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Chapter 9
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Turbulent Boundary-Layer Flows
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Objectives
- Study wall turbulence

- Derive equations of velocity distribution and friction coefficient for

both smooth and rough walls
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9.3.2. Power-law formulas: Smooth walls

® | ogarithmic equations for velocity profile and shear-stress coeff .
~ universal

~ applicable over almost entire range of Reynolds numbers

® Power-law equations

~ applicable over only limited range of Reynolds numbers

~ simpler

~ explicit relations for t/U and C;

~ explicit relations for o in terms of Re and distance x
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= Assumptions of power-law formulas

The power laws stem from two facts that hold for turbulent boundary

layers with negligible pressure gradients when | Re, _Y0 508

14

1) Except very near the wall, mean velocity is closely proportional to a

root of the distance yfrom the wall.

oocyn (A)

i) Shear stress coeff. c¢; is inversely proportional to a root of Re;

1 Uo
C; *—— , Rey=—
Re; 1%

A

1)

ere n, A = constants; m =fraction

(9.29)

1K
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3.32
Re;,

[Cf] Eq. (9.29) is similar to equation for laminar boundary layer, ¢; =

= Derivation of power equation
Combine Egs. (9.18) and (9.29)

(9.18): u=u/="
S e |
-5l
& - Bl

(9.30)
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Assume u depends on y by the same relation, Eq. (9.30), replacing o with y

u
—~ — B
U, v

(9.31)

Divide (9.31) by (9.30)

m

_ [ﬁ] (9.32)

u
U o6

This result indicates that all profiles are similar and can be represented by

a single dimensionless curve like laminar boundary layer profile shown in
Fig. 10.4.

However, turbulent profiles are not truly similar, so Eq. (9.32) will apply for

different Reynolds number ranges only if the constant mis varied.
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Boundary-layer measurements shows that

For 3,000 < Re; < 70,000; m:i , A=0.0466 , B=874

1

7 (y) (9.33)
U |6
ug — .74 [“75]7 (9.34)
Y874 [ﬂ]7 (9.35)
0.0466

(9.36)
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[Re] The Blasius solution for laminar boundary layer flows

For steady laminar flow over a flat plate with zero pressure gradient, Prandtl's (1904)
2-D boundary-layer equations become as follows:

2
8u+ nu_pou 8_u+@20 (1)

x &y poy’ ox oy

Blasius (1908) obtained the solution to above PDE by assuming similar profiles
along the plate at every x

o @
5 ~ R:l - (3)

Blasius obtained the solution in the form of power series after he introduced a
stream function for
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Laminar boundary layer equations

/5,% - % at& - 0.992\

X

« 1.73x
o lam :W
0 - 0.664x

lam Re 1/2

X
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= Relation for &
0
Adopt integral-momentum eq. for steady motion with a_z; =0

~ integration of Prandtl's 2-D boundary-layer equations

_0 £20f7 — Tozgch2 (937)

(A)
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0 h£]7 _g;d
I { [5]] (9.38)
:16%0.16

72

Substitute Egs. (9.36) and (9.38) into (9.37) and integrate w.r.t. x

5 — 0.318z _ 0.318z

[Ux]i (Re ) | » Re <10 (9.39)
. _ 0.059
I 1

(Re, )? , Re, <10 (9.40)

Integrate (9.40) over whole length, /, to get average coefficient

0.074

Cf = 1 ) Rel<107 (941)

(e,
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[Re] Derivation of (9.39) and (9.40)

2
UZ@HZC U
or 19
90 _ ¢
oz 2 (B)

Substitute (9.38) and (9.306) into (B)

o (7 1 .y
2| Ls| = =[0.0466 / (Re,)’
3x[72 ] 2[ / (Re,)

7 96 0.0233  0.0233
72 Oz 1 1
- ()

14

95 0.2397

o 1
833' [W]‘l

14
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Integrate once w.r.t. x
~0.2397

=)
B.C.: ¢~o0oatx=0
_ 0.2397

1

) x+C

0

0+C —> (=0
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00466 _ 0.0466

(Re,)' [w]i

14
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Substitute (9.39) into (C)

o, __ 00466 _  0.062
. . — 1 1 -

f
Ul |0.318]% TR
el ef] -
[[]:13]5 ) %

14

0.062 0.062 0.062
5

[U] (Re - (9.40)

Integrate (9.40) over !
c :lfl 0.062 dy — 0.062 fol 1 ldac 0.06? j;lildx
[U] 1[0]5 o (Re)
1% 1%

"Ref
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9.3.3. Laws for rough walls
(1) Effects of roughness
= Rough walls:
- Velocity distribution and resistance = f(Reynolds number , roughness)
= Smooth walls:
- velocity distribution and resistance = f(Reynolds number)
= For natural roughness, Ais random, and statistical quantity

- k= k; = uniform sand grain
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= Measurement of roughness effects
a) experiments with sand grains cemented to smooth surfaces - Nikuradse
b) evaluate roughness value = height k

c) compare hydrodynamic behavior with other types and magnitude of

roughness
- Effects of roughness N i o £=)
Nk ‘ i
L e
~ roughness has negligible effect on the wall shear /
— hydrodynamically smooth g et N
£ ﬁ'\r_'strg ‘U'—H f’."?: Fi ————
T ‘-“k_ _,”; O

_

= laminar sublayer thickness

5
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ii) ];— > 1

~ roughness effects appear

~ roughness disrupts the laminar sublayer

~ smooth-wall relations for velocity and C; no longer hold

— hydrodynamically rough

k
iii) 5— >15~25
~ friction and velocity distribution depend only on roughness rather

than Reynolds number

— fully rough flow condition
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= Critical roughness, K. — oy

If xincreases, then c; decreases, and 5’|ncreases.

