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15.1 Introduction

• One dimensional Harmonic Oscillator

- Vibrational motion of a diatomic molecule with its frequency 𝜐

𝑚/2 𝑚/2𝑘

𝑥
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𝑘

𝑚
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𝑚𝑎
𝑚 ሷ𝑥 + 𝑘𝑥 = 0

ሷ𝑥 + 𝜔2𝑥 = 0

𝜔 =
𝑘

𝑚
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𝜔
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𝜐
𝑥 = 𝐴 sin(𝜔𝑡)
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15.1 Introduction

• One dimensional Harmonic Oscillator

- Vibrational motion of a diatomic molecule with its frequency 𝜐
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※ Potential energy
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15.1 Introduction

𝛻2𝜓

𝑑𝑥2
+
8𝜋2𝑚

ℎ2
(𝐸 − 𝑉)𝜓 = 0

※ Schrӧdinger equation for vibrational mode
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𝑑2𝜓
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𝛼 =
2𝜀

ℎ𝑣
𝑑2𝜓

𝑑𝑥2
+ 𝛼 − 𝑧2 𝜓 = 0

15.1 Introduction
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𝑑𝑧2
− 2𝑧

𝑑𝑤
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+ 𝛼 − 1 𝑤 = 0
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• Hermite polynomial

energy levels are nondegenerate

one energy level – one solution

𝑑2𝑦

𝑑𝑥2
− 2𝑥

𝑑𝑦

𝑑𝑥
+ 2𝑛𝑦 = 0

y = 𝐻𝑛 𝑥 = (−1)𝑛𝑒𝑥
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𝑑𝑥𝑛
𝑒−𝑥
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𝟐 𝑯𝒏 𝒁
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ℎ
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15.2 The Quantized Linear Oscillator

• Single particle energy level

𝜀𝑗 = 𝑗 +
1

2
ℎ𝑣 𝑗 = 0,1,2 ⋯

𝑍 = ෍

𝑗=0

∞

𝑔𝑗𝑒
−
𝜀𝑗
𝑘𝑇 =෍

𝑗=0

∞

𝑒
− 𝑗+

1
2
ℎ𝑣
𝑘𝑇

= 𝑒−𝜃/2𝑇 + 𝑒−3𝜃/2𝑇 + 𝑒−5𝜃/2𝑇 +⋯ =
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• The partition function

(𝜃 =
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𝑘
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• The Boltzmann distribution
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=
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= 𝑒
−
1
𝑘𝑇

𝑗+
1
2
ℎ𝑣

𝑒
θ
2𝑇(1 − 𝑒−

θ
𝑇)

= 𝑒−
𝑗𝜃

𝑇 (1 - 𝑒−
θ

𝑇)



8/14  

15.2 The Quantized Linear Oscillator

• Internal energy

𝑈 = 𝑁𝑘𝑇2
𝜕ln𝑍

𝜕𝑇
𝑣

= 𝑁𝑘𝑇2
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𝜃
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= 𝑁𝑘θ
1

2
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1

𝑒θ/𝑇−1

≈ 𝑁𝑘θ
1

2
+
𝑇

𝜃
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𝑇

𝜃
≫ 1

≈ 𝑁𝑘𝜃/2 if  
𝑇

𝜃
≪ 1
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15.3 Vibrational Modes of Diatomic Molecules

• Heat capacity of vibrational energy

at high temperature  𝜃/𝑇 ≪ 1, 

at low temperature  𝜃/𝑇 ≫ 1,

𝐶𝑉 =
𝜕𝑈

𝜕𝑇
𝑣

= 𝑁𝑘𝜃
−𝑒𝜃/𝑇 −𝜃/𝑇2

𝑒𝜃/𝑇 − 1 2
= 𝑁𝑘

𝜃

𝑇

2
𝑒𝜃/𝑇

𝑒𝜃/𝑇 − 1 2

𝐶𝑉 = 𝑁𝑘
𝜃

𝑇

2 1 + 𝜃/𝑇 +
1
2
𝜃/𝑇 2 +⋯

1 + 𝜃/𝑇 +
1
2
𝜃/𝑇 2 +⋯− 1

2

= 𝑁𝑘
𝜃

𝑇

2 1

𝜃/𝑇 2 = 𝑵𝒌

𝐶𝑉 = 𝑁𝑘
𝜃

𝑇

2
1

𝑒𝜃/𝑇
→ 𝟎 Quantum limit

𝑇≫ 𝜃

Classical limit
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15.4 Rotational modes of diatomic molecules

