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- Binary System mixture/ solution / compound

- Gibbs Free Energy in Binary System

G,=X,G,+X;G, J/mol

G,=G,+4G . J/mol

Ideal solution (AH_. =0) AG™ =RT(X,InX,+X;InXy)

G=X,G, +X;G; + RT(X,InX, + X;In X;)

Regular solution | Ay __p, ¢

1

G = X,G, + X,Gy+ Q X, X, + RT(X,InX, + X,InX,)

- Chemical potential and Activity

f \ () .
oG! e p,=G,+ RTlna, ln‘('_—;* =S (1-X,)
HA = .“XA J RT
on
A /TP i 7, = activity coefficient
= 40l ofsh ZHE|7] (2Ol dn,7F OhS SO EA W3} 10{0} x, ”
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- Equilibrium in Heterogeneous Systems

Gyf > G,* >G,**F =% a + 3 separation =) unified chemical potential

- Binary phase diagrams

1) Simple Phase Diagrams

Assume: (1) completely miscible in solid and liquid. 7

AH- =0 AH® =0

mix mix

(2) Both are ideal soln.

2) Variant of the simple phase diagram

AH® >AH!' >0

mix mix

miscibility gab

AH® <AH! <0

mix mix

[ s

Ordered phase _|

Liquidus
1

Solidus

o
A N




AHS >0: Solld solution — solid state AH S ,>>0: llquld state phase separation
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Q5: How can we define equilibrium
in heterogeneous systems?



1.4
Equilibrium in Heterogeneous Systems

A, B different crystal structure — two free energy curves must be drawn, one for each structure.

We have dealt with the case What would happen when
where the components A and B the components A and B
have the same crystal structure. have a different crystal structure?

G = X,G, + X,G,

— heterogeneous system
+ Q X, Xz +RT (X, InX, + XzInXy)

A
G
G4 Unstable Unstable
“ r4 bccA . fcc B

d

a ob 2 b
e Ga B

i " 6

A X B

A Ex (fcc) X8 B Ex (bcc)
(a) (b) 7



1.4
Equilibrium in Heterogeneous Systems

If G*(X%) and G”(X%) are given,

what would be G(a + f) at Xz =7?
A

Molar free
energy

G(a + B)

- bcg & acd, deg & dfc G©
: similar triangles

- Lever rule

- 1 mole (a+f3)
: bc/ac mol of a + ab/ac mol of 8 o
— bg + ge = be_total G of 1 m XB % XBB B

Fig. 1.26 The molar free energy of a two-phase mixture (a+3)



A geometric interpretation:

Lever rule

Cor

Wo

Sum of weight fractions: W|_ +Wqg =1

Conservation ofmass (Ni): Co =W CL+WuCa

Combine above equations:

W =

Co=Co __S

Ce-C R+S

Go-G _ R
o CuG RS

momeant aquilibrium

e

1-W,

aolving qivaa Lewvear Rula

Temperature

Composition



1.4
Equilibrium in Heterogeneous Systems

In XO, G,f > G,* > G,
Exchange of A and B atoms

=) o+ [ phase separation

Chemical Equilibrium (u, a)
— multiphase and multicomponent
(Lr=pP=pr=..), (a*=af=ay=...)

a a _ ., B
UA:UE Hp = Hyp

Unified Chemical potential of
two phases

HB

10



Variation of activity with com pOSition Activity, a : effective concentration for mass action

The most stable state,
with the lowest free energy, ‘RTIMA{ G* Gb
is usually defined as the [ —RTlnag
state in which the pure | J
component has unit activity AL é B
of A in pure o. ] . s
q, T
when X, =1—>a; =1 7
Wt | /I 7
when X, =1—a% =1 - |
p | |
] i 0 l |
when o and B in equil. TN i
T
d
oa AP I
aA - aA “AT | |
o _ | |
A =3 N L\,
0 Xg 1

Fig. 1.28 The variation of a, and ag with composition for a binary

Unified activity of system containing two ideal solutions, a and B 1

two phase




Equilibrium in Heterogeneous Systems

In X% Gyf >G,* >G, = a + 3 separation = unified chemical potential

o—

RT Ina,®
-RT Ina P

A

G
G“ GY b
LANG
.......................................... Ge Ay
A 0, ¢m 0, XO Bl ‘ B4

HA= MB
aBﬂzaBB
GP
-RT Inag®
-RT Inag®
........................... l’lB
B



Q6: How equilibrium is affected by temperature
in complete solid solution?
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1.5 Binary phase diagrams
1) Simple Phase Diagrams

Assumption: (1) completely miscible in solid and liquid.

