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4.1 Introduction

—> In this chapter, to derive the overall behavior of a body from the
properties of differentially small elements within the body still requires the
use of the three fundamental principles of equilibrium, geometric
compatibility, and the relations between force and deformation.

» CH. 4: The equilibrium and geometry of deformation at a point are
considered. —> Stress and Strain

CH. 5: The force, deformation, and their relation at a point are
observed for structures under various (mechanical and thermal) loading
conditions. -2 Stress-Strain-Temperature Relations

4.2 Stress

P Four major characteristics of stress

1) The physical dimensions of stress are force per unit area.

i1) Stress 1s defined at a point upon an imaginary plane or boundary
dividing the material into two parts.

111) Stress is a vector equivalent to the action of one part of the material
upon another.

1v) The direction of the stress vector is not restricted.

» Stress Vector [T™]

> Definition
TM™ = lim 2% 4.1)
AA—0 AA

The stress vector T(™ is force intensity or stress acting at the point
O on a plane whose normal is n passing through O.
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cf. T™ does not act in general in the direction of n.

cf. AA— 0 means AA — €%, and €? is the minimum area for
continuous AF.

b 4

m Internal forces acting on a plane whose normal is n

> The components in the Cartesian coordinate system

T® = 7™i+ TYj + Tk (4.2)

[> The stress components on the x face at point O (see Fig. 4.4,

4.5)
AF.
o, = 1 =
AA,—0 AAy
. AF
Tyy = lim —=
AA,—0 AAy
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T, = lim 2z (4.3)

 AAy—0 Ay

z X
Fig.4.4 Internal forces acting on plane mm
AY AA, = AyAz

V4
X

m Rectangular components of the force vector AF acting on the small area centered
on point O

> Sign convention

1) When a positively directed force component acts on positive face
— (1)
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i1) When a negatively directed force component acts on negative face
— ()

p Stress component

Ox Txy Txz
[‘L’yx gy TyZ] (4.4)

Tzx Tzy O

1) The primes are used to indicate that the stress components on
opposite face.

i1) The stress components in Fig. 4.8 should be thought of as average
values over the respective faces of the parallelepiped.

AY

74 X
Fig. 4.8 Stress components acting on the six sides of a parallelepiped

P Index or Indicial notation

—> Indicial notation for stress is often more convenient for general
discussions in elasticity.
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—> In indicial notation the coordinate axes x, y,and z are replaced by
numbered axes, x;, X,, and X3, respectively.

. AR
Oy ; 011 = lim —
AA;—-0 AAq
Too : 01, = lim 22
Xy 12 AA;—0 DAy
T.. 3 012 = lim 25
AF;
. ]
o;; = lim — 4.5
U aa;—0 AA; (4.5)

4.3 Plane Stress

—> A thin sheet is being pulled by forces in the plane of the sheet. If we
take the xy plane to be the plane of the sheet, then oy, oy, 0y, 0y, Ty,
Txy» Tyx» Tyx Will be the only stress components acting on the

parallelepiped. Therefore, the state of stress at a given point will only
depend upon the four stress components.

Oy T

Pl (4.6)
yx %y

—> This combination of stress components is called plane stress in the

xy plane.

Ex) Slender members under axial loading, Axis under torsion, Stress in

the beam, etc.

4.4 Equilibrium of a Differential Element in Plane Stress

—> Using the concept of the partial derivative, we can approximate the
amount of a stress component changes between two points separated by
a small distance as the product of the partial derivative in the direction
connecting the two points.

—> If a continuous body is in equilibrium, then any isolated part of the
body must be acted upon by an equilibrium set of forces.
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—
Q

X

IN

ST NUE  Stress components in plane stress expressed in terms of partial derivatives

—> Ifall systems are in equilibrium, the element shown in Fig. 4.10 must
satisfy the equilibrium conditions ;M = 0 and ),F = 0.

