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Three-dimensional plasticity

1-D constitutive law Stresses and strains in 3-D
Tension General state : multiple components exist
Compression T O, O,y
Bending
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Three-dimensional plasticity

Stress and Strain tensor

Tensor : mathematical notation of physical quantities

* 0th order Tensor : scalar value — energy, etc

* 1storder Tensor : vector - force, displacement, velocity, etc

» 2nd order Tensor : linear transformation from vector to the other vector
- stress, strain, etc.

Stress : symmetric 2" order tensor
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Three-dimensional plasticity

For isotropic case,

1-D : point 2-D : line 3-D : surface
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Basic features of the yield surface

Concept of material coordinates
(or materially embedded coordinates)

» Since the constitutive law describes material properties, components of
vector or tensor quantities are defined with respect to material coordinates

Global coordinates system Material coordinates system

(or laboratory coordinates system) .
y




Basic features of the yield surface

Convexity of yield surface

« The yield surface is considered to be convex

* In other words, yield surface should be bulged out

« Or, any straight line connecting two points located inside the surface stays
inside the surface

Convex Non-convex



Basic features of the yield surface

* For the simplicity, consider a 2-D imaginary yield surface
f(o)=f(o.0,)=constant=C

XX ?

« Size of yield function f(o) is defined by constant C
» For the isotropic case, yield function can be assumed as a circle

{ f,(o) =|o|=(og +0,)" =

2
f,(o)= \a\ = (o’ +c7yy) =c°
« For the anisotropic case, ellipse can be an yield function

fi(0) =5,(0) = (o, ( ))2_a

f,(0)=0,(0) = (( Xx) +0,,)?=b

f,(0) = (o, 2 yy)) a’

f (o) = (( XX)+ w) =b°



Basic features of the yield surface

n-th order homogeneous function

f (Q X) — CZn f (X) Bold : vector or tensor

Two properties of n-th order homogeneous function

of

i) 8_ = (n-1)-th order homogeneous function
X

n-1 n-1
or g= i = i and g(a x) = n(aX) 1| a" nX 1|~ an_lg
ox (ny™ n(ay)™ ny"

of of
o — X(=—xXxo0r —x nf ( X
0 oy X5 ox, i) =)



Basic features of the yield surface

Proof (1)

f(ax)=a"f(Xx)

Left hand side
of (ax) of (ax) o(ax) o1 of (aX)

OX o(ax) oOX O(aX) = ag(ax)
where g(x) = o (X)
0 X
Right hand side . n-1
). ~glax)=a "g(x)
o =oa g(Xx)



Basic features of the yield surface

Proof (2)

flax)=a"f(x)

Left hand side

of (ax) of (ax) o(ax) of (aXx)
ba  O(ax) oa  d(ax)

X =g(aX)- X

Right hand side

of (x)

o(a"f(x)) )
=na"* f (X) . 3
X

oa

X =nf (X)




Basic features of the yield surface

« Effective stress or equivalent stress —
the yield function of the first order homogeneous function

» Linear transformation of isotropic yield surface into anisotropic yield
surface — preserve the convexity

O,, c/la O O,,
o 0 <c/b)lo



Basic features of the yield surface

Expansion, translation, shape change of vield surface

Expansion Translation Shape change(distortion)




Appendix

Principal stress and invariants

Coordinates

General ] A
transformation Principal

coordinates /—\ axis
A

I N

v

v

A

A




Appendix

Principal values and directions of symmetric tensor
= Eigenvalues and eigenvectors

ch=4An—(c—-Al)n=0

or (o; —Ao;)n, =0

for the non—trivial solution,
det(e6—A1)=0

Where A : principal values (or eigenvalues) of tensor
n : principal directions(or eigenvectors) of tensor



Appendix

Principal values & vectors and Invariants
= Do not change with any coordinates system

from det(c - /II) = 0, charactoristicequation is

=1 A+ 1,22 =1,=0

where |, 1,, I, areinvariants of tensor
|, =trace(o)

|, = %( trace(o)” —trace(c®) )

|, = det(o)



