e Dynamic equations for the moments of the distribution(Lee, K.W., 1983)

- %j Bv,v-v)n(v)n(v—v)dv —]O SVVINWINV)AVE(V,V)

pi o5

Assume aerosol size distribution is log-normal
throughout the coagulation process

N (Ind,~Ind, )’
V2zIno,d, 2In20g

d, :geometric mean diameter = CMD — count median diameter

n(d,, t)=

o, -geometric standard deviation
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n(v,t)="?

n(d,)dd, =n(v)dv ..n(v)= n(dp)%

7
v=lzd? M _Llr42 g =(@j
6 dd, 2 ° "z

IndIO =E(Ing+lnvj
3 T
(Inv—lnvg)zl

N
nv) = ex
V) 3J27 In o,V p( 181In° o,

Unknowns: N(t),v,(t),o,(t)
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'Ooovkn(v,t)dv

M k
M, .'0“’ ndv = N (t)
:total particle number concentration
M, = jo“’ nvdv =V (t)
.total particle volume concentration
M, = Iooovzn(v,t) dv
related to the spread of the distribution
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ro Dynamics eqxVv*dv —

d'V' e[ fov ( )KZKTJ{ZHﬁ(V—\?)%+\~/_%(v—\7)%}<n(\7,t)n(v—\7,t)d\7dv

—j j (Zij[2+vy vy y}n(v t)n(v,t)dvdv

—E{ZM M,+M M  +M M 1}
3u 3 k+§ 3 =3
st »® v - I e ¥

1™ term fo jo dvdv_j0 L dvdv
X=V—V

V(V to 00)=x( 0 to o)
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1st terms

2kT

1

jj (X +V)n(v, t)n(x, t)dxdv+—_[ [ (x+v)vx3n(v t)n(x,t)dxdv

= IO“’ Iow(x+\7)"\7_3x3n(\~/,t)n(x,t)dxd\~/

k =0: EM0 , k—TMlM L k—TMlM .
Su S 3 3 3 3
el kT M +M,M , dN __2KT 5
dt 3,Ll 3 3 dt Sﬂ
k=1 b, =0 } M, =const =V (total volume is constant) k =2 M, __4kT [M12+M4 M, }
t dt 3u %%
k = 1E2MM I(I(MM +M,M j I(I-[MM +MMJ
3u 3 3 3 3) 3 3 3 3 3

j:j: (X+V)NW)N(X)dxdv = M,M, + M M,

~
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Moments for log-normal distribution

M, = _[vakn(v,t)dv =

(Inv—Inv, )Z}dv

N _[Oov"‘l exp| — )
32z In o, "’ 18In“ o,
change of variable

u=Inv, u=Inv,, o,=Ino,

—\2

N © (u_u) k k® 2
M, = e“exp| — du =Nv. exp| —(3Ino 12
: 3N2rxo, ' P 180u2 o OXP 2 ( g) 12)

=M,y exp(%(kz ~1)In? ng (13)
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For example
K M,

_ 9
0 M,v, 1exp(—alnzo-gj
1 2
3 M,v, 3exp(—4|n20'g)
MM, =M, exp(In®c,)
3 3

dM, _ 2kT M, {Viz(exp(—9ln2ag)+exp(—8'”2%))}

dt 31 ]
dcl\i:Z = A;(; M2 [1+exp(|n2c7g )]

{ational University
o Particle Control




Differentiation of eq(13) gives:

i din din
Bhh M, exp —%Inzag}[—ij{mn o, % . Vg}

dt v, dt  dt
) dinv dlIn
il _ M, exp zlnzo-g}vgJ 2 +27Ino, :
dt 2 dt dt
dM

O obtained from two methods should be the same:
2

1—gexp(9ln2 o,)

d(Inv,)=9 d(in?c,)  (22)

exp(9In®o,)—2
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d(Inv d(In®o
(inv,) . d(n’c,)
dt dt
— Integration gives the time variation of Inv, and Inzag

(assuming 1+exp(In® o) [ (1+exp(In® o,))) Eq(24)

