Precision Metrology 3
Error propagation for random error (cont'd)

Worst case, most extreme case, or most conservative

case of error propagation:

Random error,
RA
=RX:|0F/0X| +RY-|0F/dY|+2p,VRXVRY |0F/0X-0F/dY]

RX, RY are the random error of X,Y.

Example:

Rectangle: X=(1+0.01+0.005)m, Y=(1+0.01£0.005)m
A=F(X,Y)=XY

What about for Area AA? RA?

Assume X,Y are independent, or 10% correlated.
Systematic part upto 2"? order:

OF/0X=Y, OF/0Y=X, 0°F/0X?=0, 0°F/dY?=0, 0°F/0XdY =1



For Systematic Part, AA

=AX-0F/0X+ AY-0F/0Y+
+AX?-0°F/0X?+AY?-0°F/0Y2+2AXAY-0°F/0X0Y
=(0.01)(1)+(0.01)(1)+2(0.01)(0.01)(1)

=0.0202

For Random part, RA

0%

= 0% (0F/0X)?+ 02/ (OF/0Y)?+2py,00,(0F/0X)(OF/0Y)
=(0.005/3)%(1)+(0.005/3)2(1)+2(0.1)(0.005/3)(0.005/3)(1)
=(2.2) (0.005/3)? (if 10% correlated), and

=(2) (0.005/3)? (if independent)

Thus, RA=30¢

=(0.005)v2.2 (if 10% correlated), and

=(0.005)V2 (if independent)



Therefore, A+, area after error propagation, is
A:r=1+0.0202+(0.005)v2.2 (if 10% correlated), and

Ar=1+0.0202+(0.005)Vv2 (if independent)

Worst case random error propagation is
RA=RX:|0F/0X| +RY:|0F/dY|+2pyVRXVRY:|0F/0X-0F/dY|
=(0.005)(1)+(0.005)(1)+2(0.1)(1)(1)(0.005)

=(0.005)(2.2) (if 10% correlated), and

=(0.005)(2) (if independent)

HW4) A function of planar machine’s error is,
FCX.Y,T)

=104X?+10>Xsin(21tX/5)+(0.5)104XY +(0.24)104TX?

(unit: m for displacement, K for temperature)



Point (X,Y,T) of Interest = nominal position=(1m,Tm, 1K)
Systematic error (AX, AY, AT)=(0.1Tm, 0.1m, 0.1K)
Random error (RX, RY, RT)=(0.02m, 0.02m, 0.05K), or

That is,

X=(1+0.1+£0.02)m, Y=(1+0.1£0.02)m, T=(1+0.1+£0.05)K

What about the machine error at the nominal position?
1) Derive the systematic error at nominal position.
2) Evaluate the systematic error at nominal position.
3) Derive the random error at nominal position.
4) Evaluate the random error at nominal position.
5) Describe the total error at the nominal position

(assuming X,Y,T are independent)



Some useful statistical tests for metrology

"Small Sampling Theory” for small samples under n<30

1. Population Mean

. to be estimated from Sample mean and Sample std

For n Measurement Data: X4,X5,X5...X,
Sample Mean, X=%X;/n
Sample standard deviation, s,.1=VX(X-X)?/n-1

Population Mean, u, can be estimated with

probability, that is,

Probability of p to lie in the interval,

Prob [ X-t:s/Vn-1< y £ X+t:s/Vn-1] = 1-a
where a is the significance level;

tis tiap nt |

from the table of Student-t-distribution

(after W. G.Gosset's pseudonym ‘student’)



Ex) Estimate the Population Mean, u, for sample

measurement: n=10, X=14.7, s,.1=0.1
Probability 99%-> o=0.01,

t1- a2n-1 = t 09950 = 3.25

(from the Student’s-t-distribution table)
Therefore Population mean lie in the interval,
X-3.25:5,4/¥9 <y £ X+3.25:5,.4/¥9
3.25-5,.1/¥9=3.25(0.1)/3=0.108

14.7-0.108 < pu < 14.7+0.108

©. 14592 < p < 14.808



2. Population Std

:To be estimated from the Sample Std, s

Population Std, g, can be estimated with the Probability.

o lies in the interval at the probability of

Prob [ sVNn-1/X1-0/2, n-1 £ 0 £ sVN-1/Xg2, n1] = 1-
where x is from the Chi-square distribution table.

