 are 
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𝜎𝑥1
/√

𝜋Φ0

2𝜉𝜔0
3 𝜎𝑥2

/√
𝜋Φ0

2𝜉𝜔0
3 

Exact 
𝜌0,12 

neglected 
Error (%) Exact 

𝜌0,12 

neglected 
Error (%) 

𝛼 = 0.01 5 7.07 41 0.866 0.707 −18 

𝛼 = 0.001 6.71 22.4 233 0.975 0.707 −27 

 

 Random vibration theory behind modal combination rules 

Recall 𝑦𝑟 = ∑ 𝑎𝑟𝑖𝑠𝑖
𝑛
𝑖=1  and (𝑦𝑟

𝑚𝑎𝑥)2 ≅ (∑𝑎𝑟𝑖  𝑠𝑖
𝑚𝑎𝑥)2 where 

𝑦𝑟
𝑚𝑎𝑥 = max

0<𝑡≤𝜏
|𝑦𝑟(𝑡)|  and 𝑠𝑖

𝑚𝑎𝑥 = max
0<𝑡≤𝜏

|𝑠𝑖(𝑡)| 

1) Modal combination rules 

SRSS (Rosenblueth 1951):  

𝑦𝑟
𝑚𝑎𝑥 ≅ (∑𝑎𝑟𝑖

2 (𝑠𝑖
𝑚𝑎𝑥)2

𝑛

𝑖=1

)

1/2

 

CQC (Der Kiureghian 1981, EESD)  

𝑦𝑟
𝑚𝑎𝑥 ≅ (∑∑𝑎𝑟𝑖𝑎𝑟𝑗𝜌0,𝑖𝑗

𝑊𝑁𝑠𝑖
𝑚𝑎𝑥𝑠𝑗

𝑚𝑎𝑥

𝑛

𝑗=1

𝑛

𝑖=1

)

1
2

 

           = [∑(𝑎𝑟𝑖)
2(𝑠𝑖

𝑚𝑎𝑥)2

𝑛

𝑖=1

+ 2 ∑ ∑ 𝑎𝑟𝑖𝑎𝑟𝑗𝜌0,𝑖𝑗
𝑊𝑁𝑠𝑖

𝑚𝑎𝑥𝑠𝑗
𝑚𝑎𝑥

𝑛

𝑗=𝑖+1

𝑛−1

𝑖=1

]

1/2

 

2) Random vibration theory 

Recall 

𝜆𝑚 = ∑∑𝑎𝑟𝑖𝑎𝑟𝑗𝜌𝑚,𝑖𝑗√𝜆𝑚,𝑖𝑖𝜆𝑚,𝑗𝑗

𝑗𝑖
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For example, consider 𝑚 = 0 

𝜆0 = E[𝑌𝑟
2] = 𝜎𝑌𝑟

2 = ∑∑𝑎𝑟𝑖𝑎𝑟𝑗𝜌0,𝑖𝑗√𝜆0,𝑖𝑖𝜆0,𝑗𝑗

𝑗𝑖

 

= ∑∑𝑎𝑟𝑖𝑎𝑟𝑗𝜌0,𝑖𝑗𝜎𝑠𝑖
𝜎𝑠𝑗

𝑗𝑖

 

That is, 

𝜎𝑌𝑟
= (∑∑𝑎𝑟𝑖𝑎𝑟𝑗𝜌0,𝑖𝑗𝜎𝑠𝑖

𝜎𝑠𝑗

𝑗𝑖

)

1
2

 

Assume E[𝑦𝑟
𝑚𝑎𝑥] = 𝑝𝜎𝑌𝑟

 and E[𝑠𝑖
𝑚𝑎𝑥] = 𝑝𝜎𝑠𝑖

, E[𝑠𝑗
𝑚𝑎𝑥] = 𝑝𝜎𝑠𝑗

 

E[𝑦𝑟
𝑚𝑎𝑥]

𝑝
= (∑∑𝑎𝑟𝑖𝑎𝑟𝑗𝜌0,𝑖𝑗

 E[𝑠𝑖
𝑚𝑎𝑥]

𝑝
 
 E[𝑠𝑗

𝑚𝑎𝑥]

𝑝
 

𝑗𝑖

)

1
2

 

Inspired by this, CQC rule is proposed as 

𝑦𝑟
𝑚𝑎𝑥 ≅ (∑∑𝑎𝑟𝑖𝑎𝑟𝑗𝜌0,𝑖𝑗

𝑊𝑁𝑠𝑖
𝑚𝑎𝑥𝑠𝑗

𝑚𝑎𝑥

𝑛

𝑗=1

𝑛

𝑖=1

)

1
2

 

This actually means 

E[𝑦𝑟
𝑚𝑎𝑥] ≅ (∑∑𝑎𝑟𝑖𝑎𝑟𝑗𝜌0,𝑖𝑗

𝑊𝑁E[𝑠𝑖
𝑚𝑎𝑥]E[𝑠𝑗

𝑚𝑎𝑥]

𝑛

𝑗=1

𝑛

𝑖=1

)

1
2

 

Herein E[𝑠𝑖
𝑚𝑎𝑥] and E[𝑠𝑗

𝑚𝑎𝑥] are obtained from ___________ spectrum. 

3) SRSS works well when modal frequencies are well-separated, say 𝑟 =
𝜔𝑖

𝜔𝑗
<

0.2

0.2+𝜉𝑖+𝜉𝑗
  

(𝜔𝑗 > 𝜔𝑖) because 𝜌0,𝑖𝑗 ≅ 0.10 for the range. 

4) Approximation introduced in CQC for practicality 

𝜌0,𝑖𝑗 ≅ 𝜌0,𝑖𝑗
𝑊𝑁 
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