Yield function - Isotropy

Isotropic generalization

f(o-ij)
= f(0| ,0,,0,,0,N, ,ﬁm)(— General case

=|f(o,,0,,0,)| asasymmetric function «<— isotropic case

=|f (Il, |2, |3) <— Denote with invariants

where o,,0,,0,, : pricipal stresses
n.,n,,n, :principal directions
1, 1,,1, : the threeinvariants of ¢



Yield function - Incompressibility

Hydrostatic & deviatoric stresses

« Decomposition of the stress into two components: the hydrostatic
and deviatoric components

Oj = Sij +§O-kk5ij

o=S+ % trace(o)l

S :deviatric stress

where o, =0, + 0, +0as

20y, — 0, —0g

3

Oy,

20, — 0 =0y

3

O3

013

Oy

204 =0y — 0y

3
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0y 0y +0y

0 10y +0y




Yield function - Incompressibility

Deviatoric strains

Similarly, dg” =deP” +%trace (deP)l

de® : (plastic) strainincrement
de® :deviatoric ( plastic) strainincrement

trace(de®) =de, = 0| (for crystaline materials)




Yield function - Incompressibility

Hydrostatic & deviatoric stresses - example

O\j1» O3

1
_Gil|=Al1

1
o, || [111]

HL(Hydrostatic Line) || (1, 1, 1) {0'11 o, 013} [Su S, SB} {l 00
= +A

Oy Si 1 Oy =S, =95,
O, |=| S, |+A| 1| with <o, =S, =S,
O33 Sa 1 01, =S, =Sy

Now, fromthe figure,o =0, +0,

"-811+822+833:O<:>O'ST' 11=0 O-S J— [111]
1



Yield function - Incompressibility

Yield surface for incompressible case

« For crystal materials, plastic deformation is incompressible and
the hydrostatic stress does not affect the plastic deformation
since the plastic deformation is incurred by shear stress.

de®, =0 forarbitrary o,

S dW?® =S, de®;
f = f(oy) Is Independent of o,
f=f(oy)=T(Sy,00) = = f(S)

1 ?




Isotropic & Incompressible yield surface

f (Gij) < General case
= f (Sij )<— incompressible case

S S S ;
— f (SI ’S“ ’SIII ,nl ,n“ ’nm) <— |[sotropic case

31(S,,S,,S,,) asasymmetric function

=f (Jl, ‘J2’ ‘]3) <— Denote with invariants

=|f (‘J21 ‘JS) <— SinceJ; =0

where J,, J,, J, areinvariants of deviatoric tensor
J, =trace(S)=0

1 2 2
J, = E( trace(S)” —trace(S ))
J, = det(S)



Incompressibility

m-diagram
P
oy (dey,
Oy O
(de;;,dey)
ydrostafic Line || (1, L 1)
Deviatoric'plarie |\, O » 05,0 d
(des,.dey) o ( &
O-llio-[

(def,,de’)



Incompressibility
m-diagram

A way to find the deviatoric stress component: S;, S, and S; (with the condition
S;=0):

G3,III(SB,III)

| 0 o, (Sz,u)

R? They all share the same position on the
—— S(1,0,-1) deviatoric plane (therefore, in the 7
........ » 0(2,1,0) diagram), but with different

(3.2,1) hydrostatic component



Von Mises isotropic yield function
(or J, plasticity)

f(o)=f(S)=1(J,, J,)=1, =%|s|2 :%sijsij =%(s,2+s,2, +52)=Const

From above, yield function can be defined like in below
f(0)=6(0)=5(S) = JaS;S; =c

Where 7 : equivalent(or effective) stress




Reference stress state

How can we define the size of yield function c?
- From reference state

f(0)=5(0)=5(S) = JaS;S; =¢

BB(B, B,0)

PS3 or PLS3(K,-K,0)




Reference stress state

Simple tension

Pure shear(PS3)

Oy
|

Pure shear(PS2)

—— S:(K,0,-K)
— + 5:(2K,K,0)

Balanced biaxial

Oy

BB(B, B,0)

PS3 or PLS3(K,—K,0)