(2) Both are ideal soln. | \yt _g AHS =0
(3) Tm(A) > Tro(B)

(4) T1 > Tm(A) >T2 > Tm(B) >T3

Draw Gt and G® as a function 1}
of composition Xg
at Ty, T.(A), Ty, T,(B), and Ts. 1)

(f) 14



1) Simple Phase Diagrams

) 0 O O O 0
RN | |
AG,, AG, AG

[
S
S S l
1500°K 1800°K 2000°K
A '""'"XB B A *—""XB B A “"'XB B
(Zr) (—=Xy) (V) (2r) (==X, ? (V) @n) (—Xy) (v);

Fig. 26. Free energy curves for liquid and solid phases in the U-Zr system at 15007, 1800" and 2000 "K.
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1.5 Binary phase diagrams

Assumption:

1) Variation of temp.: Gt > G¢ (3) T..(A) > T.(B)
2) Decrease of curvature of G curve (4 T,>T.(A)>T,> T, (B) >T,
(.- decrease of -TAS,, effect)

G

(a)

>
3
= v
v/

T1n (B)

1) Simple Phase Diagrams (1) completely miscible in solid and liquid.
(2) Both are ideal soln.
Tm(A) T2
v S
T L
I |
A B A b ¢ B
(b) (c)
I I
T
T. | |
’ nL2 | | T (A)
I
T3 L Liquidus
v T (B)
T
S 3
Solidus
A B A B

(d)

o
=
wn
o~}



1.5 Binary phase diagrams

1) Simple Phase Diagrams

The simplest type of binary phase
diagrams is the isomorphous system, in
which the two constituents form a
continuous solid solution over the
entire composition range. An example
is the Ni-Cu system.

Solidification of alloy C, starts on
cooing at T |.The first solid formed has
a composition of Cg| and the liquid
Co- On further cooling the solid

particles grow larger in size and change
their composition to Cg) and then Cg,

following the solidus whereas the liquid
decrease in volume and changes its
composition from C, to C| 3 following

the liquidus. The solidification
completes at T3.

Temperature

Composition



1.5 Binary phase diagrams

Cooling Curves

determination of Phase diagrams

Il
\ 1085°C
T
(thermal arrest)\

Tl




Q8: How equilibrium is affected by temperature
in systems with miscibility gap?
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1.5 Binary phase diagrams

2) Systems with miscibility gab
AH ., =0 AH_, >0

mix mix
\Liquid
Xp / a b ¢ d
\ T T T T
| |
N \ L/
1Solid,
Liquid [
(a) (b)
Liquid
Tl ____________
b c
T, L 2 __ _
a d
Liquid
f «
T
Xp —»
o'+«
Solid P -—v e f
= - -7 f hLiEF-F——f——————— —
e
A B

Xg — =

9 congruent minima

How to characterize G° mathematically
in the region of miscibility gap between e and f ?
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Ideal Solutions
G,=G,+4G,
5
;‘oa
Regular Solutions :

Reference state

Pure metal G, =G, =0

AG,, =AH,. -TAS, . (©) Q>O, high T

mix

mix :
A-Hmix
+
0
- TAS, ;i\
A 82 1
(d)Q>0,lowT



1.5 Binary phase diagrams

2) Systems with miscibility gab
AH ., =0 AH_, >0

mix mix

< O

mix -

- When A and B atoms dislike each other, AH

* In this case, the free energy curve at low temperature has a region

of negative curvature, d*G
ax;
* This results in a ‘miscibility gap’ of a’ and a” in the phase diagram
Liquid
e ————————
Liquid
Xg —»
Solid e .._\/
= - - f
A Xy — B 22
(©) (d)

congruent minima



2) Variant of the simple phase diagram

AH mix > 0 AH rﬁix > AH rlnix

Ta Ts Ty
}
!
AGmH
23 \
| o
l I
|
|
(.
(x{l+a‘{ L
A X B A Q b B
Tz T3
l
& l
' < o 1T
|
} congruent minima
Pa) Y B A B A Xe B

Fig. 30. Derivation of the phase diagram (Fig. 29b) from free energy curves for the liquid and solid phases.
Tpo>Tg>T,>T,>Ts



Q9: How equilibrium is affected by temperature
in simple eutectic systems?
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1.5 Binary phase diagrams

4) Simple Eutectic Systems AH;, =0 AH_, >>0

« AH_>>0 and the miscibility gap extends to the melting temperature.
(when both solids have the same structure.)

