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Chapter 15. Dynamic Behavior of Thermal Systems

15.1 In What Situations is Dynamic Analysis Important?

Steady-state Dynamic

More frequently than dynamic simulations | Address transient problems

Can be justified in the design Can be corrected in in the field

Ex. Part-load efficiency, Ex. System shutdown, Damage the plant,

Potential operating problems Imprecise control

Dynamic Analysis : with respect to time, on/off, under control, disturbance
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Chapter 15. Dynamic Behavior of Thermal Systems

15.2 Scope and Approach of This Chapter

Intention

— Concentration on thermal components

— Emphasis of behavior in the time domain

— The translation of physical situations into symbolic or
mathematical representation

Object

More comfortable in making dynamic analysis
Representation of the performance in the time domain

Experience in block diagram
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Chapter 15. Dynamic Behavior of Thermal Systems

15.3 One Dynamic Element in a Steady-State Simulation

Condenser Compressor ref. capacit = f,(T,,T,
— - |TL- | p p y de fl( e c)
e e Compressor power P =f,(T,T,)
Aj UA | p p
! UA
T WA TTamh i _ . _ _ mcpa i
AVAVAVAVAVAVS iCondenser qc = mcy o (Te — Tamp) (1 e\ )E
T, 0. . |
_® - :ﬁ ! Irolrnje% | - = CompressoriEvaporator Qe = (TS _ Te)(UAe) -
q":‘f - ower E
el T = 2 “Energy balance g, =P +q,
I FAVAVAVAVAVATAD ;
T Chamber iy, i Heat transfer to chamber
Fig. System with one dynamic element | de = qor = UAcn(Tamp — Ts)
(refrigeration plant serving a cold room) = Pt

1

v
steady-state
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Chapter 15. Dynamic Behavior of Thermal Systems

15.3 One Dynamic Element in a Steady-State Simulation

Dynamic : during pull-down gq, # q.

'Pull-down
m, Cp
Ts
4—_
de

Qtr
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Chapter 15. Dynamic Behavior of Thermal Systems

15.4 Laplace transform —— powerful tool in predicting dynamic behavior

— One way to solve ODE

(00]

L{F(t)} = j F(t)e stdt = f(s)

0

(0]

L{F'(t)} = j F'(t)e Stdt

0
= e StF()]Y f F(t)(—s) e Stdt

= —F(0) +sf(s)

(00]

L{F"(t)} = f F''(t)e Stdt

0
= e StF' (DY f F'(t)(—s) e stdt

= —F'(0) + s[-F(0) + sf(s)]
= —F'(0) — sF(0) + s2f(s)
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Chapter 15. Dynamic Behavior of Thermal Systems

15.4 Laplace Transforms

Example 15.1 : What is the Laplace transform of the constant ¢ ?

(Solution)

_ (*® sty _ _C& —styjo_C
L{c} = fo ce Sdt——;e S8 =

Example 15.2 : What is the Laplace transform of bt?
(Solution)
a(t

Lot} = fbte™tdt = b= [P e~stde = —p LD = ps?
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Chapter 15. Dynamic Behavior of Thermal Systems

15.5 Inversion of Laplace Transforms L™ {f(s)} = F(t)

s+10
(s—2)%(s+1)

Example 15.4 : Invert

s+10 A B Br
(s—2)2(s+1) (s+1) (s—-2)2 s-2
constants : 10 = 4A + B — 2B’
S: 1=—-4A+B - B’
s?: 0= A + B’
A=1, B=4 B'=-1

(Solution)

L1t {(S_;;Zl(gﬂ)} = et + 4te?t — e?t
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Chapter 15. Dynamic Behavior of Thermal Systems

15.5 Inversion of Laplace Transforms L 1{f(s)} = F(t)
(Another Solution of Example 15.4)

v" For non-repeated roots

N(s) A B __N(s)(s—a) __N(s)(s—b)
D(s) s-a + s—b + A= D(s) s—a D(s) s—=b

v For repeated roots

N@s) _ 4 B B! _ N(s)(s=b)? ) _ d N(s)(s—b)?
D(s) - S—a + (S—b)z T s—b b= D(s) |S—>b - dS[ D(s) ]S—>b
s+10 s+10 r _ (s+10 _
= (5_2)2 s—--1 — 1 — _S+1 |S—>2 — 4 = (S+1) |S—>2 = 1
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Chapter 15. Dynamic Behavior of Thermal Systems

15.6 Solution of ordinary differential equations
Example 15.6 : Solve Y"'(t) + k?Y(t) = 0
(boundary conditions : Y(0) = A, Y{0) =B)
(Solution)

Transform the differential equation

s2y(s) —sY(0) = Y'(0) + k?y(s) =0

Boundary conditions

Invert y(s)
Y(t) = Acos(kt) + (B/k)sin(kt)
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Chapter 15. Dynamic Behavior of Thermal Systems

