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Independence Test for Random Numbers

> [n testing for independence, the hypotheses are as
follows:
Hy R, ~ independent
H,: R, = independent
> The null hypothesis, H, reads that the numbers
are independent. Failure to reject the null
hypothesis means that no evidence of dependence
has been detected on the basis of this test. This

does not imply that further testing of the
generator for independence is unnecessary.
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[ndependence Test

[. Gap test

Counts the number of digits that appear
between repetitions of a particular digit and
then uses the Kolmogorov=5Smirnov test to
compare with the expected number of gaps.

2. Run test

Tests the runs up and down or the runs above
and below the mean by comparing the actual
values with expected values. The statistic for
comparison is the Z-score.
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Independence Test (cont)

3. Poker test

Treats numbers grouped together as a poker
hand. Then the hands obtained are compared with
what s expected using the chi—squared test.

U Autocorrelation test

Tests the correlation between numbers and
compares the sample correlation with the
expected correlation of zero.
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Gap Test

» The Gap Test measures the number of digits between
successive occurrences of the same digit.

(Example) length of gaps associated with the digit 3.
4, 1,3,51,7,28 20,7, 91,3527 941,63
39634823 1,9%446841,389557
3959853223747036359%955
504680470330957951,6%6 338
889291854450 239712036 3
(22 x 5 = /10 digits)

Note: eighteen 3’s in list
==> [7 qgaps, the first gap is of length [0
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Gap Test (cont)

> We are interested in the frequency of gaps.

P(gap of 10) = P(not 3) x .. x P(not 3) x P(3)
note: there are [0 terms of the type P(not 3) = 09
P(gap size or gap length = [0) = (09)"° (0./)

> The theoretical cumulative frequency distribution of the
gap size x for randomly ordered digit is given by

f(x) = 01%%-0,(09)" = [ = 0"
for x =0, 1, 2, .. (the max. gap size or /08=//0-2)

Note: The observed frequencies for all digits are compared to
the theoretical frequency.
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_ GapTest(cont)

E

xample.
Based on the frequency with which gaps occur for the digit 3,
analyze the /0 digits above to test whether they are

independent. Use a= 005. The total number of qgaps (or the

number of samples) is given by the number of digits minus /0,
or 100

* Total number of digits = X;_,(the number of ith digit)

= ?z()(ni + 1)
where n; is the number of gaps for the i—th digit.

Thus, total number of gaps Yi_,n;
= total number of digits —/0

The number of gaps associated with the various digits are as

follows: [ pigjt 0 /I 2 3 4 5 6 7 8 9
# of Gaps 7 8 8 1710 13 7 8 9 I3
(total 100 gaps)




Gap Test (cont)

Example (cont.)

035 035 03439 0006/

4=7 22 022 057 05695
811 7 0.7 074 07176 00224

[2-15 g 009 083 08147
16-19 5 005 088 08784 00016
20-23 6 006 094 09202 00198
24=27 3 003 097 09497 00223
28-3/ 0 000 097 09657 00043
32-35 0 000 097 09775 00075
36-39 2 002 099 09852 00043
HO-43 0 000 099 09903 00003
q4-47 / 00/ /00 09936 00064

=3

(total /00 gaps)
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Table 1 Critical values, CV («,n) ., of the KS test

with sample size n at the different levels of a.

n

Level of significance (o)

0.40

0.20

0.10

0.05

0.04 0.01

=50

0.369
0.268
0.192
0.158
0.123
0.87

Jn

0.447
0.322
0.232
0.190
0.149
1.07

0.509
0.368
0.264
0.217
0.169
1.22

10.562
10.409
0.294
0.242
0.189
1.36

0.580 0.667
0.422 0.487
0.304 0.352
0.250 0.290
0.194 0.225
1.37 1.63

Vn

-
Ny

7

Vn o n

Review
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Gap Test (cont)

» The critical value of D in Kolmogorov—5mirnov
test Is given by

Since D = max |F(x) — $,(x)l = 0022 is less
than D,,s, do not reject the hypothesis of

independence on the basis of this test.
(total number of gaps = the number of samples = [00)
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» Up and Down

Run Test

* Consider the YO numbers, both the Kolmogorov—-
Smirnov and Chi—square would indicate that the
numbers are uniformly distributed. But, not so.

008
0./1
002
0./2

009
0.16
009
0./3

023
0./8
030
029

029
03/
032
036

042
04/
045
038

055
053
047
054

058
07/
069
068

0.72
073
074
086

Increasing

\ 4

089
074
09/
088

09/
084
095
09/
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Run Test (cont)

* Now, rearrange and there is less reason to
doubt independence.

04/
009
088
03/

068
0.72
09/
042

089
086
095
073

084
008
069
0./2

074
054
009
074

09/
002
038
045

055
o.r/1
023
0./3

071
029
032
047

036
0.6
09/
058

030
0./8
053
029
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Run Test (cont)

 (Concerns:
v Number of runs
v’ Length of runs

e Note

If N is the number of numbers (or elements) in a
sequence, the maximum number of runs is N—/,
and the minimum number of runs is one.

[f “a” is the total number of runs in a sequence,
the mean and variance of “a” is given by
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Run Test (cont)

W, =2V -1)/ 3
= (16N - 29) / 90

* For N > 20, the distribution of “ a is approximated
by a normal distribution, N(U,, © )

* This approximation can be used to test the
independence of numbers from a generator.