𝑚1 𝑚2
𝑟1 𝑟2

Rigid Rotator

𝑚1𝑟1 = 𝑚2𝑟2

𝑟 = 𝑟1 + 𝑟2

𝐼 = 𝑚1𝑟1
2 +𝑚2𝑟2

2 =
𝑚1𝑚2

𝑚1 +𝑚2
𝑟2

Moment of inertia

Reduced 

mass

𝐸 =
1

2
𝐼𝜔2

1

𝑟2
𝜕

𝜕𝑟
𝑟
𝜕𝜓

𝜕𝑟
+

1

𝑟2 sin 𝜃

𝜕

𝜕𝑟
sin 𝜃

𝜕𝜓

𝜕𝑟
+

1

𝑟2 sin2 𝜃

𝜕2𝜓

𝜕∅2
+
8𝜋2𝑚𝐸

𝑟2
𝜓 = 0

※ Spherical polar coordinates

• The quantized energy levels

𝜀𝑙 = 𝑙 𝑙 + 1
ℎ2

8𝜋2 𝐼
= 𝑙(𝑙 + 1)

ℎ2

2 𝐼
𝑙 = 0, 1, 2,⋯

• Degenerate

𝑔𝑙 = 2𝑙 + 1
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15.4 Rotational modes of diatomic molecules

• Partition function of rotational energy

When 𝑇 ≫ 𝜃𝑟𝑜𝑡, it can be approximated as

In contrast, when T<<𝜃𝑟𝑜𝑡, it becomes

𝑍 =෍

𝑗=0

∞

𝑔𝑗𝑒
−𝜖𝑗/𝑘𝑇 =෍

𝑗=0

∞

(2𝑙 + 1)𝑒−𝑙(𝑙+1)ℎ𝜃𝑟𝑜𝑡/𝑇 (𝜃𝑟𝑜𝑡=
ℎ2

8𝜋2𝐼𝑘
)

𝑍 = 1 + 3𝑒−2𝜃𝑟𝑜𝑡/𝑇 + 5𝑒−6𝜃𝑟𝑜𝑡/𝑇⋯ ≈ 1 + 3𝑒−2𝜃𝑟𝑜𝑡/𝑇

𝑍 = න
0

∞

𝑒−𝜃𝑟𝑜𝑡/𝑇𝑥𝑑𝑥 =
𝑇

𝜃𝑟𝑜𝑡
, 𝑇 ≫ 𝜃𝑟𝑜𝑡

ln 𝑍 = ln(1 + 3𝑒−
2𝜃𝑟𝑜𝑡
𝑇 ) ≈ 3𝑒−

2𝜃𝑟𝑜𝑡
𝑇

Rotational characteristic temperature ~ 10 K

ቊ
𝑥 ≡ 𝑙 𝑙 + 1

𝑑𝑥 = 2𝑙 + 1 𝑑𝑙

*
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15.4 Rotational modes of diatomic molecules

• Rotational energy

For 𝑇 ≫ 𝜃𝑟𝑜𝑡,

For 𝑇 ≪ 𝜃𝑟𝑜𝑡,

𝑈 = 𝑁𝑘𝑇2
𝜕ln(𝑍)

𝜕𝑇
𝑉

= 𝑁𝑘𝑇2
𝜕ln(𝑇/𝜃𝑟𝑜𝑡)

𝜕𝑇
𝑉

= 𝑁𝑘𝑇

𝑈 = 𝑁𝑘𝑇2
𝜕ln(𝑍)

𝜕𝑇
𝑉

= 𝑁𝑘𝑇2
𝜕ln(3𝑒−2𝜃𝑟𝑜𝑡/𝑇)

𝜕𝑇
𝑉

= 6𝑁𝑘𝑒−2𝜃𝑟𝑜𝑡/𝑇
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15.4 Rotational modes of diatomic molecules

• Heat capacity of rotational energy

For 𝑇 ≫ 𝜃𝑟𝑜𝑡,                        For 𝑇 ≪ 𝜃𝑟𝑜𝑡,

𝐶𝑣 =
𝜕𝑈

𝜕𝑇
𝑣

= 𝑁𝑘 𝐶𝑣 =
𝜕𝑈

𝜕𝑇
𝑣

= 3𝑁𝑘
𝜃𝑟𝑜𝑡
𝑇

2

𝑒−2𝜃𝑟𝑜𝑡/𝑇

0

0.5

1

1.5

0 1 2

𝑁𝑘

𝑇/𝜃
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15.6 The total heat capacity

• Total heat capacity

𝐶𝑣 = 𝐶𝑣,𝑡𝑟 + 𝐶𝑣,𝑟𝑜𝑡 + 𝐶𝑣,𝑣𝑖𝑏
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𝐥𝐨𝐠(𝑻)

𝜽𝒓𝒐𝒕 𝜽𝒗𝒊𝒃