Reference stress state

Reference state : simple tension case

f(o)= \/aSijSij =C

For the reference state to calibrate the vield criterion is the simple tension,

0) (2¥/3 0 0 Y/3 0 0
PN o= 0 -Y¥/3 0 |+ 0 Y/3 0
0 o o0 -Y/3) L0 o0 Y/3




Reference stress state

Reference state : pure shear case

f(o) = \/aSijSij =

For the reference state to calibrate the vield criterion is the pure shear,

1
Oy = Si' +§5kk5ij
0 K O 0 K O 0 0O
K 0 O0|=|]K 0 0|+/0 0 O
0O 0 O 0O 0 O 0 0O
=& = K (yield stress of the pure shear)
\/( +K2
1
o=—
2




Reference stress state

Reference state : balanced biaxial case
f(o) = \/aSijSij =

For the reference state to calibrate the vield criterion is the balanced biaxial,

oy =S+ 5kk0'

B/3 0 0 2B/3 0 0
0 B3 0 |+ 0 2B/3 O
0 -2B/3 0 2B/3

(yield stress of balanced biaxial ten5|on)

B 0
0 0
0 0
o y
\/a %BZ+ B?+— Bj B




Von Mises yield criterion

In summary,

1 _
\/ E[(O'ﬂ — 0, )2 - (022 — 04 )2 + (0'33 — 011)2 - 60122 + 60'232 + 60311 (: Y ) =0

f=f(c)=f(S;)
f = ‘/3 =0
_[3 \/ 1
SIJSIj = _(Gu Gkk )(Gu __O- )
<:>\/ (00 GkkappJ—E
2 3

3 2 2 2 2 2 2 2
<:>\/ E(aﬂ +0,," +0y, +20, +20,°+20;, —1/3(011+022+033) )=

Qi

T _
\/E {(011 — 0y )2 +(0 — 0y )2 + (03 _0-11)2 +60;," +60y" + 60_312} —¢




Tresca isotropic yield function
(or maximum shear criterion)

5 Siax —Omin Oy — O
f(O')Zf(S):G(SI,S”,S”I): max2 min_ _ max2 m|n:K
P o3 SEg D KRIE 2K, —KE =0
16 ° 64 ° 16 2
O fSI —S“ =0, -0, - +2K
Oum =020 go) ]Zgzcrgzaf(zm 190 =Sy =0y —oy, =+2K
.~ /\ ) \SI _SIII =0, -0y, = +2K
11 \ ]

0,20, 20,(=0)

I
7207205(=0) } 0,20, 20;(=0)
1



Tresca yield function

Different reference state cases

Siax — Spi Crax — Omin _ —
f:A max mln:A max mln:G
2
(e
" BB(B,B,0)
Vi n
I’/
v PS2(2K,K,0)
T
ST(¥,0,0)
O-I

v “PS3(K,—K,0)
J/8S

17

Pure shear(PS3)

Oy

——— S:(K,0,—-K)
— + 5:(2K,K,0)

Simple tension

Gm

Pure shear(PS2)

Oy

|
0/‘\0

—+ S:(K,-K,0)
— +5:(K,—K,0)

Balancgd biaxial
11



Tresca yield function

Reference state : pure shear case

f — ASmax _Smin
2

— A O nax ~ O min

2

=0

For the reference state to calibrate the vield criterion is the pure shear,

f=£A . Gmax_aminjza
2

0O K O K 0 O
c=|K 0 O|<|0 -K O
O 0 O O 0 O

o = K (yield stress of the pure shear)

f:(AX K_(_K)j:K Gmax_o-min ( Yj _
L A=1




Tresca yield function

Reference state : simple tension cas

e

S B Smin

f = Am 2
2

_ Ao-max ~ “Ymin
2

=0

For the reference state to calibrate the vield criterion is the simple tension,

Y 0 O Y -0
c=/0 0 0 f:(AX 2
0 00 L A=2

v

(Umax ~ Onin )(:Y) =0




Tresca yield function

Reference state : balanced biaxial

f — ASmax_Smin _ Ao-max ~ Opin

=0




Drucker isotropic yield function

* Incompressible, isotropic, and symmetric for tension and compression,
2

(@)= 1(8)= (3, ) =5° (3, 3 = 33(1-£25) =K

2

« If &=0 - von Mises yield criterion
« S0, Drucker yield criterion is extension of von Mises yield criterion, which
modifies the shape of yield surface from the von Mises yield surface by