15.7 Blocks, Block diagrams, and transfer functions - Vvariable in S domain
(not in time domain)

LO®)} _ 0(s)
LIW®Y  1(s)

ratio of the output to the input

Transfer function : TF =

Ii5) i Iis) Xin 05
I(s) 0w s o +( ) —_—d G5 — — G ——»1 His =
— - i -
Instantaneous Time-dependent - TF = M =G % =Gl s
his i
{a) (£
Fig. Symbols used in block diagrams Fig. Transfer function and cascading
of blocks
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Chapter 15. Dynamic Behavior of Thermal Systems

15.8 Feedback Control Loop

Unity feedback TF = o)
1+G(s)
. _ G(S)
Non-unity feedback TF = 14G(s)H(s)

i ———— Rin Eis) Cis
Rix Ein Cin " Gos
Gz
+ -
His

{a) (h)

Fig. (@) Unity feedback loop

(b) Nonunity feedback loop
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Chapter 15. Dynamic Behavior of Thermal Systems

15.9 Time Constant Blocks

Mass, m

Specific heat, ¢ Ts(s) T(s)
Convection coefficient, A TF

Area, A

(a) (&)
Fig. (a) Response of a temperature-sensing bulb to a change in fluid temperature

(b) Transfer function of this time-constant block
Standard technique for developing transfer function

Fluid
Te(t)

7(1)

. . . . dT
1. Write differential equation me— = (T — T)hA
2. Transform equation % [SL(T) — T(0)] = L(Ty) — L(T)

re) 14T (0) Fo
3. Solve for transfer function (L{0}/L{I}) TF = T - 1ms (B = ﬂ)

For special case T(0) =0:TF = e 1337



Chapter 15. Dynamic Behavior of Thermal Systems

15.9 Time Constant Blocks

d(T —T,
( — ) _ [(T; = To) — (T = Ty)|ha

CLT-T 1

mc

TF = =

L{Tf — Ty} Bs+1

A af—f=0,a=1,=B

T : unit step increase  T;(s) = i
L{T — Ty} = L{T; — T} L A —a(< P —A(l B)

0= HUS T (Bs4+1)  s(Bs+1) \s Bs+1)/ s Bs+1

A Ti-To
) %

t
T—T,=A(1—¢B

Temperature
-

(B—mc)'t' tant
=717 : time constan

|
1
|
|
1
|
|
T

-

Time

Fig. Step increase in fluid temperature T and response of the bulb temperajure



Chapter 15. Dynamic Behavior of Thermal Systems

15.9 Time Constant Blocks - additional

« Control
» Feedback
disturbance
» Block diagrams i
control
desired Reference + input output
e ————— —»
femperature sensor Actuator process
output
PUY e
Ex) sensor
desired room + Refrigeration Actual Temp.
Py ——— —p
temperature T=V Inverter system >

Thermometer [«
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Chapter 15. Dynamic Behavior of Thermal Systems

Neglect in order

15.10 Cascade Time-constant Blocks for the heat

transfer from the
mm—mmmm—— = » air to the bulb to

Heat balance equation : be represented
/ ! by the time
dTb constant
Al Bulb temperature, T, (Ta = Tp)M1 Ay = mc dt + (Tp — To)ha Az
—l
T, Liquid temperature, T (Tp,—T,)h, A, = mcﬂ
dt

. . " __ mc _ mc subscript 1 : air to bulb
Fig. Response of liquid temperature T, Lett; = hiAy’ ©2 = noa, subscript2 : bulb to liquid

to a change in air temperature Ty

Suppose that T, experiences a step increase of magnitude A from T,

L{T, — To} 1 L{T, — Ty} 1 L{T, — To}
715+ 1 Tps +1
Air to bulb Bulb to liquid

Fig. Cascaded time-constant blocks to represent the dynamic process
167/ 37




Chapter 15. Dynamic Behavior of Thermal Systems

15.10 Cascade Time-constant Blocks

For unit step input

A 1
L{T, — Ty} =—
T o) S(T1$+1)(T25+1

Inversion
T, — T T _t T _t
L 0 _ 4 _ 1 e 1 — 2 e T2
A 71+ 17, T, + 74
& T,
®t=O,TL_TO=O E
8]
d(T, =T, E
@M=Oatt=0 g
dt ;__ A
Qif 1,1y T, —Ty=A1—e"tD) S

=~
m]
—

T;—T, _ tet/T
L—1o __ 1 —e t/‘[ _

@if 1,=14 A -

0 Time
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Chapter 15. Dynamic Behavior of Thermal Systems

15.11 Stabillty Analysis . Mass, m
Fluid Specific heat, ¢
- Frequency response / Bode plot (diagram) T¢(r) Convection coefficient, 4
Area, A
L Response to sinusoidal input — e
{

