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Equilibrium in Heterogeneous Systems
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- Binary phase diagrams
1) Simple Phase Diagrams AHE =0 AHS =0

Assume: (1) completely miscible in solid and liquid. T
(2) Both are ideal soln.

2) Variant of the simple phase diagram
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AHS >0: Solld solution — solid state AH S ,>>0: llquld state phase separation
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Summary | : Binary phase diagrams

1) Simple Phase Diagrams

Both are ideal soln. — 1) Variation of temp.: G- > G® 2) Decrease of curvature of G curve
(- decrease of -TAS, ., effect)

2) Systems with miscibility gap AH- =0 AH> >0

mix mix
1)Variation of temp.: Gt > GS® 2)Decrease of curvature of G curve + Shape change of G curve by H

4) Simple Eutectic Systems AH- =0 AH’ >>0
— miscibility gap extends to the melting temperature.
3) Ordered Alloys AHL =0  AH>. <0

AH,.;, < 0 — A atoms and B atoms like each other. — Ordered alloy at low T
AH, ;<< 0 — The ordered state can extend to the melting temperature.

5) Phase diagrams containing intermediate phases

Stable composition ¥ Minimum G with stoichiometric composition



Temperature (°C)

The Gibbs Phase Rule

For Constant Pressure,

P+F=C+1
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0 : heat absorbed (enthalpy) when 1 mole of B dissolves in A rich a as a dilute solution.



* Limiting forms of eutectic phase diagram

The solubility of one metal in another may be so low.

T t T t
| +a L +-A
cq
Ta Tall)
o+f o+ 8 \ A+B
A B A B A B
i Al Al (5n)
(s - (A (AD) ) . (c)
Fig. 53. Evolution of the limiting form of a binary eutectic phase diagram.
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b) It is interesting to note that, except at absolute zero, T =
Xg® can never be equal to zero, that is, no two compo
-nents are ever completely insoluble in each other. A+B
A e

Fig. 54. Impossible form of a binary eutectic phase diagram.



a) Yol vAl= 55 I

Equilibrium concentration X will be that which gives the minimum free energy.

at equilibrium ( dG j 0
Xy =X%

dX,

AH, - TAS, +RTInXS =0

A constant ~3, independent of T Rapidly increases with i

; . —AH,
R | RT

* In practice, AH, is of the order
of 1 eV per atom and X,°
reaches a value of about 10-4~10-3
at the melting point of the solid

A

hcreasing T

AHy Xy

~TAS=RT In Xy

Fig. 1.37 Equilibrium vacancy concentration.
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The G curves so far have been based on the molar Gs of infinitely large amounts of material of
a perfect single crystal. Surfaces, GBs and interphase interfaces have been ignored.

1.6 Influence of Interfaces on Equmbrlum b) B ol R AW

AG APV = AG—27V

r
Extra pressure AP due to curvature of the a/ The concept of a pressure difference is very
useful for spherical liquid particles, but it is less
— @ - convenient in solids (often nonspherical shape).
\ ¢ - | Atmospheric
” )" | pressure dG = AGdn =pdA  AG,=ydA/dn
() ! P | AP = 277/ Since n=41rr3/3V,, and A = 41rr2 AG = 27?/m

Early stage of phase transformation

Spherical interface

Interface (a/B)=y /ﬁ
-

dn mol B

Planar interface

W7

Fig. 1.38 The effect of interfacial E on the solubility of small particle Fig. 1.39 Transfer of dn mol of B from large to a small particle.
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Gibbs-Thomson effect (capillarity effect): X; =exp(—————

Free energy increase due to interfacial energy

Quite large solubility differences can arise for
particles in the range r=1-100 nm. However,
for particles visible in the light microscope
(r>1um) capillarity effects are very small.

I

|

|

|

]
Xg— XxB

(b)

Fig. 1.38 The effect of interfacial energy on the solubility of small particles.