Zy, =(a-W,)/ 0, theZ score
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Run Test (cont)

* Substituting for U, and 0, ==>
Z, = {a = [(2v=1)/3]} / (N(16N=29)/90},
where Z ~ N(0,/)

* Acceptance region for hypothesis of independence

‘Za/z S Zo S Za/z

ml«

-Z

al2

N

Z

al2 al2

* Too many (“up and then down”s or “down and then up”s) or too small
(“ monotonously increasing” or “monotonously decreasing”) runs make a reason to doubt!
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Run Test (cont)

* Example

— Based on runs up and runs down, determine whether
the following sequence of 40 numbers is such that
the hypothesis of independence can be rejected

where a = 005.

o4/ 068 089 094 074 09/ 055 062 036 027
0/9 072 075 008 054 002 00/ 036 016 028
0/8 00/ 095 069 0/8 047 023 032 082 053
03/ 042 073 004 083 045 0/3 057 063 029

— The sequence of runs up and down is as follows:
@+ +OBOFD- - O+ PO - DD
0-@0-00R +0-@ +0E0-@ +O
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Run Test (cont)

* The sequence of runs up and down is as follows:
tt ottt —m— ettt ——F —F ——F —— At =t At = = = — — F F —
There are 26 runs (/3 ups + |3 downs) in this sequence.
With N=40 and a=26,
W, = (2(40) - 1} / 3 = 2633 and

G = {16(40) = 29} / 90 = 679
Then, Z, = (26 — 2633) / V(679) = =0./3 < Zyyys

* Now, the critical value is Zy,,: = 196, so the independence of
the numbers cannot be rejected on the basis of this test.

SNU/NUKE/EHK



STANDARD STATISTICAL TABLES

1. Areas under the Normal Distribution

The table gives the cusulative probability
wp to the standardised normal value :

i.e. 2
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.
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Poker Test

» based on the frequency with which certain digits
are repeated.

Example:

026D 050) 053/ okt 0828 0909

Note' a pair of like digits appear in each
number generated.
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Poker Test (cont)

» [n 3=digit numbers, there are only 3 possibilities.

* P(3 different digits)
= (2nd diff. from [st) * P(3rd diff. from [st & 2nd)
= (09) (08) = 072

* P(3 like digits)
= (2nd digit same as [st) * P(3rd digit same as /st)
=(0/) (0.1) = 00/

* P(exactly one pair) = | — 072 — 00/ = 027 or
= (2nd digit same as /%) * (3" diff. from [*%)
+ (2nd digit diff. from [57) * (3" same as [** or 2")
=(0.1) (09) + (09) (02) = 027
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Poker Test (cont)

* Example
A sequence of 1000 three—digit numbers has
been generated and an analysis indicates that
680 have three different digits, 289 contain
exactly one pair of like digits, and 3/ contain
three like digits. Based on the poker test, are
these numbers independent?

Let a = 005.
The test is summarized in the next table.
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Poker Test (cont)

Example (cont)

Observed Expected (O, - E,)?
Combination, Frequency, Frequency, @ -----------
1 O, E, E,
Three different digits 680 720 2.24
Three like digits 31 10 44.10
Exactly one pair 289 270 _1.33
1000 1000 47.65

* The appropriate deqrees of freedom are one less
than the number of class intervals.

« Since X%gps 2 (5 599) < X2 (=4765), the independence
of the numbers is rejected on the basis of this test.
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= Chi=5quared Distribution

chi—square distribution table

2 = 2 s
X’y = the X? value d& 0995 0975 09 05 01 [00S| 0025 001 0005 df
such that the area 1 000000 0016 04ss 2206 lssail 5024 6635 7.879 1
s viaht | 2 0010 00510211 1386 4605 |5991|| 7378 9210 10597 2
o Its yight Is p. 3 0072 0216 0554 2356 6251 LZe38l 9348 11345 12838 3
4 0207 0484 1064 3357 7.779 9488 11.143 13277 14860 4
5 0412 0831 1610 4351 9236 11070 12832 15086 16.750 5
6 0676 1237 2204 5348 10645 12592 14449 16812 18548 6
7 0989 1690 2833 6346 12017 14067 16013 18475 20278 7
5 1344 2180 3490 7344 13362 15507 17535 20090 21955 8
| g 1735 2700 4.168 8343 14684 16919 19023 21666 23589 9
1 |05 10 2156 3247 4865 9342 15987 18.307 20483 23209 25.188 10
0 8 Xbs = 183 11 2603 3816 5578 10341 17.275 19675 21920 24.725 26.757 11
12 3074 4.404 6304 11340 18549 21026 23337 26217 28.300 12
FIGURE 45 13 3565 5009 7.042 12340 19812 22362 24.736 27.688 29.819 13
PIXZ) > x3,] = 05 and P[X%, < xb,] = 95. 19 4075 5629 7.790 13339 21064 23685 26.119 29.141 31.319 14
15 4601 6262 8547 14339 22307 24996 27.488 30578 32801 15
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Correlation Test

v’ Generate Uy, U, ..., U

v' Compute an estimate for the (serial correlation)
Z:-l:](U,' — C’(H))(U,‘_;_] —_ C"(Il))
S (Ui — U(n))?

n

p1 =

where U(n) is the sample mean.

V' If the Us are really iid. U(O.1), then p, should be close to
zero.

* “Consequential up, down and then up”s makes p, be neqatively large. Also,
“consequential ups” or “consequential downs™ make p, be positively large!

v For large n, p(-2//n < p, < 2/+/n) = 0.95.
Thus reject H, at the 5% significance level

if p, < =2/\n or p, >2/\n
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