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Chap 3. Tools used 1n Plastic Analysis and
Design

. Introduction

Assumption of Ductility of Steel
Small deflection

Virtual work equations
Fundamental theorem

Upper and Lower Bound Solutions
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3.1 introduction

Mechanics Limit Analysis
- Equilibrium - Equilibrium
Lower bound
- Compatibility - Failure mechanism
- Constitutive Relationship - Yield condition
: Upper bound
- Virtual works pl
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Virtual Work Method

» The virtual work equation relates a system of forces in
equilibrium to a system of compatible displacement.

* Equilibrium systems

* Displacement systems

Assumptions

Stress or strain field

Strain
i.0.t. displacement

Internal Stress
i.0.t. applied load

Equilibrium Compatibility

Stress-strain 73
relationship




Dual

Statics € -------—---- - Kinematics
Equilibrium &----------- - Compatibility
Stress < -------—---- - Strain
Force <---—---—-—--- —> Displacement
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3.4 Virtual work theorem A

‘ ZB5virtual,i = R51 + [)252 1
Real displacementp P, o
Only at loading points (é,
are considered = Real
9 work
5 » O > O
virtual .
Real displacement
M P
1 JM ¢virtual dx gk
o2}
c
v E o
M <[  Virtual
- Work
o
()
& > ¢ . . > 0
virtual Real or virtual displacement

M
¢real - E — Pvirtual Z }135\/1'1”1‘1/{611,1. —_ IM¢virtualdx

“ T X 75




0.67 Py . 2
]
o€ g,
-1.0 5

-0.67

Virtual displacement
Py

2 2
Al 1{A 1T 1 1 A I{A1
i 2FAAES —|1——| S —— | || = |+ 4EZ|1-2| =— | |(1)=1*P
Deformation ep e 22L 3[2 2L ¢ J (2) L 3£L & J ( )
Equilibrium Y Y

L L, L
é‘i ' 5x_|_ Ly 5 4+ iz 5
L. L 7 L

z
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N,cos@—N,cos0—-P =0
Nysn6+ N;sinf@+N,—-P =0

Equilibrium

' \ The principle of virtual forces
\\\ L P u — 5 _ _ - — J—
g > ¥ N6, +N,0, + N;6;, = Pu+ Py
L. .
0, = ‘x5+’y5+’252 p
L. L. L. v=0

y

’ ’ ’ g Vi N, cos@—N,cos@—P. =0
N . . irtual
The principle of virtual displacements &, S, forces N sinf@+N.sind+ N p —0
v 1 3
Ni0 + N30, + NyOy = Bt + Py v N,(8, —ucos@—vsin0) + N, (8, +ucos O —vsin 0) + N, (8, —v) =0
- S, =i cos@+vsin 0

ertual _ % Compatibility equation

displacement 5 =V 5 —ucosO—vsin =0
— . —u %
0, =—ucos@+vsind

- S, 0,-v=0

cn (N, cos@— Ny cosO—P,) S, +ucosf—vsind =0

+V(lein0+N3sin¢9+Nz—Py)=O "



The principle of virtual forces
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Application of virtual work method for plastic
analysis
1.0Obtain the geometric relationships of mechanism motion by assuming
appropriate equilibrium.

2.Make a moment check for given mechanism by assuming appropriate
displacement sets

3. Prove the uniqueness, unsafe, and safe theorem
4. Obtain bounding solutions

5. Calculate deflections at collapse load
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1.0Obtain the geometric relationships of mechanism motion by

assuming appropriate equilibrium.

20

10

Approach
Make three set of equilibrium system

25

Equilibrium system

10

Displacement system
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206, 256, =0
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~2500, +3256, =0
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2.Make a moment check for given mechanism by assuming
appropriate displacement sets

We=9L/2x§+9L/2xP

-W, =(+Mp)><(+26?)+(—Mp)(—26?)