Therefore, for a surface of uniform roughness, it is possible to be

hydrodynamically rough upstream, and hydrodynamically smooth

downstream.
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(2) Rough-wall velocity profiles

Assume roughness height A accounts for magnitude, form, and

distribution of the roughness. Then

Lf[
u*

%] (9.42)
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Make 7in Eq. (9.42) be a logarithmic function to overlap the velocity-

defect law, Eq. (9.16), which is applicable for both rough and smooth

boundaries.

(9.16): U_“:5.6log[ﬁ]+2.5, Y <015
u, 0 0

i) For rough walls, in the wall region

U
ol _5 6log [5] +c, 2250~ 100, % <0.15 (9.43)

U, Y v

where C. = constant = 7(size, shape, distribution of the roughness)
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25 I T TTTTTI
| i\llll I T T TTTIT
. . . —_— %Eiform sarf:}%\*ikuridse Smooth: Eq. (12-13)
i) For smooth walls, in the wall region 2o~ :T:;z;f;‘;ﬂgmﬁn;;m7é
L1
(9 1 3) a K —// AT rough
U Y 5 y b el w i ] b
ot — 5 §log|—> |+ C,, —=>30~70, 2<0.15 . { < prou: B2 <0
U, 14 14 0 P - g
) A
where C,=4.9 ; T
i
0 I [ T O O W A A Y 0 (Y
Subtract Eq. (9.43) from Eq. (9.13) : by wm T

A u usmooth

— uough_5610g[ ]+O (9 44)

U, u,

— Roughness reduces the local mean velocity «

in the wall region
where C; and C; - Table 9-4
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TABLE 12-4
VALUEs oF CoNsTANTS IN RougH-WALL EQUATIONS FOR THE WAaALL REGION

(y/6 < 0.15; uxk/v > 50 to 100)

Roughness Source Cs, Ce, Cs,
type of data Eq. (12-43) | Eq. (12-44) | Eq. (12-46)
Uniform sand grains | Nikuradse [11] 8.2 —3.3 755
(pipes)
Wire sereens Hama [12] . 6.1 —1.2 6.1
(plates)
Transverse bars Moore [7] 4.9 0 5.25
(plates)

Eq. (12-43): U/ ux —5.6 log (k/y) + Cs,
Eq. (12-44): AT /ux -= 5.6 log (usxk/v) + Ce,
Eq. (12-46):  1/4/c; = 3.96 log (6/k) + Cs.

(Constants in this table were evaluated graphically from Fig. 12-12.)
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(3) Surface-resistance formulas: rough walls

Combine Egs. (9.43) and (9.106)

U—-u

Uy

Yy Yy
— 56log|L|+25 . L<o1s
g[&] 5

v L= —5.610g[£]+0
u 5)

« y

— E = 5.6log[é]+07

U, k
LU f i
U, ¢
o

L _ 3.9610g[%] +C

8
V¢

o2+, (9.45)

(9.46)




9.3 Mean-flow characteristics 25/28
for turbulent boundary layer

g
[Ex. 9.3] Rough wall velocity distribution and local skin friction coefficient
- Comparison of the boundary layers on a smooth plate and a plate

roughened by sand grains

)
k ' b/

= Given: 7,=0.485 Ib /ft? on both plates
U = 10 ft /sec past the rough plate
k,=0.001 ft

Water temp. = 58 °F on both plates
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(a) Velocity reduction Awdue to roughness
From Table 1-3:

p=1.938 slug / ft’: v=125x10"ft* ] sec
Eq. (9.18)

S, = Do ,/@ = 0.5t / sec
0 1.938
2
ot

u, 05)
c :2[—] :2[—] — 0.005
f U 10

k
uk, 0.5(0.001) 10
v 1.25x107°

A u.k
Eq. (9.44): u—:5.6log[ 5]—3.3

oo Au = 0.5{5.6log 40 — 3.3} = 2.83ft / sec
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(b) Velocity 7z on each plate at y =0.007 ft
i) For rough plate
Eq. (9.43): “ _ 5.610g%—|—8.2

U

= 0.5(5.6log 207
0.001

+ 8.2) = 6.47ft / sec

ii) For smooth plate,
Eq. (9.13); L —56log2Y 449

U v
wy  0.5(0.007)

= — 280
v 1.25%x107°

. = 0.5{5.610g(280) 4+ 4.9} = 9.3 ft / sec

Check Aw=9.3-6.47=283 > same result as (a)
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(c) Boundary layer thickness 6 on the rough plate
Eq. (9.46):

L 306 1ogkﬁ +7.55

Yo

log 1{ L —7.55}:1.66

k, " 3.96 | J0.005

ki =46 + 6 = 0.046ft = 0.52in = 1.4cm
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