<Example in 15.9>

Sinusoidal input : T¢(t) — Ty = Asin(2m ft)
L{Asin(2m ﬂ)}:Aﬁ, a = 2nf

Input Output <From example in 15.9>
1 Aa A Bs+C
L(T—-T,) = . = +
" 1 ( 0) Ts+1 s2+a? Ts+1  s?+a?
Aa —-Aa Aa
5 Output A= 72 B="7> ) C =75
2| 3 pu 1/t%+a Ta“+1/t Tea“+1
A = Input 2
Aat —Aa S+ Aa
_ a?7%41 | ta?+1/t t2a%+1
L(T —Ty) = + 2
. Ts+1 s +a

Time

Fig. Frequency response in which an sinusoidal input provides an output
lagging the input and also exhibiting a different amplitude than the input8/ 37



Chapter 15. Dynamic Behavior of Thermal Systems

15.11 Stability Analysis

S T T? +—Ts+1
O g2 41 {TS+1 s% + a?
Aa - 1 .
= e t/t — Tcos(at)+- sin(at)}
as t— oo R
A at
T—-T = 771 ] {sin(at) — atcos(at)} 1
_ _fa 52 o _ : _
= a2T2+1{ a*t4+1-sin(at + @)} = aZrZHsm(at D)
@ = tan"!(ar)
Amplification ratio : . sin(at — Q)

Npermre
Phase lag : @ = tan™1(2nf71)

197/ 37



Chapter 15. Dynamic Behavior of Thermal Systems

15.11 Stability Analysis

r

—— Controller
\Vc

. 52

Air :% T,

Controller Ta

and
heater Fig. (@) Air heater
T [ (b) control block diagram

Transducer

T, and T}

vﬁﬂ'l. - Vc

¥

Time

Fig. Perpetuation of sinusoidal disturbances throughout the control loop

of the air heater
20/ 37



Chapter 15. Dynamic Behavior of Thermal Systems

15.11 Stability Analysis

« Stability criterion

At the frequency f where sum of phase lags = 180° Fig.(a)

product of amplitude ratio > 1  Fig.(b)

— the loop is unstable

Phase lag, degrees

Phase lag =180° Amplitude ratio > 1
\/ Ratio 1 Combined /
180 10 N
Ratio 2 b
’f’)r #’,'EE o ﬁhhhhhhhh‘*~,“ j
Total ¢ E
50 / / - E 1.0 .
S £ N
/ -
£ /
0 4 0.1
0.01 0.1 1 10 100 0.01 0.1 1 10 100
Frequency, 1fs Frequency, 1/fs

fa) {b)
Fig. (@) Sum of the phase lags in the Bode diagram
(b) Product of the amplification ration 2137



Chapter 15. Dynamic Behavior of Thermal Systems

15.11 Stability Analysis - additional

x Y(S) _
) = G(s)

u(t) = Uysinwt : input

. UO(‘)
Y(S) — G(S) 242
—_ " 4. n + a(.) + a{"}
s—a, S—an st+jw S—jw
y(t) — alea1t + o+ a{neant + 2|0(0|Slrl(a)t + ®)l @ = tan—l :ZEZO;
0

as t—- oo, y(t) = Uydsin(wt + 0)

magnitude A = [G(jw)| = |G(s)| = {Re[G(jw)]}2 + {IM[G(jw)]}?

_ i = -1 MGEU®]
phase 0 =2s6G(w) =tan RelGUia]
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Chapter 15. Dynamic Behavior of Thermal Systems

15.12 Stability Analysis Using Loop Transfer Function

R(s) - Y(s) . Y(s)  KG(s)
¥ © R(s) 1+KG(s)
Roots are the poles of the transfer function 1+KG(s) root <0 e”
— root locus : graph of all possible roots ‘E =0 1
>0 eat

‘ " — a+ib e(a+ib)t
Fir) FAr)

Fity =¥ F{t) =1

\\_;

Time

Time Time
r=0 r>0
Fig. Inverses F(t) are depenaent upon the sign ot the roots In (const)/(s-r) t%rpés?

<}



Chapter 15. Dynamic Behavior of Thermal Systems

15.12 Stability Analysis Using Loop Transfer Function

Kb(s) K(s™+bis™1+--+b,)
a(s) T sn+ a;s" 1+ +a,
b(s) = (s —z1)(s — z3) = (S — Zm)

b(s) = (s =p)(s —p2) - (s = Pn)

Root locus form : 1+ KG(s) =1 + K% =0 - a(s)+Kb(s)=0

KG(s) =

n>m

K Denominator = 1 + —>s24+s+K=0

EX) KG(S) - s(s+1) s(s+1)

Root locus is a graph

' of the roots of the
as K increases

quadratic equation
_— poles 1 +V1-4K
e S
1172 0 1
0<K<- —-1< <0
4
Breakaway point 1
K > - complex
4 24 /37



