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Chapter 5
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Chapter 5 Stress—Strain Relation
é

Contents
5.1 General Stress-Strain System

I’ 5.2 Relations Between Stress and Strain for Elastic Solids

: 5.3 Relations Between Stress and Rate of Strain for Newtonian Fluids

Objectives

- Understand tensor systems of stress and strain

- Study difference between displacement and deformation

- Study solid mechanics to deduce stress-rate of strain relations for fluid
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5.2 Relations between Stress and Strain for Elastic Solids

é

5.2. 1 Normal Stresses

Hooke's law: Stress is linear with strain. o. <&

o, =Eé | o0& o
. &, =—=—non-dimensional
1 | OX
E, = — O I
X E X 1 (5-8)

in which  £=Young's modulus of elasticity (N/m?)

€y = elongation in the x- dirdue to normal stress, o,

- o O- 8.
y—dlr. : 6'y=—y
E i i :

O

z—dir. : & =—"2%

= NI
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é

Now, we have to consider other elongations because of lateral contraction of

matter under tension.

&, =elongationin the x—dir. dueto o,

¢, = elongation in the x—dir. dueto o,

Now, define
1 o O-y
E, =®n8y = —nE (5.9)
n__ o Gz
g, =—Ng, = —nE (5.10)

where n = Poisson's ratio
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Poisson's ratio: n=0~0.5
water~0.5; metal~0.3

cork: Poisson's ratio is high.
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g

Thus, total strain ¢, is

&= &, +&,+¢,"=—=>—-—(o, +az):—[ax -n(o, +az)]
1
gyZE[ y—”(ffﬁﬁx)] (5.11)
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#
5.2.2 Shear Stress

~ Hooke’s law z,,= G y,,

Ty On O
Yy = y _ 91 S
G ox oy
T, 0( O
Y = yz _ 4 Lo
G oy oz
T 0,

G oz ox (5.13)
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g

where G = shear modulus of elasticity (N/m?)
~E
2(14n)

(5.14)

® \/olume dilation

e = 5X+8y+82=é[ax—n(0y+0'z)]
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g

B o = arithmetic mean of 3 normal stresses

E:—(O'X+O'y+0'2) (5.16)

Combine Egs. (5.12), (5.14) and (5.15)

GX:2G[5X+ n° } (5.17)

1-2n
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#

Therefore
ax—Ezze(gx_Ej
3
— e
o,—0= ZG(gy —gj
— e
o, —0 = ZG(E}Z —gj (5.18)
on  0g
rxy=Tyx=G(6X + ayj
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é
Ty =Ty G(@{ + a’?j

oy 0z
_ . _c[%  0¢ j
=7, =G
T, = Ty (82 + o (5.19)
[Proof] Derivation of Egs. (5.17) & (5.18)
(5.15) - e=%(1—2n)(0x +o,+0,) (A)
1
(5.12) > ¢ = E[ax -n(o,+0,)] (B)
(5.14) > G = E — E =2G(1+n) (C)

2(1+n)
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5.2 Relations between Stress and Strain for Elastic Solids
g

i) Combine (A) and (B)

N

12 ° " -2 E

n (1-2n)

(O'X+O'y+0'2):%(ax+0'y+az)

g, =%|:O'X - n(o'y + O'Z)]

n 1+n E

e+e,=—0 G=
(1-2n) % 2(1+n)

S A, :
X 14n] Y (1-2n) ®)
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é
Substitute (C) into (D)

so, =26 {EX + e} - Eq. (5.17)

(1-2n)

i) Subtract (5.16) from (5.17)

— n 1
Gx_6=26|:5x+(1_2n)e:|_§( X+Gy+62) (E)

Substitute (A) into (E); (A): o, + o,+t0,= E

e
(1-2n)
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é

. B n 1 E
. RHS of (E)_ZG{5X+(1_2n)e} 3(1_2n)e

( 1+n
2 12 -
Gn 1 G(1+n)}e o

SE n 3 e
(1-2n) 3 (1-2n)

=265X+{ _
| (1-2n) (1+2n)] |

N

1
—5(1—2n)
(1-2n)

=261, |

X

1
:ZG(gx—gej - Eq. (5.18)

.

J




5.3 Relations between Stress and Rate of Strain for “*

Newtonian Fluids |

Experimental evidence suggests that, in fluid, stress is linear with time rate

of strain.