_ AG, + Q)
Xg "~ =exp(—=
B p( RT )
) AG, +Q-2N _/r
Xy =exp(——2= .
B p( RT )
2N
= X5 7 ex U
B p( RTr )
For small values of the exponent,
X' (D wm)NH 2N,
X = RTr

Ex) y= ZOOmJ/m2 n=10" m3 T=500K

For r=10 nm, solubility~10% increase



1.8 Additional Thermodynamic Relationships for Binary Solutions

=) Gibbs-Duhem equation: Calculate the change in (du) that results from a change in (dX)

P 7
G™ _ - r_dPA
- <
[~ d(up—Ha)
G - g - dip
~dx; J
PR - up- = 4G
— £ — — — — — — y X,
—dPA{
X o0, + X0y =0 ® ; e )
Comparing two similar triangles, 0 X% Xg — 1
_ 7N _ dug _ d( g — #a) o dG _ Mg —Hpn  d2G/dX2
Xg X, 1 dXg 1 d2G/dXg2=d2G/dX,2
Substituting right side Eq de ...............

& Multiply X, X, _XAd/’lA:XBd/’lB:XAXBdeXB Eq. 1.65
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Additional Thermodynamic Relationships for Binary Solutions

The Gibbs-Duhem Equation 2=s=z3ei sizwst @2 as stersimae) olawisd 2 Al

be able to calculate the change in chemical potential (du) that result
from a change in alloy composition (dX).

® For a regular solution,

G =X,G, + X,G, + OX, Xy +RT(X, INX, +X,InX;)

2
jx% _ xR; ~20
ANB d°G RT
For a ideal solution, Q=0, dX 2 B X . X
ANB

® gg.f?fsgt rorm g = Gg +RTInag :/GB +RTInygXg
Y= ap/Xp

Differentiatin
WithreséeitfoXB, d/uB _ RT 1+ XB d7/B :ﬂ 1+ dlnyB
dX, Xgo | 7 dX.| X,| dlnX, N




d,UB:RT 1_|_XB dye :E 1_|_d1n7/8 Eq. 1.69
dX;| Xg ys 0Xg Xg dln X,

a similar relationship can be derived for du,/dXg

) dlny dlny
X, du, =X.du, =RT<1+ A LdX, =RT<1+ B LdX
AU Hp sU g { lnXA} B { dlnXB} B
Eq. 1.70

d’G
- =Xy = Xty = X, X =X Eq.1.65

The Gibbs-Duhem Equation

2
xAxB—df:RT 1o 47 L prly, din
dX din X, dIn X,

be able to calculate the change in chemical potential (du) that
result from a change in alloy composition (dX). 14




Total Free Energy Decrease per Mole of Nuclei

AG,

AG, o« AX where AX =X, - X,

.................................... /\., paA‘

AG <  AX oc(AT/

..................................... D -

@ HENS 9I3 MK PSR /MMNE A% FE2 oY
Driving Force for Precipitate Nucleation a—>a+pf | AG,
_ a vy p a vy p A
AG, = pp Xy + 1 Xg T, | -
: Decrease of total free E of system f ¢
by removing a small amount of material AT
with the nucleus composition (XzP) (P point) T, AX— l a+ P —p
_ By P By P
AG, = py Xy + tg Xg
: Increase of total free E of system
by forming B phase with composition XgP @ A Xe Xo Xp—> xP B
(Q point) A
oo e @,
AG. = AG, — AG,;i (length PQ) ’ s
AG, i= . per unit volume of S
""""""" m  : driving force for B precipitation
For dilute solutions, ; }_
HA

uf

o< undercooling below T, (b) 0



Summary ll: Binary phase diagrams
- Gibbs Phase Rule F=C-P+1 (constantpressure)

Gibbs' Phase Rule allows us to construct phase diagram to represent
and interpret phase equilibria in heterogeneous geologic systems.

