Chap 7.
First-order Hinge-by Hinge
Analysis
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7.1 Introduction

Elastic analysis of original structure. Find max. moment
Replace the max moment location by real hinge

Elastic analysis for new structure to find max moment
Perform the analysis until sufficient PH
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Sign convention for differential equations
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7.2 Stiffness matrix

M, +M,
M,, I DA/I " M, M,+M,
ext y =- + X
Iy EI EIL
4 , M, M, +M,x’
y=- X+ —+C,
¥ EI EIL
2 3
y=-Max (MM, Y o,
VY EI 2 EIL
+
_ iy B )
M., =M, . ¢ Since »(0)=y(L)=0
M, =—-ED"

_ M, MMy x M L-M,L
> EIL 2 6El

Since 6,=)'(0), 6,=»'(L)

ATEI 3 EI6
o, - MiL My L
El 6 EI 3

F=KA

=20 6

218



Equilibrium relationship between node forces and end forces e
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Kinematic relationship between node displacement and slope-deflection
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Nodal forces and node displacement
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Element stiffness matrix in terms of nodal forces and displacements

L L
0 12EI  6EI 0 12E]  6EI \
g I I Bz 2 |4
7, 6E]  4EI 6EI 2EI ||%
7 0 3 0 2 d
3 _ L L L L )4
0 B R o 2 0 ||%
. L L d.
” 0 _1213?1 _6131 0 12;51 _6l~§1 d, |
L L I L
6EI  2EI 6EI  4AEI
0 - = 0 -—
i L L L L |

221



7.3 Stiffness Matrix with a Plastic hinge at End A

Moment-slope relationship
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Relationship between node displacement and node forces
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Incremental stiffness matrix
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Moment-slope relationship
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7.4 Stiffness Matrix with a Plastic hinge at End B
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Relationship between node displacement and node forces
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7.5Stiffness Matrix with a Plastic hinge at Ends A and B

Moment-slope relationship
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7.6 Stiffness Matrix for a Beam
with an Intermediate Plastic Hinge
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/7.8 Numerical Examples
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Step 1

3,147 75,521 =3,147 75,521 393 18,880 -393 18,880
P 2,416,667 -75,521 1,208,333 P 1,208,333 —18,880 604,167
o 3,147  -75,521 2 393 ~18,880

sym 2,416,667 sym 1,208,333

\V -—
3,147 75521  =3,147 75,521 0
2,416667 75,521 1,208,333 0
P 3,14( +393 75,521+ j,ggo ~393 18880
\Sym 2,416,667 +1,208,333 —18,880 604,167
a 0 393 18,880
L0 o 1,208,333

-1] [3540 56,641 |V,
of 3,625,000 | |7,

V| [-3.766*107
v, —-5.885%10°¢
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Step 2 Element internal force calculation

F) [- - 3147 75521 0 0.74
F| |- - 75521 1,208,333 0 2133
E| |- - 3147 75,521 ||-3.766*107( |-0.74
F| |- - 75521 2,416,617 ||-5.885%10°] |14.21
F) [ 393 1880 - —][-3.766%10] [-0.26
F,| |18,880 1,208,333 - —||-5.885%10°| |-14.21
F[ | -393 -18,880 — - 0 1 026
F,| 18,880 604,167 - - 0 ~10.68

Load factors corresponding to moments at three nodes

A
4
A

5,652
T 2133
5,652
14.21
_5.652

10.68

=265 7| [-3.766%107
v,]  |-5.885%107

=397.7

=529.2

A A -3.766%10*| [ —0.0998
v, 7] -5.885%10°(  |-0.00156
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Step 3 Displacement and internal forces

o, -3.766%10*| [ -0.0998
v, 7 |-5.885%10°(  |-0.00156

F 0.74) (196
F 2133| |5652

F L0740 7] -196

F, 1421] 3766 {Fz} _ {265}

£l o

F, ~026) [ -69

F, ~1421| |-3766

L7 026 [T) 69

F, ~10.68) |-2830

Step 4 The plastic hinge at the first node
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Step 5 The modified stiffness of the element including the plastic hinge
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0
(787 0  —787 37,760 0 0
0 0 0 0 0
« 7874693 | —37.760+18.880 —391*» 18880
| Sym [ 1,812,500 +1,208,333 —18;%80 604,167
0 ' 303 —18,880
0 L 1,208,333
- /‘

