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Chapter 6 Equations of Continuity and Motion
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Chapter 6 Equations of Continuity and Motion
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6.5 Examples of Laminar Motion

g

- N-S equations are important in viscous flow problems.

¢ Laminar motion

~ orderly state of flow in which macroscopic fluid particles move in layers
~ viscosity effect is dominant

~ no-slip condition @ boundary wall

~ apply concept of the Newtonian viscosity

~ low Re

[EX]

1. Laminar flow between two parallel plates — Couette flow

2. Laminar flow through a tube (pipe) of constant diameter — Poiseuelle flow
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g

[Re] Reynolds number = inertial force / viscous force = destabilizing force /

stabilizing force

* Viscous force
~ dissipative
~ have a stabilizing or damping effect on the motion

~ use Reynolds number

[Cf] Turbulent flow
~ unstable flow
~ instantaneous velocity is no longer unidirectional

~ destabilizing force > stabilizing force
~ high Re

1K
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é
6.5.1 Laminar flow between two paralle/ plates
Consider the two-dimensional, steady, laminar flow between parallel plates

in which either of two surfaces is moving at constant velocity and there is

also an external pressure gradient.

¢ Assumptions:

0
2-D flow (x, 2) —> V=O;Q:O
oy
o( ) _
steady flow — t =0
llel fl — w=0; ow
parallel flow =V ——=
o( )
oh oh . oh

z-axis coincides with A — =—=0; 1
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¢ External pressure gradient

ﬁ P> P,

|) < 0 — pressure gradient assists the viscously induced motion to

overcome the shear force at the lower surface

op

i) 6_ >0 — pressure gradient resists the motion which is induced by the
X

motion of the upper surface

P <P,
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#

Continuity eq. for two-dimensional, parallel flow:

u W,

6x ,/82

(A2
AT
— < 0OX

u="f(z) only
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N-S Eq.:

Steady flow

Continuity eq. for incompressible fluid

2D flow
X —dir. : ?U‘ZJFU%ZJFV%

parallel flow
W Lop s oA o
/éx 0 OX p,éx ﬂy 82
1op, u(azj
. 0=- 6.31
PR = (6.31a)
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z —dir. : %%+u%%+v%+w/%%
t X Z

FHEEE |

O=-g-——-— (6.31D)

p=—yz+ f(x) (6.32)
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é

— hydrostatic pressure distribution normal to flow
— For any orientation of z-axis. in case of a parallel flow, pressure is

distributed hydrostatically in a direction normal to the flow.

(6.31a): 8_p_>d_p ~ independent of z
T ox dx P
dp o
‘ot A

Pressure J \— Energy loss due to

drop viscosity
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é

2
Integrate (A) twice w.r.t. z to derive u(z) wu 0 lzj — dp
, oz dx
dp u
—dzdz = —0dzdz
-[ dx ” Ko
dp ou
—zdz=|u—dz+|C,dz
dx -[ . j '
2
d_pZ_ =uu+Cz+C, (6.33)

dx 2

Use the boundary conditions,

) z=0, u=0—>3—p><O:,u(0)+C2 - C,=0
X
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6.5 Examples of Laminar Motion

g

dp a°
i) z=a, u=U — = C.a
i) - i 2 uJ +C,

1(dpa°
" Clzg(—p——,uUj

.. (6.33) becomes
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U a dp Z
u(z):u:—z———(l——jz (6.34)
a  2udx a
Velocity Pressure
driven driven
. dp
) If ol 0 —Couette flow (plane Couette flow)
U YU, »
U=—7 (6.35)
a ap
50 = 0

— driving mechanism = U (velocity)
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é

i)if U=0 — 2-D Poiseuille flow (plane Poiseuille flow)

1 dp

U=—- Z—a)Z -~ parabolic
> dx( ) (6.36)
. . . dp
— driving mechanism = external pressure gradient, d_
X
/ /
a
Unex @ 2=7
ap r
e = (6.37)
81 dx
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g

IV = average velocity

2
[Re] detall

Q:_[Oaudz: Oaig—z(zz—az)dz——ég—s ’

Acaxl . y-Q__ 2 dp 2




17/32
6.5 Examples of Laminar Motion

[Re] Dimensionless form

u_z a® dp z Z
U a 2,uU dx a( _gj
a® dp
21U dx

1:5+p5(1_5j =
U a a a "o

-04 -0.2 0 02 04 06 08 1.0 1.2 1.4

U
(b)
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[Cf] Couette flow in the narrow gap of a journal bearing