Ty T, T
G
Solid
Solid Solid
: - | :
L - [ I
/,| | | | |
aq || * @ | L+g | L Liay|ay
L@ | L ,
A — X, B A B A B
T, Ty
L L
Solid Solid
|
| | |
| I
@ | L+q Ltay | @ @ o+ ay | a,
| |
A B A B A — X, Boe

Fig. 1.32 The derivation of a eutectic phase diagram where both solid phases have the same crystal structure.



(when each solid has the different crystal structure.)

Fig. 1.32 The derivation of a eutectic phase diagram where each solid phases has a different crystal structure.

e — — — —

e — — ——

L+«
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Cu-Zn Phase Diagram
Eutectoid and Peritectic Reactions

peritectic: ] | |
Y+ L4_—’ § ™ yoL \ / peritectic:
700 |— d+LgXe
ij I &+ L L — 1200 ;
- I & —
% 600 — y : P 598°C §
% 560':0 8 +E %
(= R P
—1000
e e + L
eutectoid: — 00— ree
Oq— Y+e 1 1 |
60 70 80 %0

Composition (wWt% Zn)

Eutectoid: one solid phase transforms into two other solid phases upon cooling

Peritectic: one solid and one liquid phase transform into another solid phase
upon cooling

Solid 8
Peritectoid: two other solid phases transform into B

o

another solid phase upon cooling /w /y\“fﬁ@\




2) Variant of the simple phase diagram

o I
AH . <0 AH . <AH_. <0
l Y l
A / | 4 /
o
Ta Ta
@
& 7 o'
('3
A B A B
Xg— Xg———=
Fig. 32. Phase diagram with a maximum in the Fig. 33. Appearance of an ordered " phase at
liquidus. low temperatures.

congruent maxima



1.5 Binary phase diagrams
5) Phase diagrams containing intermediate phases

T, I, I;

b ——

« asplpl BeL
| ||

A B




1.5 Binary phase diagrams

5) Phase diagrams containing intermediate phases

G

+/

-4—D-A

Stoichiometric

Nomposition (A,,B,)

! Minimum G
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Temperature, °C

O phase in the Cu-Al system is usually denoted as CuAl, although
the composition X.,=1/3, X, =2/3 is not covered by the 0 field

on the phase diagram.

Weight Percent Copper
0 10 20 30 40 50 60 70 80 90 100
1100 1 I’ ] T 1 Il 1 . lI . i

1084.87°C

10004 3
] &
900+ -
3 848°C/ | ]
] 522
800+ L
7004 4
660.452
624°C 6
600 322 /7 363 591°C
563°C
820N\ ) 803
76.1
248 17.1 19| |3 49.8 -
500 S -
] (AD) ﬂ
4004 8 2 3
] 363° 4
] g 80.3
3 o
200 i - S S SN U - 19 PR SR | U ;
10 20 30 40 50 60 70 80 90 100
Al Atomic Percent Copper Cu

Al-Cu

Al-Cu
Struktur-

Composition,  Pearson Space bericht
Phase at.% Cu symbol group designation Prototype
(Al) 01t02.48 cF4 Fm3m Al Cu
6 31.91t0 33.0 12 14/mem C16 Al,Cu
m 49.8t0 524 oPl6oroCl6 Pban or Cmmm
n2 49.8 t0 52.3 mC20 Cmj2
[ 55.2t0 56.8 hP42 P6/mmm
G2 55.210 56.3 m**
E) 59.4 to 62.1 T
€2 55.0to 61.1 hP4 PG63fmmec B8, NiAs
8 59.310 61.9 hR* R3m
Yo 63 10 68.5 cl52 [43m D8,  CusZng
Y1 62.5to 68.5 cP52 P43m D8, AlyCugy
B 69.5 10 82 cl2 Im3m A2 W
5] 76.5t0 78
(Cu)  80.3t0 100 cF4 Fm3m Al Cu

