
Dept. of Civil and Environmental Engineering, Seoul National University                 Junho Song 
457.201 Mechanics of Materials and Lab.                                 junhosong@snu.ac.kr 

Chapter 10 Statically Indeterminate Beams 

10.1 Introduction 

 Statically Indeterminate Beams 

1. Statically Indeterminate: 

the number of r_______ forces (   ) the number of independent equations of 

e__________ 

2. For statically indeterminate structures, the e_________ equations are not enough to 

obtain all reactions, shear forces and bending moments from free-body diagrams  

3. Additional information such as equations of c____________ should be provided to 

augment equations of equilibrium ( f_______-d_______ relationship is needed to 

relate the beam deflections and applied loads) 

4. Section 10.3: Differential equations (practical for only the simplest types) 

5. Section 10.4: Superposition method (applicable to a wide variety of structures) ~ 

See Section 2.4 (axially loaded members) and Section 3.8 (circular shafts under 

torsion) 

6. Assumption (throughout this chapter): l________ e________ materials 

10.2 Types (or Examples) of Statically Indeterminate Beams 

 Propped Cantilever Beam 

1. Propped cantilever beam with both horizontal and 

vertical loads 

1) Degree of static indeterminacy: number of 

reactions (    ) – number of equilibrium 

equations (     ) = _________ degree 

2) Static redundants: boundary conditions to be released to apply c_________ 

conditions (Q: How many?) 

3) Example choices on static redundants: 

the reaction force 𝑅𝑅𝐵𝐵 ( Cantilever) 

the moment reaction 𝑀𝑀𝐴𝐴 ( Simple beam) 
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2. Propped cantilever beam with vertical loads only  

1) Degree of static indeterminacy: (  )−(  )=(  ) 

2) Example choices on static redundants: 𝑅𝑅𝐵𝐵 or 

𝑀𝑀𝐴𝐴? 

 Fixed-end Beam (clamped beam or built-in beam) 

1. Fixed-end beam with both horizontal and vertical 

loads 

1) Degree of static indeterminacy: (  )−(  )=(  ) 

2) Example choices on static redundants: 

three reactions at point 𝐵𝐵 (           ), or 

two fixed-end moments and one horizontal 

reaction (              ) 

2. Fixed-end beam with vertical loads only 

1) Degree of static indeterminacy: (  )−(  )=(  ) 

2) Example choices on static redundants: 

two reactions at point 𝐵𝐵 (             ), 

or two moment reactions (               ) 

 

10.3 Analysis by the Differential Equations of the Deflection Curve 

 Procedure 

1. Can start from setting up one of the three differential equations of the deflection 

curve: 

1) Bending moment equation: 𝐸𝐸𝐸𝐸𝐸𝐸′′ = 𝑀𝑀 

2) Shear force equation: 𝐸𝐸𝐸𝐸𝐸𝐸′′′ = 𝑉𝑉 

3) Load equation: 𝐸𝐸𝐸𝐸𝑉𝑉′′′′ = −𝑞𝑞 

2. Integrate the differential equation to obtain its general solution 

3. Apply boundary and other conditions to evaluate the unknown quantities 
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 Example 10-1: Analyze a propped cantilever 

beam 𝐴𝐴𝐵𝐵 of length 𝐿𝐿 supporting a uniform 

load of intensity 𝑞𝑞 by solving the second-

order differential equation of the deflection 

curve. Determine the reactions, shear forces, 

bending moments, slopes, and deflections of 

the beam. 
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(Intended Blank for Your Notes) 

 

 

  

mailto:junhosong@snu.ac.kr


Dept. of Civil and Environmental Engineering, Seoul National University                 Junho Song 
457.201 Mechanics of Materials and Lab.                                 junhosong@snu.ac.kr 

 Example 10-2: Analyze a fixed-end beam 

𝐴𝐴𝐶𝐶𝐵𝐵 supporting a concentrated load 𝑃𝑃 at 

the midpoint by solving the fourth-order 

differential equation of the deflection curve. 

Determine the reactions, shear forces, 

bending moments, slopes, and deflections of 

the beam.  

  

mailto:junhosong@snu.ac.kr


Dept. of Civil and Environmental Engineering, Seoul National University                 Junho Song 
457.201 Mechanics of Materials and Lab.                                 junhosong@snu.ac.kr 

(Intended Blank for Your Notes) 

 

mailto:junhosong@snu.ac.kr


Dept. of Civil and Environmental Engineering, Seoul National University                 Junho Song 
457.201 Mechanics of Materials and Lab.                                 junhosong@snu.ac.kr 

10.4 Method of Superposition 

 Solution Procedure by Method of Superposition 

1. Note degree of static i_______________ 

2. Select static r____________  

3. Write equations of equilibrium to relate other unknown reactions with selected 

redundant(s) 

4. Write equations of compatibility describing that the deflections of the r________ 

structure should be the same as those of the original structure 

5. Express the deflections in the equations of compatibility in terms of f__________ 

using force-displacement relations  “fl___________” method or “fo________” 
method 