Flow between closely spaced concentric cylinders in which one
cylinder is fixed and the other cylinder rotates with a constant

angular velocity, ®

Lubricating

oil
U=rw
Rotating shaft

a=I—r

U :
T [— /Housmg
d
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6.5 Examples of Laminar Motion

g

6.5.2 Laminar flow in a circular tube of constant diamefter

@<O
OX

— Hagen-Poiseuille flow

— Poiseuille flow: steady laminar flow due to pressure drop along a tube

Assumptions:

— use cvlindrical coordinates
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v, =0
parallel flow -

v, =0
Continuit N, =0
ontinuity eq. ~ —
&
r
oV
araboloid - £=0 °
P 20 Y

steady flow -

Q|2
|l
o
| S
.cb.
e
v
/]
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Eq. (6.29c) becomes

O__@_p+ g, + ii(ravzj A
oz % or )
By the way,

I'—comp. Eq. —»

op 0 d 1 0p

——+ =——(p+yh)=——(p+yh -
> p97 ~(p+7h) \dz(p vh) 0= G

0
{,09 =—Pga—h} independent of r —>a(p+7/r)—0
i 0z
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g

Then (A) becomes

d 10( ov
il h)= y=—— z
dz(p+7/ ) ﬂrar(r )

1 d A
;E(P+7h)r—ar(f j (B)

Integrate (B) twice w.r.t. r to derive v,(r)

1d ’

r oV
(PG =I5 +G (©)
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1 d

S h
2ydz(p+7) or r ‘ 7

AT
Ft.?
5 A
ii(p+7/h)%:vz+cllnr+c2 (D) ( . @5

21 dz

r:avz Cl

_I_

Using BCs

r=r,,v,=0 - D): C,=——(p+yh)X (D1)
u
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Then, substitute (D1) into (D)W Sireezszrl?rcztric
| 17 d

v =4ﬂ[—dz(p+yh)}(rf—r2) (6.39)

v——i( + h)rLzl LZ
z dZ p 7/ 4,U ro UZ =1_(£)2

T

— equation of a paraboloid of revolution

max
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————

(1) maximum velocity, V,_

aXx

(2) mean velocity, I/,
dQ =v,dA

11 d

= 4—{—&( P+ 7/h)}(r02 — r2)27zrdr
U
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é

{—E (p+ )/h):l(l’oz — r2)27zrdr

Qj—ﬂ
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é

(3) Head loss per unit length of pipe
Total head = piezometric head + velocity head

Here, velocity head is constant.

Thus, total head loss = piezometric head change th = Ap
Y
h, 1[ d } 8N, 32N
—=—|-——(p+yh)|= L = Z
I e LA (6.42)

\

(E)

where D = 2r, = diameter
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é

[Re] Consider Darcy-Weisbach Eq,.

h 2
M1V (F)

L D 29

h; = head loss due to friction

f =friction factor

Combine (6.42) and (F)

32N, . 1V?
D7 f D 2g (6.43)
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64y 64 64
V, D V,D/v Re

f — For laminar flow (6.44)

(4) Shear stress

(G)

(H)




6.5 Examples of Laminar Motion

Combine (G) and (H)

Linear profile

1d
Tor _Ea(p+7/h)r

At center and walls c(DI2) = 1

30/32

(6.45)

Laminar
profile

r=0, 7, =0 H

o u(r)
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#
Laminar flow :

2 i '_:—‘t\_k: i _:am.nar -—\\
T W95
v=YV -— | e W e X P u
c | b -
2 \ & N, ,ff
N | Tubuient e
| f=0025 1 -
y z'or €q. 917 | f _ o
T=7,|1-= |=— At
° R R W

Turbulent flow:

V. —V
: :—ilnl
V. Kk R
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0.1
0.09
0.08

- Vdp_Re

0.06
0.05

N

0.04

0.03

0.02

0.01

Laminar Eq. 9.10

Transition

R
PRy 1

[ Wholly /| [ | 1]!
rough - Fa. 93

Smooth *
Eg. 9.21

gl 0,033 3

4 0.016 33

1 0.008 33
eld

ra2] 0.00397

14.0.001985
0.000 985

]

10
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