1 exp(9In®o,) -2
In? o, =2 n| 2+ il fo) (25) (B)
1+| 1+exp(In’ o,) | KNt
Y
9 —.... (26)
Vgo

And we know that M, = Mliexp(—gln2 agj
2

Vg
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N, = Mliexp(—gln2 o-oj
Vyo 2

- 1 TN
No 1+[1+exp(ln200)]3— Nt
u

... N 1
(compare with = KT

No  112x %0 N t
Su

<« Smoluchowski(Z. Phys. Chem. VVol.92, 1917)

2 versus ( 1+exp(In® o,))show polydispersity and size
dependence.
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1.0
----- Reed et al
( numerical)
Present Study
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O 1 1 )| A
102 i’

KN ot

Fi1G. 1. Decrease in total number of particles, N/Ny, as a function of dimensionless time, KNy, for
several initial geometric standard deviations, a.
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Ast — o ((B)= F-H)
exp(9In®o,)=20r o, 11.32
(independent of initial distribution)

Asymptotic Behavior
Similarity solution
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se————— Reed et al
(numerical)
Present Study

0. 5%

0 L (e | L O L $ELSE ] e ] ey

KNt

FI1G. 2. Change in the geometric standard deviation ¢ as a function of dimensionless time, KN,t, for
several initial geometric standard deviations, o,.
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10— —— — — Reed et al
{numerical)
Present Study
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KNt

FiG. 3. Increase in the number median particle volume, vglvgo, as a function of dimensionless time,

KNqyt, for several initial geometric standard dev1an x‘;
S
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——————— Present Study
i aindioret Tivon SN 8t es fermayay Jorden et al
Tignls (numerical)
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FIG. 4. Comparison of size distributions calculated using present results with numerical integrations
by Jordan et al. (16) (oo = 1.5).
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Present Study |
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o (numerical)
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by Jordan et al. (16) (oo = 2.0).

FiG. 5. Comparison of size distributions calculated using present results with numerical integrations
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Present Study
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B Friedlander (1977)
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FIG. 6. Comparison of the predicted decay in the total number of particles in the asymptotic behavior
regime with that given by Friedlander /' 7).

I University
o Particle Control




99,99

99.9
99.8

|

©0
@
T

95 =

90 —

80 —
70 |~
60
50
40 +—
30+

20—

Cumulative Percent of Particle Numbers Less than the Size

0.05 |-

| | i) ] | { g
O'o'o.l | 10

N (Ev/v)

FIG. 7. Comparison of the obtained asymptotic size distribution with the self-preserving distribution
given by Friedlander and Wang (9).
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Condensation and Evaporation

- Condensation and evaporation can change the particle size, but
cannot change the number concentration (while coagulation changes
both size and concentration of particles).

- Condensation and evaporation can be considered as a collision
process between the particles and the vapor molecules (while
coagulation is a collision process between particles).

- Condensation needs “super saturation”. (evaporation occurs when
the vapor partial pressure is less than its saturation value ).

- Saturation means ‘“equilibrium between liquid and vapor”,
therefore, Supersaturation (vapor partial pressure 1s larger than
saturation pressure) is needed for vapor molecules to condense on the
particle.

BeauPNational University
) Nano Particle Control




saturation ratio — = P :saturation vapor pressure for a plane liquid

R surface

— \Vapor

+—— liquid — We call the vapor pressure as ““saturation
pressure” when mass equilibrium exists, 1.e.,
when evaporation is balanced with
condensation

For the case of water,

| P =811 o0 ° iri '
00y Fs =6.Ll-———2  T(°C) P(MmHg) (empirical relation)

dr, _ AH : clausius-clapeyron equation (T 1, p, 1)
dT TAv

gavibNational University
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When saturation ratio is greater than one — super saturated
When saturation ratio is less than one — unsaturated
super saturation can occur (1 adiabatic expansion

I

T

[T ]%1 < by adiabatic expansion
_| 2

y . Gamma : specific heat ratio

(2) mixing(for example, stack gas ) — cooling(that is
advantageous for supersaturation) + dilution(that is a opposite
effect for super saturation)
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Kelvin Effect

@ «— Curvature modifies the attractive force
between surface molecules and internal molecules.