material constant ¢



Drucker isotropic yield function

_ J?
f(o)=1(S)=1(J, 35)=5"(J,, 33)=323(1—§J—33)= K®
2
* Let (07,05,0) - 0,(1,,0)
wherea = 05/0; (1 < a <0)

e J2/]% from a = —1(pure shear) to @ = 0(simple tension)
0.20
ol )
— 1
0.15 - J _?(1_05_'_0( )
3
LN 4\]3:&(&_2)(2&_1)(1_'_05)
VA 27
_ 2
0.05 - 'J32 — ((a _2)(2a _1)(1+a))
J; 27(1—0(+052)3
0.00 T T T T )
-1.0 -0.8 -0.6 -0.4 -0.2 0.0




Drucker isotropic yield function

* Principal stress o, can be derived as follows
J, :%(l—a+a2)
—6 3 J; 6 o’
f (O') = f (S) = f (‘]21 ‘]3) =0 (‘]21 Jg) = Jz(l_f?) =K J, =§(0€—2)(2a—1)(1+a)
2
32 _((a-2)(2a-1)(1+a))

@ .]_5’ 27(1—0{+0¢2)3

1

o (@,€) = V3K [(1a+a2)3 [1 o ((a=2)(2a _1)(1+a)) ]]

27(1—a+a2)3

* Since o, (a=0,¢)=Y(=B)and o, (a=-1&)=K ,

K6 — (27_4§)Y6 _ (27_45) B

272 27




Drucker isotropic yield function

By normalizing o, (@, &) with o,(2,£=0) which is von Mises yield function case,

o(@d [, 5((a—2)(2a—1)(1+a))2J 6 :(1_ . J;ji

o (a,E=0) 27(1-a+a?)

From convexity condition, -

1.10 1

Ksi=-27/8
Ksi=-2.0
Ksi=-1.0
Ksi=0.0
Ksi=1.0
Ksi=9/4

1.05

-1.0 -0.8 -0.6 0.4 0.2 0.0



Drucker isotropic yield function

* From previously driven equations, Drucker isotropic yield function can be plotted

In plane stress condition In T diagram

Ksi=0
————— Ksi=-27/8
Ksi=9/4




Non-quadratic isotropic yield function
generalized from von Mises yield function

Von Mises vield function

N |

o= {05(|S| _Su|2 +|Su _Sm|2 +|S'“ B S'|2)}

' generalization

Hosford non-quadratic isotropic vield function

1

C = {05(|S| _Su|M +S, _SIII|M +[Su _S'|M )}M



Non-quadratic isotropic yield function
generalized from von Mises yield function

Hosford non-quadratic isotropic yield function in plane stress conition

o= {05(‘5| _SII‘M +‘Su _SHI‘M +‘S'” _S"M )}M

Casel1:1<M<?2 Case2:2<M< oo

JII

M=4.0 (von Mises)
_——— M=5.0




Hill 1948 quadratic
anisotropic yield function

* Anisotropic expansion of von Mises yield criterion
e This will be further discussed in Chapter 14
f(o)=5"= Flo,, ~0,)°+G(c,-0,) +H(o,, —ny)2

+2Lo,* +2Mo,’ +2No,°

o-.\

Von Mises

A




Drucker-Prager compressible
Isotropic yield function

* Drucker-Prager yield function can be utilized for Soil, Concrete,
or other hydrostatic stress dependent materials

g(1,1,,1,)=6(1,,3,,1,) = [2ad, +AI,

Case 1: B3>0 Case 2 : B<0

Oy




Drucker-Prager compressible
Isotropic yield function

e Variation of Drucker-Prager yield criterion

Double cone shape Ellipsoid shape