6. Solve equations of compatibility to determine static redundant(s) 

7. Compute reactions, internal forces, deflections, slopes, etc. based on the redundant 

force(s) obtained from above  

 Example: Propped Cantilever Beam 

1. Analysis with 𝑅𝑅𝐵𝐵 as redundant 

(degree of static indeterminacy =    ) 

1) From equations of equilibrium 

𝑅𝑅𝐴𝐴 = 𝑞𝑞𝑞𝑞 − 𝑅𝑅𝐵𝐵 

𝑀𝑀𝐵𝐵 =
𝑞𝑞𝑞𝑞2

2
− 𝑅𝑅𝐵𝐵𝑞𝑞 

2) Equation of compatibility: “deflection at point B is 

_______,” i.e. 

𝛿𝛿𝐵𝐵 = (𝛿𝛿𝐵𝐵)1 − (𝛿𝛿𝐵𝐵)2 = 

3) Use force-displacement relations (Appendix H) 

(𝛿𝛿𝐵𝐵)1 =
𝑞𝑞𝑞𝑞4

8𝐸𝐸𝐸𝐸
  

(𝛿𝛿𝐵𝐵)2 =
𝑅𝑅𝐵𝐵𝑞𝑞3

3𝐸𝐸𝐸𝐸
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4) Solve for redundant force 

𝛿𝛿𝐵𝐵 =
𝑞𝑞𝑞𝑞4

8𝐸𝐸𝐸𝐸
−
𝑅𝑅𝐵𝐵𝑞𝑞3

3𝐸𝐸𝐸𝐸
= 0 

𝑅𝑅𝐵𝐵 =
3𝑞𝑞𝑞𝑞

8
 

5) Find reactions 

𝑅𝑅𝐴𝐴 =
5𝑞𝑞𝑞𝑞

8
 

𝑀𝑀𝐴𝐴 =
𝑞𝑞𝑞𝑞2

8
 

6) Deflections (and slopes) – Appendix H 

𝑣𝑣(𝑥𝑥) = 𝑣𝑣1(𝑥𝑥) + 𝑣𝑣2(𝑥𝑥) 

= −
𝑞𝑞𝑥𝑥2

24𝐸𝐸𝐸𝐸
(6𝑞𝑞2 − 4𝑞𝑞𝑥𝑥 + 𝑥𝑥2) +

𝑅𝑅𝐵𝐵𝑥𝑥2

6𝐸𝐸𝐸𝐸
(3𝑞𝑞 − 𝑥𝑥) 

= −
𝑞𝑞𝑥𝑥2

48𝐸𝐸𝐸𝐸
(3𝑞𝑞2 − 5𝑞𝑞𝑥𝑥 + 2𝑥𝑥2) 

2. Analysis with 𝑀𝑀𝐴𝐴 as redundant  

1) From equation of equilibrium 

𝑅𝑅𝐴𝐴 =
𝑞𝑞𝑞𝑞
2

+
𝑀𝑀𝐴𝐴

𝑞𝑞
         𝑅𝑅𝐵𝐵 =

𝑞𝑞𝑞𝑞
2
−
𝑀𝑀𝐴𝐴

𝑞𝑞
 

2) Equation of compatibility 

𝜃𝜃𝐴𝐴 = (𝜃𝜃𝐴𝐴)1 − (𝜃𝜃𝐵𝐵)2 = 

3) Use force-displacement 

relationship (Appendix H) and 

solve the equation 

𝜃𝜃𝐴𝐴 =
𝑞𝑞𝑞𝑞3

24𝐸𝐸𝐸𝐸
−
𝑀𝑀𝐴𝐴𝑞𝑞
3𝐸𝐸𝐸𝐸

= 

→ 𝑀𝑀𝐴𝐴 =
𝑞𝑞𝑞𝑞2

8
 

4) Find reactions, deflections, etc. using the solution above 
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 Example 10-3: Using the 

method of superposition, 

determine all reactions for a 

two-span continuous beam 

𝐴𝐴𝐴𝐴𝐴𝐴 supporting a uniform 

load of intensity 𝑞𝑞. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

  

mailto:junhosong@snu.ac.kr


Dept. of Civil and Environmental Engineering, Seoul National University                 Junho Song 
457.201 Mechanics of Materials and Lab.                                 junhosong@snu.ac.kr 

 Example 10-6: A beam 𝐴𝐴𝐴𝐴𝐴𝐴 rests on simple supports at points 𝐴𝐴 and 𝐴𝐴 and is 

supported by a cable at point 𝐴𝐴. Prior to the application of the uniform load, there is no 

force in the cable nor is there any slack in the cable. When the uniform load is applied, 

the beam deflects downward at point 𝐴𝐴 and a tensile force 𝑇𝑇 develops in the cable. 

Find the magnitude of this force. 
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 Example 10-4: Using the method of superposition, find 

the reactive forces and moments at the ends of the 

fixed-end beam 𝐴𝐴𝐴𝐴. Determine the deflection at point 

𝐷𝐷 where the load is applied. 
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