Effect of Temperature on Solid Solubility

Equilibrium Vacancy Concentration Xy =exp v

Influence of Interfaces on Equilibrium

AG = 2Nm Gibbs-Thomson effect
r

Gibbs-Duhem Equation: Be able to calculate the change in

chemical potential that result from a change in alloy composmon

g2mgol vjawist (dX)2 QI3 shetmRIde) 0] ¥ sHdp) S A



What are ternary phase diagram?

Diagrams that represent the equilibrium
between the various phases that are formed
between three components, as a function of
temperature.

Normally, pressure is not a viable variable in
ternary phase diagram construction, and is
therefore held constant at 1 atm.

www.sjsu.edu/faculty/selvaduray/page/phase/ternary_p_d.pdf 17



Gibbs Phase Rule for 3-component Systems

F=C+2-P
For isobaric systems:
F=C+1-P

For C = 3, the maximum number of phases will
co-exist when F =0

P=4whenC=3andF=0
Components are “independent components”

18



Gibbs Triangle

An Equilateral triangle on which the pure
components are represented by each corner.

A Concentration can be expressed as
S % . either “wt. %” or “at.% = molar %”.
Q (/ \\
Ql % \\\ \\
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Y AV XX+ X = 1
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Ternary Isomorphous System

Isomorphous System: A system (ternary in this case)
that has only one solid phase. All components are
totally soluble in the other components. The ternary
system is therefore made up of three binaries that
exhibit total solid solubility.

The Liquidus surface: A plot of the temperatures
above which a homogeneous liquid forms for
any given overall composition.

The Solidus Surface: A plot of the temperatures
below which a (homogeneous) solid phase forms
for any given overall composition.

22
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Ternary Isomorphous System

T .....
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Ternary Isomorphous System

B3:

24



Ternary Isomorphous System

2 Liquidus Surface - Solidus Surface
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Ternary Isomorphous System




Ternary Isomorphous System

=C-P

Isothermal section — F

BTIC:

BTIB:
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Ternary Isomorphous System

Isothermal section

RTIC

BT2B:

I
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Ternary Isomorphous System

Isothermal section - F=C-P

Gn G
- I’ Y
~./
\‘ /
® B
L
A ' B
(a) (b) (c)
Fig. 1.41 (a) Free energy surface of a liquid  (b) A tangential plane construction to the (c) Isothermal section through

and three solid phases of a free energy surfaces defined equilibrium a ternary phase diagram
ternary system. between s and | in the ternary system

29



Ternary Isomorphous System

Locate overall composition using Gibbs triangle

TRII:

Tie line: A straight line joining any two ternary
R compositions

30



Ternary Eutectic System
(No Solid Solubility)

Ternary Eutectic System — No Solid Solubility

The Ternary Eutectic Reaction:

A liquid phase solidifies into three separate
solid phases

G. Selvaduray - SJSU - Oct 2004

w



Ternary Eutectic System

El: (No Solid Solubility)
T
I Tc /
Ts.
A B e
TA‘
. TB
A B
i Tg
T,
Te" “Te
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Ternary Eutectic System
(No Solid Solubility)

ES:
Liquidus projection
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Ternary Eutectic System
(No Solid Solubility)

T,
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v T2A:

Ternary Eutectic System
(No Solid Solubility)

Ta i
2 3 J
Te k=" —
I
|
e
..
p\ -
B
B
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Ternary Eutectic System
(No Solid Solubility)

L+A+C
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Ternary Eutectic System
(No Solid Solubility)
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Ternary Eutectic System
(No Solid Solubility)
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Ternary Eutectic System
(No Solid Solubility)

T6A.: TeC:

L+C
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Ternary Eutectic System
(No Solid Solubility)

T= ternary eutectic temp.

40



T

Ternary Eutectic System
(with Solid Solubility)

A

P1:

NP

/ Te2 o

7

il

Gl

S INSZT
\

.