3
P/2 ¢ OL/2 W -W,=0 ZPHL:4Mp9
260
M

0 pu:E_p

YA\ 3 L

~|-M,
- .
Mp

5 —0
/ & Virtual displacement

Beam mechanism Side-sway mechanism 85



P
M,=? l ~-M,
Equilibrium P/2 = Q; T
set D
MP
i IR .,
+0
+26 /
Displacement
set

Displacement set 1

Displacement set 2

3T |

, D Bx8= M, x6,
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3. Prove the uniqueness, unsafe, and safe theorem

Upper bound

/ Lower bound

Rgv

> A

The ultimate load must exist between the lower and upper bounds
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Wy AW, Uniqueness theorem

Displacement sys 2

Displacement sys 1 | X | Equilibrium sys 1

AW, 0, + AW, 0, =M 0, + M ,0,+M,0, - (A)

Displacement sys 1 | X | Equilibrium sys 2

sl S
/E AW, 0, + AW 0. =M ,0,+ M 0, + M .6, --—- (B)
X/ %] (A)- (B)
Equilibrium sys 1 Equilibrium sys 2 (ﬁ’ - /1”)(WB51; + Wc5é) =0, (Mp —MB)
/I’WB AIWC ﬂ«”WB i”WC Then
‘ 0, (M, -M,)=0
SO
—M, A'=A">0
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Displacement sys 2 | X | Equilibrium sys 1

AW, 605 + AW, 0, =M 05+ M .0, + M0, ---- (A)

Displacement sys 1 Displacement sys 2 | X | Equilibrium sys 2
O O
AW 05+ AW 0. =M 0%+ M6+ M0, - (B)
(B)- (A)
Equilibrium sys 1 Equilibrium sys 2 (A" =" ) (W6, + W60 ) =608 (M, — M)
AWy, AW, AW, AW, )
‘ g ¢ ‘ or (M, -M.)>0
_MP 4 _ 4 >
2‘ i - 0 l! — ﬂ#”
A=A">20

89



Unsafe theorem

Actual Displacement

Assumed Displacement

S

Safe theorem

Actual Equilibrium sys

Assumed Equilibrium sys

Assum Dis

X

Assum Equil

P'6,=M,0,+M,6.+M,,0,

Assum Dis

X

Act Equil

P6,=M,0,+M_.6.+M,0,

(P =P)S, =(M,-M.)6,

P" > P°

PL
_MA MB ‘ _MD
Act Dis sys | X| Ass Equil sys |P*S; =M 05+ M 0, + M ,0;
Act Dis sys | X| Act Equil sys |P°0; =M 0, +M 0, + M0,

(P —P°)oy =(M,-M,)0;+(M,

-M,)0;+(M,-M,)0;
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3.5.4 Corollaries

e Mechanism _—A>

A=1 — Equilibrium —

- | Moment condition |=—

Obtain bounding solutions Z P x0, = ZM ) %<0,

3.6 Upper-and-Lower Bound So'”“°"§m(59)+601(100)=(+720)(+29)+(—240)(_2‘9)+(+240)(+‘9)

A=2.7

60x2.7

604

Ly

M, =240
40

SN
S

B

40x2.7 ey

M, =240 9



M, =240

40%2.7 ey

M, =240
Equilibrium System

Displacement (virtual) system 1

60x2.7x100 = (+M,)(—-0)+(+720)(+20) +(—-240)(-09)
= M_ =60

M, =60 -6

40x2.7 el 20

9

Equilibrium system Displacement (virtual) system 2

40x2.7x50 =(+60)(—0)+ (M )(+20)

=M,=30
P:

M,>M,

ﬂ:0.8:>2.7><0.8=2.16

300 60x2.16
M. =0.8x60=48 1 0.8M,

0.8M, =640

40x2.16

L =M, =240

2.16< 1 <2.7 o o



3.6.2 design Y Px8 =M, x6,

144 | ‘
96(50)+144(100) =(3M,)(26)+(M,)(20)+(M,)(0)
M, =213

1

1

|

1

: M. =? / M, =213
1

96 wmmpp- :

M, =213

50 144

(+M.)(-0)+(639)(20)+(-213)(-9)
=144%100
=M, =53

Displacement system 1

DCD
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Equilibrium system
(+53)(—0)+(M,)(20)=96x56
=M, =267

213< M, <267

96

e

0260

Displacement system 2

0.8M,

3.7 Example

0 = 0.004 radian

|

1 A, =0.5" W

A, =0.1"

sz@zﬁnxe‘i

(1)(5,)+(-1)(0.5) =(-5x12)(-0.004)
=6, =—-0.74"
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Tension failure

L
5:£Ax+—yA
L L 7

C 5:L/\/§Ax+—L/\/§O: 1

—_— L L J2
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S =

L/\/EAX+—L/\/§O:

L
—iAx+—yA
L L 7

L

L

Mechanism 1

2P'A=4PS

o

Mechanism 2

2P'A=P,(26)
S =

Pu

1

=—A

J2

:\/Epy

A

=P

y




Example of highly redundant system

VL
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