P Proof of 7, = Ty, (Eq.4.12)
From Fig. 4.10,

YM = {(TxyAyAZ) %x + [(Txy + %Ax) AyAz] Az—x

0Tyx
—(TyxAxAz) %y — [(Tyx + ;—;Ay) AxAz] A%}k =0 (4.8)
6Tx A Jt xA
Ty F axy% — Ty — _6;11 73’ = (4.11)

For the limits Ax - 0,Ay —- 0
Tyx = Txy (4.12)

In the limit as Ax and Ay go to zero,
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cf. In general, Ty = Tyx, Tuz = Toxs Tyz = Tzy.

aJx aTxy _ aTxy aO-y .
P Proof of T y = 0, 7 T oy 0 (Eq.4.13)

From Fig. 4.10,
_ 90y Otyx
YE = (ax +— Ax) AyAz + (Tyx + 3y Ay) AxAz

—0xAyAz — T, AxAz = 0 (4.9)

YE, = (oy + %Ay) AxAz + (Txy + a;iy Ax) AyAz

—0yAxAz — Ty, AyAz = 0 (4.10)

If we now return to Eqgs (4.9) and (4.10), we find, using (4.12), that the
requirements of ), F = 0 at a point lead to the differential equations.

00y , O0Txy
— — O
ox t ay

Oty | 99y _ *.19)

dx ay

cf. We have found the requirements (4.12) and (4.13) which equilibrium
imposes upon the stress components acting on perpendicular faces.

p The three dimensional equations corresponding to Eq. (4.13)

AY

e

4

m Definition of positive and negative T,
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60'11 + 60'21 6631

=0

+

axl axZ ax::,

60'12 + 60'22 6632

+

axl axZ ax::,

—0 (4.14)

00'13 60'23 60'33

+ BB o

axl 6x2 aX3

9 23 aO'ij

=1 6xi

=0 (j=123)

aO'ij
axi

> —=0 (4.15)

cf. Moment equilibrium has the result (4.12) that the original four stress
components are reduced to three independent components in a two
dimensional case, and for a three dimensional case of stress, moment
equilibrium will reduce the original nine components of stress to six
independent ones.

4.5 Stress Components Associated with Arbitrarily
Oriented Faces in Plane Stress

» We examine further the problem of equilibrium of stress at a
point and determine relationships which must exist between the
stress components associated with faces which are not
perpendicular to each other.

P Let us assume that we know the wvalues of the stress
components at some point in a body subjected to plane stress.
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} y Y

T
X1
Cx ’ X \‘} 0
Oy i &
Txy G:/ /
TR
‘_1""\' '[-\, r‘. N

P To determine the stress components o,/ and T, in terms of
Oyx, 0y, Txy, and 6, consider the equilibrium of a small wedge centered

on point O as shown in Fig. 4.15.

AY

z
X

m Stress components acting on faces of a small wedge, cut from body of Fig. 4.14,
which is in a state of plane stress in the xy plane
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Y E, =0, (AgsecO) — 0, AycosO — T, Apsing —
gy (Agtan®)singd — 1, (Agtand)cosd = 0 (4.21)

X E, = Ty Agsectd + 0, Agsing — 1y, AgcosO —
gy (Agtand)costd + 1, (Agtand)singd = 0 (4.22)

. Ox) = 0,C05°0 + 0,,5in*6 + 21, sinfbcosd 493
Taryr = (0, — 0y )sinfcosf + T,y (cos?0 — sin6) (423)
where Ay = MP X Az

- From (4.23) it is evident that in plane stress if we know the stress
components on any two perpendicular faces, we know the stress
components on all faces whose normals lie in the plane.
[>In particular, acting on a face perpendicular to the y’ axis.
- If we substitute 8 + 90° for 6,
0y, = 0y sin* 0 + gy, cos? 0 — 21, sin 6 cos O (4.24)
—Tylxl = Txlyl
= (0, — 0y ) sin 0 cos 6 + 1,y (cos? 6 — sin? )

—> Specification of a state of stress in plane stress involves knowledge
of three stress components, most conveniently taken as the normal and
shear components on two perpendicular faces.

