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• CSTR, Monod - master equations and key 

trends 

• Additional factors and analyses

– Non-biodegradable VSS

– Soluble microbial products
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Assumptions:

- Steady state

- Xa = 0 in the influent   

(negligible influent active biomass)
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• HRT (�): Hydraulic Retention Time; the 

average time the water stays in the system 

• SRT (��): Solids Retention Time (or mean cell 

residence time, MCRT); the average time the 

biomass stays in the system 

CSTR (chemostat) + clarifier 
without sludge return: HRT = SRT

CSTR (chemostat) with sludge 
return: HRT < SRT



It is more useful (we’ll see!) to substitute � with ��:
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1) ϴx ≤ ϴx
min:    

washout

2) ϴx → ∞:                

S = Smin

3) For ϴx
min < ϴx,     

S decreases with 

increase in ϴx, 

but Xa peaks at 

some point

��
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• So far, we considered

– Mass balance for S (of influent origin) and Xa only

S: soluble, biodegradable organics; Xa: active (living) biomass

• Although there should be

– Particulate, biodegradable organics: influent origin, partially degraded 

in the reactor (rate slower than S); contributes to effluent BOD, COD & 

VSS

– Particulate, non-biodegradable organics: influent origin + generated 

in the reactor by cell decay; contributes to effluent COD & VSS (not 

BOD)

– S of reactor origin: soluble, biodegradable organics produced by 

microorganisms; contributes to effluent BOD & COD

(+) soluble, non-biodegradable organics: influent conc. = effluent conc.



8

• For reactor design & operation, we also need to know

– Nutrient balance: are there any limitation/redundancy in the influent 

nutrient supply?

• Nutrient limiting – substrate utilization will not occur as predicted; 

external nutrient supply may be needed

• Nutrient redundancy – significant level of residual N & P in effluent can be 

a concern (e.g., algal bloom)

– e- acceptor balance: (usually for O2) how much should be 

supplied to support substrate utilization?
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Steady-state mass balance for Xi:

0 = ���
� − ��� + 1 − �� ���
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Solution for nbVSS:  

Solution for total VSS:   

�� = ��
� + � 1 − �� ���
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Substituting � with ��:
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The VSS in a CSTR is calculated as:

Influent nbVSS

VSS gained in the reactor

substrate utilized in 

the reactor

The net yield in the CSTR is:

This value is more often called as Observed Yield (Yobs)

�� = �� + � = ��
� + � �� − �

1 + 1 − �� ���

1 + ���

�
1 + 1 − �� ���

1 + ���



13

• Cell components that released during cell 

lysis, diffuse through the cell membrane, are 

lost during synthesis, or are excreted for some 

purpose

• Does not include intermediates of degradation 

pathway

• MW = 100s – 1000s

• Biodegradable
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• Appear in all cases

• Constitute the majority of the effluent COD & 

BOD in many cases

• Can complex metals, foul membranes, & cause 

color or foaming
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• UAP (substrate-Utilization-Associated Products):

produced directly during substrate metabolism

rUAP = rate of UAP formation [MpL-3T-1]

k1 = UAP-formation coefficient [MpMs
-1]

• BAP (Biomass-Associated Products):

formed directly from biomass as part of 
maintenance and decay

rBAP = rate of BAP formation [MpL-3T-1]

k2 = BAP-formation coefficient [MpMx
-1T-1]

��� = −!"�#�

�$� = !%�
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• Assume degradation of both UAP and BAP 
follow Monod kinetics (with own parameter values 

for each):
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UAP = concentration of UAP [MpL-3]

BAP = concentration of BAP [MpL-3]
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• Steady-state mass balance for UAP & BAP:
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[Note 1]

Keep the form � in the solutions, not ��

[Note 2]

The substrate utilization rate, rut, can be computed from
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