Chapter 15. Dynamic Behavior of Thermal Systems

15.14 Restructuring the Block Diagram
|: converting complex block diagram — feedback loop
simplifying

Bis)

lIql|:__|":| . + E{E} .-'-H.!.':I

Fig. Moving a summing point around a block
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Chapter 15. Dynamic Behavior of Thermal Systems

15.14 Restructuring the Block Diagram

H\ /Gy =
R(s) +/° C(s)
Gy G2 G
Hy(s) |- B
Hy /Gy e
s + c
&? Gu(s) Ga(s) G e mmm) ()
Hy(s) | R(s5) 4+ i C(s)
Fig. Control block diagram in H, . Hy
G G
Example 15. 10 —

(b)

Fig. Modification of loop in
Example 15. 10.
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Chapter 15. Dynamic Behavior of Thermal Systems

15.15 Translating the Physical situation into a Block Diagram

N "\ Heater . qn = K(Tset — TS) y

—_— -—mc= Sensor

:}ic_w - hA T, da = WC(Th — Tl)(l — e_m) — W(Th _ Ti)g
T}, heater—air T

wec =W
] [an=x(rse.—rs)
T
= Controller dTh

_% Clh—CIa=mCE

qn(s) — qq(s) = M[sTp(s) — T, (0)]

Fig. Air heating system and its control
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Chapter 15. Dynamic Behavior of Thermal Systems

15.15 Translating the Physical situation into a Block Diagram

6 10
- +
! 2 1 |s 7 9 1
+ K Ms + ™1 ¢ +
We
12 1
T+ 1
. . . . Positi Nonnormalized Normalized
Fig. Air heating system and its control ™"
I Tsc: T‘it{ - 'Ts«cl. i}
2 Tw - Ts (Tsel - Ts) - (Tsct 0 Ts. o)
3 n gh — 4n,0
4 Gn — qa (gh — g2) — (gn.0 — Ga.0)
5 T, Ty —Tho
6 T; T, T
7 Th — T (Th —T3) = (Ty,0— Ti0)
8 qa da — Ga,0
9 T.—T; (T.—T;) —(Te,0 — T 0)
10 T; T, —-To
11 Tc TC - Tf-‘.ﬂ
12 T, T, — T,

Table. Designations of variables in
block diagram of Fig. 28737



Chapter 15. Dynamic Behavior of Thermal Systems

15.15 Translating the Physical situation into a Block Diagram

(Tser—T5) . dh—=qh, 0 dh—qo 1 Th=Th,o I Te-T, o
K £
—':TStl,ﬂ-Tc.c} + - Ms -—l
a~qa0

Ts_Tc.u

Ts:t_Tsﬂ. o

u

T+ 1

iE

Fig. Diagram after elimination of two summing points

Ti:t - 7-sel, 0

1
TS5+ 1

Fig. Simplified nonunity feedback loop for air heater controller
29737
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15.16 Proportional Control

dn = Kp(Tset —Ts)
— K1 unstable

error K| offset
4 'y
pm Pset

Controlled p
Controlled = \ J

Step increase inw g P *

L
Time Time

(a) (b)
Fig. Pressure controller (a) with low gain (b) with high gain
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15.17 Proportional - Integral (Pl) Control

- to eliminate the offset - A K1
ransformed 3 K P
, K s
domain 3
A A
K, | (error)dt
S T E KiA
KI KIA/SZ 5 A -
TF = — «
S A/s L
> >
¢ Time é 0 Time KA
) s 52
_ Pl control Fig. Transfer function of the I-mode
Error
— Error R’P+¥

(b)
Fig. Block diagram symbols of the Pl control 31737
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15.18 Proportional-Integral-Derivative(PID) Control

K;
Kp + ? + KDS
=0
F(t) F'(r) (5) sAS)+F(Q)
dt
differentiation differentiation
(a) (b)

Fig. The differentiation process in (a) the time domain,
(b) the transformed domain
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15.18 Proportional-Integral-Derivative(PID) Control
X Ziegler-Nichols Tuning of PID controller(1942)

(1) A&
Y@ Tangent line at inflection point

iK R = g: reaction rate

> .
Pt T ' - Time delay of t4 seconds

Ke—tdS

TF may be approximated by TF =

TS+l -t/

1
D =K|(14+—+4+T
(s) < + Tos + DS>

—K+K+KT =K +K’+K
B T;s DS = Bp T DS
33737
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15.19 Feedforward control

|— open loop control

(a)
Disturbance
Input * Qutput
L > System >
() (a) No control
~ Disturbance
@
I
L. l . (b) Feed forward control
Dutpu
Jout X) System —>
s (c) Feedback control
(©)
Disturbance
1 Cutput
luput €2 »  System & >
I
i
——————— -
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