4.6 Mohr’s Circle Representation of Plane Stress

1+cos260 ] 1—cos ] 1 .
cos?6 = - , sin’0 = . , sinfcos® = - sin20

—> In order to facilitate application of (4.23) and (4.24), we shall make
use of a simple graphical representation.
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Oy+0 Oy—0O .
Oy = =2+ "=2c0520 + Ty, sin 26
2 2
O, = - cos 20 — 1, sin260
y 2 2 xy (4.25)
. Ox~0y _.
Tyly! = == Sin 20 + 1,y cos 260

oy + 0, = 0y + 0, = const
cf. Sign convention of shear stress

= Positive shear stress 7,, (see Fig. 4.11) is plotted downward at x

and upward at y. Negative shear stress is plotted upward at x and
downward at y.

T CB= =CD
N ’$ BA = 1, = DE

717_%«"1 <

@ 1o e s e
D A f
+0'y

(o}
T — = T
2
-<—O'y—>- - Oy’ >
VA
{ »NE
ot c B
DN 4°
oxt oy | Xy
<2 "ff,/_L
X
l«—— Oy ——>»

RN Development of Mohr’s circle for stress

P To construct Mohr’s circle (see Fig. 4.17)

1) Using the sign convention for stress components just given, we
locate the point x with coordinates oy, and T,,, and the point
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y with coordinates oy, and Ty,,.

i1) We join points x and y with a straight line intersecting the o axis

at point C, which is to be the center of Mohr’s circle. The abscissa
of Cis

c=(ox +0y)/2 (4.26)

i11) With C as center and xy as diameter we draw the circle. The
radius of the circle is

r= [(@)2 + r,%y] (4.27)

Once the circle has been constructed, it may be used to determine
the stress components dy,, 0y,, and Ty,y, shown in Fig. 4.17 (d).
These stress components apply to the same physical point O in the
body but are in respect to the axes x'y’ which make an angle 0
with the original xy axes.

iv) We locate the x'y’" diameter with respect to the xy diameter in
Mohr’s circle by laying off the double angle 20 in Fig.4.17 (¢) in
the same sense as the rotation 8 which carries the xy axes into
the x'y" axes in Fig. 4.17 (d).

v) Using the sign convention for stress components in Mohr’s circle,
we read off the values of gy, and 7,,y, asthe coordinates of point

x'and the values of gy, and Ty,y, as the coordinates of point y'
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A o-y;l X | ) y
ny_ \ 3 ‘

v C - Txy & { .
of\ N\ Jheto @ By C
i =4
1 X X
~— C — «—— Oy’
(b) (c)

(@) (d)

Fic. 4.17 Stress components (a) are used to construct Mohr’s circle (b). Rotation of diameter
e through double angle in (c) provides stress components for inclined element (d)

P Example 4.1 We consider a thin sheet pulled in its own plane

so that the stress components with respect to the xy axes are
as given in Fig. 4.18 (a). We wish to find the stress components
with respect to the ab axes which are inclined at 45° to the xy
axes.

cf. Though we set the coordinate axis a like the left figure, the Mohr’s
circle is same with Fig. 4.18 (a).
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y
a
. b 50 MN/m?2

Ca - 45°

40 MN/m?
—~ —_—
110 MN/m?2 X
-

Qy

b AY " .
\ ‘\\6‘

Pt o 2
40 MN/m 45°

o 110 i N @Q =~
AAN

RN Example 4.1

xY

20, = tan~1(40/30) = 53.2°

r =,/(30)2 + (40)2 = 50 MN/m?

0, = 80 + 50 cos(90° — 53.2°) = 120 MN/m?
o, = 80 — 50 cos(90° — 53.2°) = 40 MN/m?
Tgp = —505in(90° — 53.2°) = —30 MN/m?
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p Principle Axes & Principle Stress

T

aY

2\\ y L\
01/1

\ /( 91 +45°

—O =)=
<N

/
(b) (c)

(a) Principal stresses 0, and 0, and maximum shear stress 7, indicated on Mohr’s
S ARE  cirde. (b) Element oriented along principal axes. (c) Element oriented along axes of
maximum shear

> Principle stress

> 0, is the maximum possible normal stress component, and

0, 1s the minimum possible normal stress component at certain
location in the body.