— Smaller the droplet, the easier it is for molecules to leave —
To prevent evaporation the partial pressure of vapor must be
greater than P (that is an equilibrium pressure for plane
Interface ).

Smaller number of molecules exist underneath the droplet than
the case of plane interface, therefore, attractive force grabbing
Interface molecules should become smaller. Consequently, for
given temperature and pressure, smaller droplets can be more
easily evaporated.

—~
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P

4 - Saturation pressure for a system having curved interface
. for droplet
P, : Saturation pressure for a system having plane interface

B exp[4av J %\I (volume per molecule of liquid)

— Kelvin relation

“Super saturation” is need to maintain
liquid droplet For example, if

d, =0.05um (water), 104.4% saturation
ratio Is needed.

region growth

<0.1 um
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For given d,,
If Partial pressure > P; — condensation — particle growth
Partial pressure < Py, — evaporation — particle
, evaporation
For given P, droplets having d,” corresponding to Pd remain
as it is, droplets having d, less than d,” will be evaporated, and
droplets having d, larger than d,” will grow due to codensation
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Change of Gibbs free energy during condensation
of n vapor molecules

AG = (4 —,)n+7d’c

If n, molecules become liquid and n_, molecules still remain
vapor, then

G=¢n +@n +xd’c (originally G, =(n_+n)g, )
¢a: free energy potential per molecule in the vapor phase

¢b: free energy potential per molecule in the liquid phase

dg, =V.dp dg =V,dp V,>V,

:t':i(")i‘rti ‘.- JT\‘T(; !Oﬂar UﬂlVe rSIty
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dg =vdp —SdT
g=h-TS
SO, — 0, =—kT In
N 7T 3
M 6ppdp
N (7
AGZ?Z'dp c—kKTInS a(Gppd;j

P
P(T)

S

=—kTInS

N =

M
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AG

diG

—2 -0
dd,

N, =
ZﬂdpG—kT InSVEppd ? =0

p

« 4o M
dp =
pP,RTInS

«— Kelvin equation
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d, >d, " particles grow.

d p < d p*, particles are evaporated and finally disappear.

doM
P,RTINS

designates * critical size “ from which we can consider as a
stable particle. Droplets less than this critical size are unstable
and considered as molecular clusters ( not particles ).

For given S, dp* =

gupNational University
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Homogeneous Nucleation

Questions :
-For given supersaturation ratio S, how many particles can be
nucleated from pure vapor per unit time per unit volume ?

-Regardless of generation mechanism of vapor ( physical or
chemical ), you need supersaturation of vapor in order to nucleate
“ particles” from molecular clusters. This means that you need to
generate “ stable molecular cluster “, or, “ molecular clusters
having critical size, or ““ smallest size of particle”.

-What is the rate of formation of such critical size of particles ?
The particle formation rate may be different from the generation
rate of vapor molecules owing to chemical reaction or physical

evaporation. 3 . .
P BeoubNational University
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Homogeneous Nucleation

Questions :

-1f we can assume the critical size or smallest particle size to be the
single molecule, then the formation rate of particle should be the
same of the generation rate of molecules due to chemical reactions
or physical evaporation.

-To find out ““ nucleation rate”, you need to know the generation
rate of “stable molecular cluster ““, or, “ molecular clusters having
critical size, or “ smallest size of particle”

EOIbNational University
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Homogeneous nucleation theory ( Becker and Doring. 1935)

-Consider the generation of g-mers with assumption that the rate
of g-mers formation is equal to the rate of formation of g+1-mers

-Consider the collisional process of molecules assuming
dominant molecular cluster governing this process is monomers

-To become * particle”, clusters should overcome del G.

-Now this theory is receiving a lot of criticism without
“alternative established new theory .