Ex) Estimate Population Std from the Sample Std

10 samples: n=10, X=14.7, s,.1=0.1, probability=99%
When a =0.01, from the Chi-square distribution table,
X1-0/2 n-1 = Xo0.995 9 =V23.6=4.858

Xa/2, n-1 = Xo.005 9 =V1.73=1.315

sVN-1/X1-a/2, n-1 =0.1v9/4.858=0.0617

sVN-1/Xa/2 n-1 = 0.1¥9/1.315=0.2281

- 0.0617 < 0 £ 0.2281



3. Goodness of Fit

With (1-a) Probability

Oi (j:seryd) Curve Fit
/ i (Expected)

X2, n1 VS Z(Oi-E)%/E

x> from Table, a/2 and (n-1) dof
O; is observed (measured), and
Ei is expectation (fitted)

It X(Oi-E)?/Ei £ x?; Accepted

If 2(O-E)%/E; > Xx°. Rejected



4. Test for Variance

‘To test whether “Similar data” or “considerably
Different data”, using the F disdribution (named

after R.A.Fisher) based on the variance.
Two samples: Similar? Or Different considerably?
ny, X1, st from populations having variance, 0%

N2, X5, s from populations having variance, 6%,

At (1-a) probability

Fri-1, n2-1 1-a = {1812/ (N1-1)0%}/{ n2s2?/(n2-1)0%2}
={ n1s1%/(n- 1M n2s2?/(na- 1)}

(.- 0%1= 0%= 02 from the same population)

= $12/55°

(.- ni/(ny-1) = ny/(nz-1), if ny, n, are sufficiently large, or

N1=np)

where the numerator is larger than the denumerator



If s12/s,2>F then

Differ considerably (not from the same population)

If s42/s,2 < F then

Similar data (from the same population)

Ex) Two samples;

Sample1: 14.9;14.6;,14.8;14.6;14.9
Sample2: 14.5;14.5;14.3;,14.7,14.6
ny=5, X1=14.76, s1=VZ(Xi-X1)?/n1-1=0.1346
n,=5, X,=14.58, s,=VI(X;-X;)?/n-1=0.0836
Probability=1-a=99% ..a=0.001

(1) Population Mean

Prob [ X-t:s/Vn-1< y < X+t:s/Vn-1] = 1-a

t o2 n1-1 = togesa = 4.60= 11.qp2, n21

ts1/vn-1=4.60(0.1346)/v4=0.3096;



14.76-0.3096 < i < 14.76+0.3096
~14.450 < p; < 15.070
ts,/Vn=4.60(0.0836)/v4=0.1923;
14.58-0.1923 < y, < 14.58+0.1923

214388 < p, < 14.772

(2) Population Std

Prob [ sVNn-1/X1-0/2, n-1 £ 0 £ sVN-1/Xg2, n1] = 1-O
X “1-a2, n1-1 = X%09954 =14.9 = X %1012, n2-1

X %2, n1-1 = X°00054 =0.207 = X %2, n2-1

X2, 1=V 14.923.860, Yoy, n.1=V0.207=0.455

S1V(N1-1)/ X1-ar2, n-1=(0.1346)(2)/3.860=0.0697
S1V(N1-1) / Xa2, n-1=(0.1346)(2)/0.455=0.5916
- 0.0697< 01 < 0.5916

SoV(N2-1) / X1-0s2, n-1=(0.0836)(2)/3.860=0.0433



SoV(N2-1) / Xoy2, n-1=(0.0836)(2)/0.455=0.3674

. 0.0433< 0, < 0.3674

(3) F test for Similarity
Fri1, ne-1 1-a 5 $12/52°

Fn1 -1,n2-1,1-0— F4,4,o,99: 16.0

512/522:(01346/00836)2:2592 < F4,4,0-99

. Two samples are the Similar data

(from the same population)




HWS5) Prepare two sets of sample measurement for your
dedicated application, such as length measurement
using scales. The sample sizes are  minimum 20 at two
different time schedules. Estimate and discuss for the

followings at 99% probability.