> Principle axes

—> The axes which is applied by only normal stress.

> Maximum Shear Stress
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— The difference between the maximum and minimum of 7.,/ occur

Xy

at perpendicular faces. At this location, the magnitude of the shear

stresses is same but the sign of them is different.

cf. The axes of maximum shear are inclined at 45° with respect to the

principal axes.

> The calculation of the principal axes

dO'x/ _ . —_

0 = —(ax — ay)SanH + Tyy 05260 =0
2

tan 260, = fxy

> The calculation of the principal stress

> The calculation of the axes of maximum shear stress

delyl _ . —
— = —(ax — O'y)COSZ(9 — ZTxySanH =0
tan 260, = — G;T_Gy

xy

> The calculation of the maximum shear stress

2
— (%% 2
Fmax = \/ (57%) +7

__01—03
2

P Synopsis

Ch. 4 Stress and Strain
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2
_ Ox— Oy 2 _ 01—02
e = (252)° 412, =25

2T
tan 20, = a2
Ox+0 Ox—0 )
0, = —2+——2c0s20 + 1,,5in20

2

Oy = C0S20 — TyySin20
Oyx—0r .
Tyryr = — %smze + Tyy 0520

Oy + 0y, = 0y + 0,

4.7 Mohr’s Circle Representation of a General State of
Stress (Stress Analysis in three dimension)

AY

m Stress components acting on faces of a small wedge cut from a body in general state
of stress

» The stress components o,/ and 7, are unaffected by the stress

y
components associated with the z axis. This results from the fact that

for force equilibrium in the x" and y’ directions the contributions of

the components 7,, and 7,, acting onthe +z face of the wedge are
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exactly balanced by those of the components 7,, and 7,, acting on

the —z face.

P If we resolve the stress components 7,, and 7,, on the +z face
into components perpendicular and parallel to MN, we find that the
right-hand side of (4.30) is the sum of the components perpendicular to
MN.

NPMP NPMP

7,,/0zMN + o, — T,xAzMP — 7,,,AzNP — 0, 0

Tyxr = TzxC0SO + Ty, 5in6 (4.30)

P Conclusion of the three-dimensional stress

1) The results given by (4.25) and the Mohr’s circle representation of
these are correct whether or not the stress components o, t,,,and

T, are Zero.

ii) If either 7,, or 7, is nonzero, then in general there will exist a
shear-stress component T,,, on the x' face in addition to T,,y,.
In such a case the 1 and 2 axes of Fig. 4.19 should not be called
principal axes since we wish to retain the designation principal axis
of stress for the normal to a face on which no shear-stress
component acts.
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P Mohr’s circle of three-dimensional infinitesimal volume (for
o3 =0)

\
AY

0?

2

A [¢7)
/ 3
Z
(@) X
02
O
01 2 02
o 01
T T T

Tmax

Wl
N
Q

0 <03 < 0y

(b)

m Plane stress in xy plane

- According to the independence of the stress components, we can
obtain three Mohr’s circles as shown in Fig. 4.22.
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P General state of stress (for o3 # 0)

In this example it has
been assumed that

0<0;<03<0

(a) X (b)

m Three-dimensional state of stress

—> The stress components for all possible planes are contained in the
shaded area in Fig. 4. 23 (b) (where we have assumed a case in which
O<O'2<O-3<O-1).

cf. In Fig 4.23 (b) the shear stress 7 is the resultant shear-stress

component acting on the plane (for example, J (Txryr)? + (Tzxr)? in
Fig. 4.21).

If the six stress components associated with any three mutually
perpendicular faces are specified, it is possible to develop equations
similar to (4.23) for the normal and resultant shear-stress components
on any arbitrary plane passed through the point.
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