J.L. Murray, Phase Diagrams of Binary Copper Alloys, P.R. Subramanian, D.J.
Chakrabarti, and D.E. Laughlin, ed., ASM International, Materials Park, OH,
18-42 (1994)

X.L. Liu, . Ohnuma, R. Kainuma, and K. Ishida, J. Alloys Compds, 264, 201-
208 (1998)
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Summary l: Binary phase diagrams

1) Simple Phase Diagrams

Both are ideal soln. — 1) Variation of temp.: G- > G® 2) Decrease of curvature of G curve
(- decrease of -TAS, ., effect)

2) Systems with miscibility gap AH- =0 AH> >0

mix mix
1)Variation of temp.: Gt > GS® 2)Decrease of curvature of G curve + Shape change of G curve by H

4) Simple Eutectic Systems AH- =0 AH’ >>0
— miscibility gap extends to the melting temperature.
3) Ordered Alloys AHL =0  AH>. <0

AH,.;, < 0 — A atoms and B atoms like each other. — Ordered alloy at low T
AH, ;<< 0 — The ordered state can extend to the melting temperature.

5) Phase diagrams containing intermediate phases

Stable composition ¥ Minimum G with stoichiometric composition

32



The Gibbs Phase Rule

Degree of freedom (number of variables that can be varied independently)

= the number of variables — the number of constraints
- Number of phases : p, number of components : ¢,

- #of controllable variable : composition (c-1)p, temperature : p, pressure : p

- #of restrictions :

: ey P

(p-1)c from chemical equilibrium ,U, ﬂ, ,u, = H;
— 78 —

p-1 from thermal equilibrium r'=r"=r"=..=717¢

p-1 from mechanical equilibrium PP=pf=p =...=p?

- Number of variable can be controlled with maintaining equilibrium

33

- Ifpressureisconstant : f=(c-Dp+p-(p-Dc—-(p-D=lc-p+1




1.5 Binary phase diagrams

The Gibbs Phase Rule

the number of separate phases (P) and the number of chemical
components (C) in the system. It was deduced from thermodynamic
principles by Josiah Willard Gibbs in the 1870s.

Gibbs phase rule F=C+N-P
F: degree of freedom

C: number of chemical variables

N: number of non-chemical variables

P: number of phases

In general, Gibbs' rule then follows, as:

F=C-P+2 (fromT,P).

From Wikipedia, the free encyclopedia
34



Temperature (°C)

Composition (at% Sn)

The Gibbs Phase Rule

For Constant Pressure,
P+F=C+1

100

300

200

100 [—

600

500

400

300

11200

— 100

(Pb)

20

Composition (wt% Sn)

80

100
(Sn)

Temperature (°F)

ngle phase
C-P
2-1

‘ si se

F= 1

= 1
=2

can vary T and

composition

independently

+
+

=

as
-P
-2

®

tw
F

+ +

1
1

nn ”o

=N O

canvary T or
composition

‘ eutectic point

F=C-P+1
=2-3+1
=0
can'tvary T or
composition
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The Gibbs Phase Rule

L  one-phase region

Application of Gibbs phase rule:

For a binary system at ambient pressure:
C=2 (2 elements)

two-phase
equilibrium (line)

N=1 (temperature, no pressure) / \
For single phase: F=2: % and T “
(a region)
For a 2-phase equilibrium:  F=1: ,
% orT (aline)
For a 3-phase equilibrium: F=0, (invariant three-phase
point) equilibrium (point)
a+h
Pb Sn

36



------------------------------------

6 ui="GI+Q(1-X,)’+RTInX, = us =°Gj

G @ T, Unstable a for

A is virtually insoluble in B

AGL " ="Gg —"G{'="Gg — u{="Gg — p15
¢t °G — 4% =—Q(1-X,)> —RT In X,

Stable g form

e
il AGE T =—Q(1-X,)’—RTIn X,
| RT In X, = -AG/ ™" —Q(1- X,)’
o A )'{E Xg — B (here, X§ <<1)
| RT InX§ =-AG, " -Q
T
p—oa
MB N ngexp(_AGB +Q)

RT
AGL™% = AHS?* —TAS/~* o] B2

a+p

oy
— e — — — — X_g__
W
w
=3
<
o
7
B \

0 : heat absorbed (enthalpy) when 1 mole of B dissolves in A rich a as a dilute solution.



