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Chapter 5 Stress—Strain Relation
é

Contents

5.2 Relations Between Stress and Strain for Elastic Solids

5.3 Relations Between Stress and Rate of Strain for Newtonian Fluids

Objectives

- Understand tensor systems of stress and strain

- Study difference between displacement and deformation

- Study solid mechanics to deduce stress-rate of strain relations for fluid
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5.1 General Stress—Strain System
#

Parallelepiped, cube — infinitesimal C.V.

5.1.1 Surface Stress

Surface stresses: { normal stress - o,

shear stress — 7,
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5.1 General Stress—Strain System

STRESS-STRAIN RELATIONS

Surface
force
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5.1 General Stress—Strain System
é

7 A N

. AF, . AF AF
O, =0y = lim T ™= lim —L 7 = lim Z
AAX—>0 AA( y AAX—)O AA( Xz AAX—)O AA( \
AA =AYAZ
MA=AyA2) _J| Same surface
i AF, AF AF but different direction
r, = lim
AA,—0 AAy
(AA, =AXAz)
. AF,
7, = lim
AA,—0 AAZ

\(AAZ = AXAY) y
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5.1 General Stress—Strain System
é

* subscripts

o, - subscript indicates the direction of stress

7,, - 1st - direction of the normal to the face on which t acts

2nd - direction in which 1 acts

 general stress system: stress tensor

~ 9 scalar components
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5.1 General Stress—Strain System
g

[Re] Tensor
~ an ordered array of entities which is invariant under
coordinate transformation; includes scalars & vectors

~3n

Oth order - 1 component, scalar (mass, length, pressure, energy)
1st order — 3 components, vector (velocity, force, acceleration)

2nd order — 9 components (stress, rate of strain, turbulent diffusion)

At three other surfaces,

0o,

o, =0, + AX

X X

OX
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5.1 General Stress—Strain System

O yl =0, + aUy Ay STRESS-STRAIN RELATIONS

o, =0, + agz-z Az

Ty =Ty + a;’((y AX

T, =Ty + 0Ty Ay

szl =7, T %AZ (5_1)
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5.1 General Stress—Strain System

¢ Shear stress is symmetric.

— Shear stress pairs with subscripts differing in order are equal.

2Ty = Ty
[Proof]
In static equilibrium, sum of all moments and sum of all forces equal zero for
the element.
(o Ty Tx A
First, apply Newton's 2nd law Ty O,
SF=mY 7o Oz
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5.1 General Stress—Strain System
é

Then, consider torque (angular momentum), 7

d d d dw

T=—(rmu) =—(r'meo)=—Iw)=1—

2T =g (rmu) = (rme) = ¢ (1) = 1 =0
where /= moment of inertia = Zm

r=radius of gyration

dw :
e = angular acceleration
Thus,
dw
2
ZT =mr°-— (A)
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5.1 General Stress—Strain System
é

Now, take a moment about a centroid axis in the Z-direction

LHS = ZT = (AyAZTXy )% — (TyxAXAZ) Azy = AXAZYAZ (Txy - Tyx)

dw dw
RHS = pdvolr? —= = AXAYAzZ pr° —
P dt AP 5

" (T = T, ) AXAYAZ = 2AXAYAZ prZC;—i)

(D)
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5.1 General Stress—Strain System
#

After canceling terms, this gives

, dw

TXy _TyX: 2,0r E

im r>—=0

AX,Ay,Az—0

. —7, =0
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5.1 General Stress—Strain System
g

[Homework Assignment-Special work]

Due: 1 week from today

1. Fabricate your own “Stress Cube” using paper box.
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5.1 General Stress—Strain System
é

5. 1.2 Strain components

Motion and deformation of fluid element

r translation (displacement) - Et&=0|S

Motion <

L rotation - 3|

c linear (normal) deformation - M4

Deformation <

e
0!
A
T

( angular (shear) deformation — Z &4
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5.1 General Stress—Strain System

(1) Motion: no change in shape

1) Translation: &, o]

§:udt,u:?j_f dy| v,
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5.1 General Stress—Strain System
é

(2) Deformation: change in shape

1) Linear deformation — normal strain

05 o
E,=—— Non-dimensional
OX
;=2
oy

1) For compressible fluid, changes in temperature or pressure cause

change in volume.

ii) For incompressible fluid, if length in 2-D increases, then length in

another 1-D decreases in order to make total volume unchanged.
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5.1 General Stress—Strain System

2) Angular deformation— shear strain

_0n  0¢
oX oYy

7/xy

o Strain {normal strain: ¢ < linear deformation

shear strain: ¥ < angular deformation
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5.1 General Stress—Strain System

Consider a small element OABC
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5.1 General Stress—Strain System
é

i) Displacement (translation): &, 7, &
O(x,y,z) > O'(x+&, y+71, 2+¢)
C(X+AX,Y+AY,Z+Az) >

C'(X+AX+§+8—§AX, y+77+a—77Ax, z+cj+a—§ij
OX OX OX

1

i) Deformation: due to system of external forces
OABC—->0O'A'B'C’

1) Normal strain, ¢

. change in length S
= e £

original length
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5.1 General Stress—Strain System

B

. oc-oC . {(X+AX+§+Z—§AX —(x+§)}—Ax o
X Ax—0 OC Ax—0 AX OX
(y+Ay+n+a77AyJ—(y+f7) — Ay

. OA'-0A .. oy on
£, = lim = lim —

Ay—0 OA Ay—0 Ay ay
o

0Z

~ ¢ Is positive when element elongates

under deformation




5.1 General Stress—Strain System 5,

2) Shear strain, \ "”E“W "
=I+a—yﬁuq B
~ change in angle between two originally
| Ay é . Cﬂ
perpendicular elements g, | e
For XYy —plane N
= lim +6,)= lim
Vs AX’Ayﬁo(é?c 6,) AX’Ayﬁo(tan 6, +tand,)
C’D K@ o < AE
—UAX —Ay
OX oy _on  9¢

= lim - + >
AX,Ay—0 Ax + 85 Ax Ay‘l‘ 677 &y OX 6y
0
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5.1 General Stress—Strain System

#

on o

Chrvars (5.2)
oC on

(vl (5.3)
o oC

Yu= 2+ (5.4)

—_

(2) displacement vector §

3:§T+n]+§E




5.1 General Stress—Strain System

(3) Volume dilation (dilatation)

o change of volume of deformed element

original volume O'A’ [ S,
O'C’
N ‘ Az+8§ Az)—AxAyAz
o dav) _ oy oz
AV AﬁyAz
= 854_8774_64’ =&, + g, + g, (55)
OX oy oz
TeTe T (5.6)
- & + &l + % _ V-6 ---divergence (5.7)
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