— stress oc g(strain)
ot

— Newtonian fluid (Newton's law of viscosity)

[Cf] For solid,
stress oc strain




5.3 Relations between Stress and Rate of Strain for *
Newtonian Fluids

5.3. 1 Normal stress
Non-dimensional

For solid, Eq. (5.18) can be used as /

Hookeian elastic solid: &, — o = 2(% |

|G
By analogy,
— 0
Newtonian fluid: o, —o = 2( F;[j (5 —E) (5.20)
L° /ot 3
Ft Time rate of strain [1/1]

Now set = r = dynamic viscosity (N-s/m?)
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Newtonian Fluids

— 2 Oe
GX_G:Z”_E”E (5.21)

u=—-, v=—-r1 w=aa—f (&,n,¢ = displacement)

Therefore,

e (%j_i(a—éjzé_u (5.22)

ot ot\ox ) ox




5.3 Relations between Stress and Rate of Strain for *

Newtonian Fluids

—=v-—=v-a:5” 6v OW 5.23
ot ot OX 8y 0z

— —_

Ei+nj+ck
o5 - = -
a——UI+Vj+Wk
-~ O0u OV Ow
V-=—+—+
ox oy oz

oot
Il

o |
I

Eqg. (6.21) becomes
ou 2

O, —(7+21Lla———lu(v q)

3
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Newtonian Fluids
g

For compressible fluid,

_ 2 B
o, :0+2,u2—i—§,u(v.q)

_ y) .
o, =O'+2,U%—§,U(V-q)

ow 2 _
“u(v-q) (5.24)

o =0+2u——
Z Mo 3

For incompressible fluid,

de _
dt

V. E] =0 <« time rate of volume expansion=0
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Newtonian Fluids
——— - -

—»V-q=0 - Continuity Eq.

Therefore, EqQ. (5.24) becomes

— ou
o, =0+2Uu—

OX

o, :E+2,u@

oW

. =0+2
; ,Uaz
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Newtonian Fluids

5.3.2. Shear stress
By following the same analogy / -

)
N ox oy 12 Jot\ ox. oy

S

_ 5(577) a(agj_ v, au u
OX @ "oy atL H aa&\”
5 u+j-;ay_q ’ S y:!’ \
9T _y 8_§:u \j\ ‘V
ot p a5
LT




5.3 Relations between Stress and Rate of Strain for %
Newtonian Fluids

- =

T T 8V+8u
xy — by — H ox oy

oW oV
2y =Ty ﬂ(aerazj (5.25)

. :ﬂ(aquawj
XZ X az aX

N
Il
N
Il
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[Appendix 1]
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]
yx * Lyx

- _ﬂ(@uj ) 4\3 /

i) 7T

|
[ % oz
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Newtonian Fluids
—_— &

i) composition




5.3 Relations between Stress and Rate of Strain for %

Newtonian Fluids
— ==

= Relation between thermodynamic pressure p and mean normal stress ©

1) Assume viscous effects are completely represented by the viscosity u for

incompressible fluid

az_p:%( X-I—Gy-I-GZ) (5.26)

~ minus sign accounts for pressure (compression)

2) For compressible fluid

o=—p+u(V-q)

in which u ‘= 2nd coefficient of viscosity associated solely with dilation

= bulk viscosity
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Newtonian Fluids

é

Since, dilation effect is small for most cases

For zero-dilation viscosity effects ( 4 ‘= 0), (5.24) becomes

u'(v-q)—>0

LE=—p

Normal
stress

L/

O, =

Gy:

OW
c,=—pP+2U———U

ou

2

—P+2u——-—-u

—p+2u@—§ﬂ(v-a)

OX

oy

0Z

3
2

2
3

(v-a)

(v-a)

L

pressure

Viscous
effects

(5.27)

(5.28)

(5.29)
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Newtonian Fluids
é

®m Shear stresses in a real fluid

Txy

Tyz

TXZ

Tyx :/J(

T

T

zy

ZX

d

ov ou

J
J

+
ox oy
OW OV
_|_
oy oz
ou ow

A

J

_|_
07 OX

(5.30)

For zero viscous effects (= 0) — ideal fluids in motion and for all fluids at

rest
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g

[Appendix 2] Normal stress

Normal stress = pressure + deviation from it

c,=—p+o,
o,=—p+o,
o, =—p+o,

Thus, stress matrix becomes

(-p 0 0) (o' t 7.
0 —p 0 |+|z, o' ¢
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Newtonian Fluids
é

Normal stresses are proportional to the volume change (compressibility)

and corresponding components of linear deformation, a, b, c.

Thus,
o, =—p+A(a+b+c)+2ua
O'y=—p+ﬂ,(a+b+c)+2,ub

o,=—p+A(a+b+c)+2uc

where A = compressibility coefficient
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Newtonian Fluids
— ==

Homework Assignment # 5

Due: 1 week from today

1. (5-3) Consider a fluid element under a general state of stress as illustrated in

Fig. 5-1. Given that the element is in a gravity field, show that the equilibrium

requirement between surface, body and inertial forces leads to the equations

00, | 9% +8rzx + pg —>—a“
ox oy oz P93 P%
or,, 0o, 01,
+— >+ pg, = pa,

oX oy  OX
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