Ta: Melting Point Of Material A

Ty: Melting Point Of Material B

Te: Melting Point Of Material C
Tg;: Eutectic Temperature Of A-B
T2 Eutectic Temperature Of B-C

Tg3: Eutectic Temperature Of C-A

41



Ternary Eutectic System
(with Solid Solubility)

P3:




Ternary Eutectic System
(with Solid Solubility)

Main outline of Ternary Phase Diagram with Ternary Eutectic (T,) and Solid
Single Phase Regions Shown

LIQUID:

All Liquidus surfaces (a+L-Red, B+L-Purple, y+L-Green)



Ternary Eutectic System

(with Solid Solubility)

T1B;

Temperature Slice At T, < Tg, But >Ty, Te

LIQUID

A

Isothermal Section At T=T,
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Ternary Eutectic System
(with Solid Solubility)

T2A T2B

LIQUID

A A

Temperature Slice At T,> T, But, T, <Tg, Te Isothermal Section At T=T,



Ternary Eutectic System
(with Solid Solubility)

T3A: T3B
T
o\
*
X
X
Trk---
2
. 12
/ \11
/
/
E I

Temperature Slice At T; <Ty, Tp, T, But T3>Tgy, Tes, Tgs

Isothermal Section At =T,



Ternary Eutectic System
(with Solid Solubility)

T4A:
5
7
4
s b S o
| T 1 “‘/"I—O/ W/
12
S 9 :
A L 7 - / /
aY
/ X 4
/ .
[ s e ’
R —— Tf

A

Temperature Slice At Ty<Tg And Ts>Tg|, Te3

T4B:

Isothermal Section At T=T,



Ternary Eutectic System
(with Solid Solubility)

T5A: T35B:
T
BN
N\
5 // TC
\>_ .
/ /
Ts s o T = \
; 2 o
4 s
// 5 \
183 -3 \
B AR
A

Temperature Slice Below All Binary Futectics But, Above The Ternary Ny
Risteckis : Isothermal Section At T=T;
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Ternary Eutectic System
(with Solid Solubility)

T= ternary eutectic temp.
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Ternary Eutectic System
(with Solid Solubilitv)

T6A: T6R:

A

Temperature Slice at Tg < Tg Isothermal Section At T=T,
HollE st M Z XtE F=: MH isothermal section2| 2= 0f 2 H3} 50
http://www.youtube.com/watch?v=yzhVomAdetM



Ternary Eutectic System

3) Solidification Sequence: liquidus surface

Eutectic
point

Temperature
N
o
o
1

apha:se:solid
solution of Sn
Infi:ch

\

solvus |

L 1 : 1

g phase: solid
solution of Pb in
tetragonal Sn

solvus
a+f

1 1 1 1 L

0
0 10 20 30 40 50 60 70 80 90 100
Wit%

Pb
(Fcc)

Sn
(Tetra)
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Ternary Eutectic System

* Vertical section

[

* The horizontal lines are not tie lines.
(no compositional information)

* Information for equilibrium phases at
different tempeatures 52



< Quaternary phase Diagrams >

Four components: A, B, C, D

Assuming isobaric conditions,
Four variables: X,, X;g, Xc and T

A difficulty of four-dimensional geometry
— further restriction on the system 5

Most common figure: B
“ equilateral tetrahedron “ A il

4 pure components
6 binary systems

4 ternary systems e
A quarternary system e e e




* Draw four small equilateral tetrahedron
— formed with edge lengths of a, b, c, d

a+b+c+d=100

%A=Pt=c,
%B=Pr=a,
%C=Pu=d,
%D=Ps=Db

-
-
-

3".'3\-@.--.9________\ X

-
-
-

s £
» ’—
.
c ;
/2 - §
1 "

Fig. 247. Representation of a quaternary system by an equilateral tetrahedron.

AW
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* Incentive Homework 1

Please submit ternary phase diagram model which
can clearly express 3D structure of ternary system
by October 16 in Bldg. 33-313.

You can submit the model individually or

with a small group under 3 persons.

* Homework 1 : Exercises 1 (pages 61-63)

Good Luck!!
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