D, 2672, ( 16770°y,’ )
N, exp| — - -
(27mkT )2 | (KT )" 3(KT)*(InS)

Eq.(10-16) [ #/cm3sec |

~
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Heterogeneous Condensation
- condensation takes phase on the existing particles — cloud formation

dp >> A
on Dor? (anj_
ot r’or \ or

n : molecular concentration of the condensing speices

d _ L _—_
r= "%, n=n, :concentration In equilibrium

r->o n=n
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The rate of diffusional condensation
on

or jrdV

2

F=D— zd * =2xd D(n,—n,)

=2zd D (PL—Py) #/ sec
KT

dv i 27deD
dt kT

Vm(pl_ pd)

1 dd,
Fromv = E d , you can obtain —=

dt
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(i1) free molecular region

2
F:%naﬂ'dPZZE pl 8kT d 2 . dV_ ﬂdp Vm(pl_pd)

sk \zm T d YT Jomk

If accommodation coefficient=1 «a=1
Inter-polation formula for the entire range (Fuchs & Sutugin, 1971)

1+kn
F =27zd ,D(n,—n
7d,D(n d){1+1.71kn+1.333kn2}
kn=i
ap
P~ Py = Py~ P, exp| S0
1 d il 2 dka

T~
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e General Dynamic Equation Including nucleation
and condensation and coagulation

ddnk = Z Bv,,v;)nn _nkZIB(Vi’Vk)ni
t I+j k i=1

If evaporation is included, define e, : rate of escape of monomers form a k-mer
. The rate of formation of k-mers by evaporation =(1+¢6, ) &,,, N4 (t) k=1

If k=1, dimer becomes two monomers

If k>2,k+1—k-mer7} €t} (6, =0)

dn, 1&
_Z_ZIBJK jn Ny j nkZﬂk] —& N € Ny k>2
j=

+ condensation (addltlon of monomers)

aupNational University
ano Particle Control




p, (/sec) 'frequency with which a monomer collides with a k-mer.

dn A <
K _
=iy 2 B hne; —ng E BNy — e + €Ny + PNy — BNy
j =1

=i

e Stable nucleus (particle)

— Should have a minimum number of monomers : g >>2
— super saturation — homogeneous nucleation

J,(t) < g" nucleus (#/cm®-sec)
k>g

dn 1
—~ = Zﬂjk j - kZﬂk]nj_i_pkl k-1 (pk+ek)n +ek+1 k+1+‘] (t)5
=g

=9

k:g*,g +1,--

T~
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continuous form

Gné\:,t) :% Vvo—v(,ﬂ(v_;/, Q)n(v_g,t)n((,,t)d\;_Ivjﬂ(o,v)n(v,t)n@,t)d&—%[Io(v)n(v,t)]

2

9,
+ 2 TLONELO]+ 3,050 -%)

v =kOv, Ov:monomer volume, v, =g v, 1,(v)=Iv(P, —¢)
2

|1(V) 3 D%(Pk +ek)

(%(Dv(Pk —e)n(v,t)) = (Pk+1‘ek+1)”k+1—(Pk_l—ek_l)nk_lj

2
6_2 (1, n) = (B T €)M + (R +e.)n . —2(B +e)n,
aVZ 1 2
o(l,n) o°(l,n)
ol d(\)/ T dvlz =€ 1M + RN — (B +e)n,

L By
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assumption

vV, >0, n(v,0)=n,(v)=0 v<y,

and no partices of volume v <v,

can be produced fort >0

o%(1,n)

ov°

Brock(1972) "Condensational Growth of
Atmospheric Aerosols"

J. Colloid Interface Sci., 39, pp.32-36
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Con(wt) 8
LR~ +av(l(v,t)n(v,t))

3 %jov/a(v—\?, (v —v,Hn(v, t)ydv

—n(v,t) jo‘” BV, V)NV, t)dv+J, ()5 -V,)
. continuous General Dynamics Equation
| =Iv(p, —e,):rate of change of the volume of
a particle size v =k[v
=Yg
dt
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