* Limiting forms of eutectic phase diagram

The solubility of one metal in another may be so low.

T t T t
| +a L +-A
cq
Ta Tall)
o+f o+ 8 \ A+B
A B A B A B
i Al Al (5n)
(s - (A (AD) ) . (c)
Fig. 53. Evolution of the limiting form of a binary eutectic phase diagram.
e Q ........................... e . 1
Xg=Aexpi———¢: a)i TT mp X T :
..................................... T mrrmmrmnmmmmamrmammamraanmasraareer Ta
| + A
_ . L+ B
b) It is interesting to note that, except at absolute zero, T =
Xg® can never be equal to zero, that is, no two compo
-nents are ever completely insoluble in each other. A+B
A e

Fig. 54. Impossible form of a binary eutectic phase diagram.



Weight Percent Tin

231.9681°C

97.6

(PSn)

B T
40 50 60 70

30

\AAS RASSSES A

e
20

600
S00+

Do Uumerddwd],

111111

300+

111111111 ) B
8
) -

Sn

in

Atomic Percent
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a) Yol vAl= 55 I

1.5.8. Equilibrium Vacancy Concentration AG =AH -TAS

G of the alloy will depend on the concentration of vacancies and X‘f, will be that
which gives the minimum free energy.

1) Vacancies increase the internal energy of crystalline metal
due to broken bonds formation. (Here, vacancy-vacancy interactions are ignored.)

AH = AH, X,

2) Vacancies increase entropy because they change

Small change due to changes in the vibrational frequencies “Largest contribution”

 Total entropy change is thus

m) With this information,
estimate the equilibrium vacancy concentration.



Equilibrium concentration X will be that which gives the minimum free energy.

dX,

at equilibrium ( dG j 0
X, =X

AH, - TAS, +RTIn XS =0

A constant ~3, independent of T

S ~AH
X? =iex Viex v
VPP TR IPTRT
putting AG,, = AH,, — TAS,,
.............................. T
X, =ex v
v =S

* In practice, AH, is of the order
of 1 eV per atom and X,°
reaches a value of about 10-4~10-3
at the melting point of the solid

Rapidly increases with i

A

AHy Xy

Ihcreasing T

~TAS=RT In Xy

Fig. 1.37 Equilibrium vacancy concentration.

: adjust so as to reduce G to a minimum
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The G curves so far have been based on the molar Gs of infinitely large amounts of material of
a perfect single crystal. Surfaces, GBs and interphase interfaces have been ignored.

1.6 Influence of Interfaces on Equmbrlum b) B ol R AW

AG APV = AG—27V

r
Extra pressure AP due to curvature of the a/ The concept of a pressure difference is very
useful for spherical liquid particles, but it is less
- @ - convenient in solids (often nonspherical shape).
\ ¢ - | Atmospheric
” )" | pressure dG = AGdn =pdA  AG,=ydA/dn
() ! P | AP = 277/ Since n=41rr3/3V,, and A = 41rr2 AG = 27?/m

Early stage of phase transformation

Spherical interface

Interface (a/B)=y /ﬁ
-

dn mol B

Planar interface

W7

Fig. 1.38 The effect of interfacial E on the solubility of small particle Fig. 1.39 Transfer of dn mol of B from large to a small particle.
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Gibbs-Thomson effect (capillarity effect): X; =exp(—————

Free energy increase due to interfacial energy

Quite large solubility differences can arise for
particles in the range r=1-100 nm. However,
for particles visible in the light microscope
(r>1um) capillarity effects are very small.

I

|

|

|

]
Xg— XxB

(b)

Fig. 1.38 The effect of interfacial energy on the solubility of small particles.