787 0 787

393
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0 0
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Step 6 Internal forces in the elements

E|l [- - -787 37,760 0 0.519
E| |- - 0 0 0 0
E[ |- - 787 -37,760 ||-9.416%107[  |-0.519
E| |- - 37,760 1,812,500 |-5.885%10°| | 24.89
F, 393 18,880 - —][-9.416*107*] [-0.48
F,| |18,880 1,208,333 — —||-5.884*%10°| |-24.89
E[ | 393 -18,8380 — - 0 0.48
E,| [18,880 604,167 - - 0 -21.33

New load factors

~5,652-3766

, =757
24.89

j 305272830 g
2133

The lowest factor at node 2 = 75.7
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Step 7 Internal force

V. 9.416*10™ 0.0712
Jl=c (75.7)=-
v, 5.885%10° 0.000445

E, 0.519 39
F, 0 0
2t=(75.7) =

F, -0.519 | -39
F, 24.89 | 1882
E, -0.48 -36
F, —24.89| |-1882
A=(75.7) =

E, 0.48 36
F, -21.33) [-1613

Step 8 Cumulative displacement and internal forces

v, v, v, -0.0998 -0.0712 -0.1710
VWl ). 7 ]-0.00156) | -0.000445] ~ |-0.0020

K F E 196 39 235 F, F, F3 -96 -36 -105
F, F, F2 5652 0 5652 F, F, F4 -3766 —1882 -5648
F, F E, -196 -39 -235 F; F; F, 69 36 +105
F:‘ at_ first_PH FZ‘ elastic E‘ increment 3 766 1 882 5648 F‘(’ at_ first_PH F:" elastic F; increment _2830 -1 6 1 3 _4443
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Step 8 Cumulative displacement and internal forces

Vi |4 v, —-0.0998 -0.0712 -0.1710
= —+ . = + =
v W 7). T 1-0.00156] " |-0.000445 ~ |-0.0020

K F, F 196 39 235
F, _IEL F, _Js6s2| | 0 |_|s652
F, R E, S ]-196[ | -39 |-235
F:‘ at _ first_ PH F:‘ elastic F:‘ increment 3766 1 882 5648
F, F, E -96 -36 -105
F, IR, E, |-3766| |-1882] |-5648
F, R E | 69 36 [ | +105
F, F, F, -2830) |-1613] |-4443

6J) at_first PH 6 J elastic 6 J increment

=l ={o)
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Step 9 The second plastic hinge

)LP

s
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Step 10 Stiffness matrix of the modified structure

0 00 0 98 0 -98 9440
0 0 0 0 0 0
k, = k, =
0 0 98  —9440
sym 0 Sym 906,250
0 0 0 0 )0 0
00 0 0 0
{ 0+98 0+0|0  —98 ) .
K= V =-0.01017
..(Sym 0+0) 0 0
0 ‘0 98 9,440
00 906,250




Incremental forces

E| [-10

El_]O 4, = 20927885 ) 59 1 =(12.59)(~0.01017) = ~0.1280
E[ )10 96

F, -96

o -1.0) [-126

F, 0

4L =(12.59) -

E 12,6

E, -96] |-1209

V;=0.1710-0.1280 = -0.2990

F, F, F, E, -96 36 ] [-12.6] [-118

F, F, E, E, ~3766| |-1882 0 5648
= +19. +9 . = + + =

F, F, E E 69 36 12.6 +118

F, F, E F —2830] [-1613] [-1209] [-5652

6 ) at_collapse 6 J elastic 6 ) increment _1st 6 ) increment 2nd

P, 265 1 1] (353
= +75.7 +12.59 =
1)4 ultimate 0 0 0 0
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