_ AG, + Q)
Xg "~ =exp(—=
B p( RT )
) AG, +Q-2N _/r
Xy =exp(——2= .
B p( RT )
2N
= X5 7 ex U
B p( RTr )
For small values of the exponent,
X' (D wm)NH 2N,
X = RTr

Ex) y= ZOOmJ/m2 n=10" m3 T=500K

For r=10 nm, solubility~10% increase



1.8 Additional Thermodynamic Relationships for Binary Solutions

=) Gibbs-Duhem equation: Calculate the change in (du) that results from a change in (dX)

P 7
G™ _ - r_dPA
- <
[~ d(up—Ha)
G - g - dip
~dx; J
PR - up- = 4G
— £ — — — — — — y X,
—dPA{
X o0, + X0y =0 ® ; e )
Comparing two similar triangles, 0 X% Xg — 1
_ 7N _ dug _ d( g — #a) o dG _ Mg —Hpn  d2G/dX2
Xg X, 1 dXg 1 d2G/dXg2=d2G/dX,2
Substituting right side Eq de ...............

& Multiply X, X, _XAd/’lA:XBd/’lB:XAXBdeXB Eq. 1.65
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Additional Thermodynamic Relationships for Binary Solutions

The Gibbs-Duhem Equation 2=s=z3ei sizwst @2 as stersimae) olawisd 2 Al

be able to calculate the change in chemical potential (du) that result
from a change in alloy composition (dX).

® For a regular solution,

G =X,G, + X,G, + OX, Xy +RT(X, INX, +X,InX;)

2
jx% _ xR; ~20
ANB d°G RT
For a ideal solution, Q=0, dX 2 B X . X
ANB

® gg.f?fsgt rorm g = Gg +RTInag :/GB +RTInygXg
Y= ap/Xp

Differentiatin
WithreséeitfoXB, d/uB _ RT 1+ XB d7/B :ﬂ 1+ dlnyB
dX, Xgo | 7 dX.| X,| dlnX, .




d,UB:RT 1_|_XB dye :E 1_|_d1n7/8 Eq. 1.69
dX;| Xg ys 0Xg Xg dln X,

a similar relationship can be derived for du,/dXg

) dlny dlny
X, du, =X.du, =RT<1+ A LdX, =RT<1+ B LdX
AU Hp sU g { lnXA} B { dlnXB} B
Eq. 1.70

d’G
- =Xy = Xty = X, X =X Eq.1.65

The Gibbs-Duhem Equation

2
xAxB—df:RT 1o 47 L prly, din
dX din X, dIn X,

be able to calculate the change in chemical potential (du) that
result from a change in alloy composition (dX). 46




Total Free Energy Decrease per Mole of Nuclei

AG,

AG, o« AX where AX =X, - X,

.................................... /\., paA‘

AG <  AX oc(AT/

..................................... D -

@ HENS 9I3 MK PSR /MMNE A% FE2 oY
Driving Force for Precipitate Nucleation a—>a+pf | AG,
_ a vy p a vy p A
AG, = pp Xy + 1 Xg T, | -
: Decrease of total free E of system f ¢
by removing a small amount of material AT
with the nucleus composition (XzP) (P point) T, AX— l a+ P —p
_ By P By P
AG, = py Xy + tg Xg
: Increase of total free E of system
by forming B phase with composition XgP @ A Xe Xo Xp—> xP B
(Q point) A
oo e @,
AG. = AG, — AG,;i (length PQ) ’ s
AG, i= . per unit volume of S
""""""" m  : driving force for B precipitation
For dilute solutions, ; }_
HA

uf

o< undercooling below T, (b) 0



Summary ll: Binary phase diagrams
- Gibbs Phase Rule F=C-P+1 (constantpressure)

Gibbs' Phase Rule allows us to construct phase diagram to represent
and interpret phase equilibria in heterogeneous geologic systems.

Effect of Temperature on Solid Solubility

Equilibrium Vacancy Concentration Xy =exp v

Influence of Interfaces on Equilibrium

AG = 2Nm Gibbs-Thomson effect
r

Gibbs-Duhem Equation: Be able to calculate the change in

chemical potential that result from a change in alloy composmon

g2mgol vjawist (dX)2 QI3 shetmRIde) 0] ¥ sHdp) S A



Topic proposal for materials design

Please submit 3 materials that you
want to explore for materials design
and do final presentations on in this
semester. Please make sure to
thoroughly discuss why you chose
those materials (up to 1 page on each
topic). The proposal is due by
September 25 on eTL.

Ex) stainless steel/ graphene/ OLED/
Bio-material/ Shape memory alloy
Bulk metallic glass, etc.

49