1) Population Mean
2) Population Std

3) Similarity Test



Percentile Values (t,)
for
Student’s t Distribution
with » Degrees of Freedom

(shaded area=p)
v 905 t.99 tors t.95 t.50 t.50 tas t.zo t.s0 t.ss
1 63.66 31.82 12.71 6.31 3.08 1.376 1.000 27 .325 .158
2 9.92 6.96 4.30 2.92 1.89 1.061 .816 617 .289 142
3 5.84 4.54 3.18 2.35 1.64 978 765 584 277 137
4 4.60 3.75 2.78 2.13 1.53 941 141 .569 271 134
5 4.03 3.36 2.57 2.02 1.48 .920 727 559 267 132
6 3.71 3.14 2.45 1.94 1.44 906 718 553 265 131
7 3.50 3.00 2.36 1.90 1.42 .896 11 549 .263 130
8 3.36 2.90 2.31 1.86 1.40 .889 706 546 262 130
9 3.256 2.82 2.26 1.83 1.38 .883 703 543 261 129
10 3.17 2.76 2.23 1.81 1.37 879 700 542 .260 129
11 3.11 2.72 2.20 1.80 1.36 876 697 540 260 129
12 3.06 2.68 2.18 1.78 1.36 873 .695 539 259 128
13 3.01 2.65 2.16 177 1.35 .870 694 .538 2569 128
14 2.98 2.62 2.14 1.76 1.34 .868 692 537 268 128
15 2.95 2.60 2.13 1.75 1.34 .866 691 536 2568 128
16 2.92 2.68 2.12 1.75 1.34 .865 690 535 2568 .128
17 2.90 2.67 2.11 1.74 1.33 .863 .689 534 257 128
18 2.88 2.565 2.10 1.73 1.33 .862 .688 .b34 267 127
19 2.86 2.64 2.09 1.73 1.33 .861 .688 533 257 127
20 2.84 2.53 2.09 1.72 1.32 860 687 533 257 127
21 2.83 2.52 2.08 1.72 1.32 .859 .686 532 257 127
22 2.82 2.51 2.07 1.72 1.32 858 .686 532 256 127
23 2.81 2.50 2.07 1.71 1.32 .858 .685 532 256 127
24 2.80 2.49 2.06 1.71 1.32 857 .685 531 256 127
25 2.79 2.48 2.06 1.71 1.32 .856 684 531 256 127
26 2.78 2.48 2.06 1.71 1.32 856 684 531 256 127
27 2.7 2.47 2.05 1.70 1.31 .855 .684 531 256 127
28 2.76 2.47 2.05 1.70 1.31 .855 683 530 256 127
29 2.76 2.46 2.04 1.70 1.31 .854 683 530 256 127
30 2.75 2.46 2.04 1.70 1.31 .854 683 .530 256 127
40 2.70 2.42 2.02 1.68 1.30 .851 681 529 2565 126
60 2.66 2.39 2.00 1.67 1.30 .848 679 527 254 126
120 2.62 2.36 1.98 1.66 1.29 .845 677 526 254 126
° 2.68 2.33 1.96 1.645 1.28 .842 674 524 253 126
Source: R. A. Fisher and F. Yates, Statistical Tables for Biological, Agricultural and Medical Research (5th edition), Table III,
Oliver and Boyd Ltd., Edinburgh, by permission of the authors and publishers.

Source: M.R.Spiegel, etal, Probability and Statistics, Schaum's
outlines, p488, McGraw Hill




Percentile Values (x2)
for
the Chi-Square Distribution
with » Degrees of Freedom
(shaded area=p)

2 2 2 2 2 2 2 2 2 2
v Xgos  Xoo Xors X5 X Xzs X0 Xos X3 Xos  Xoes X1 Xoos

1 788 6.63 502 384 271 132 456  .102 .0158 .0039 .0010 .0002 .0000
2 10.6 921 7.38 599 461 277 1.39 575 211 103  .0506 .0201 .0100
3 12.8 113 935 7.81 625 411 237 121 584 32 216 116 .072
4 149 133 111 949 7.78 539 336 1.92 1.06 711 484 297 207

5 16.7 15.1 128 111 9.24 6.63 436 267 1.61 1156 .831 554 412
6 185 168 144 126 10.6 7.84 535 ~3.45 220 1.64 1.24 872  .676
7 20.3 18.5 16.0 141 12.0 9.04 6.35 4.25 2.83 217 169 1.24 .989
8 22.0 20.1 6B NE15:6 134 102 7.34  5.07 349 273 218 166 134
9 236  21.7 19.0 169 14.7 114 834  5.90 417 '3:83 270 209" 173

10 252 232 205 183 16.0 125 934 6.74 487 394 325 256 216
11 268 247 2190 197 173 137 103 7.58 5.58 457 3.82 3.06 260
12 283 262 233 21.0 185 148 113 8.44 6.30 523 440 357 3.07
13 298 277 247 224 198 160 123 9.30 7.04 589 501 411 3.7
14 81,8 291 261 237 211 171 138 102 7.79 657 5.63 4.66  4.07

15 328 806 275 250 223 182 143 11.0 855 7.26 626 523 4.60
16 343 320 288 263 235 194 153 119 931 1796 691 581 514
17 357 334 302 276 248 205 163 1238 10.1 867 7.56 641  5.70
18 372 848 315 289 260 216 173 13.7 10.9 939 823 7.01 6.26
19 386 862 3829 301 272 227 183 146 1157 10 891 7.63 6.84

20 40.0 376 342 314 284 238 193 155 124 109 959 826 743
21 414 389 355 327 296 249 203 163 132 116 103 8.90 8.03
22 428 403 368 339 308 260 213 172 140 123 110 9.564  8.64
23 442 416 381 3.2 320 271 223 181 TAR =19 Sq1up 0.2 9.26
24 456 430 394 364 332 282 233 19.0 157 138 124 109 9.89

25 469 443 406 37.7 344 293 243 199 165 146 131 115 105
26 483 456 419 389 356 304 253 208 173 164 138 122 112
27 496 47.0 432 401 367 315 263 217 181 162 146 129 118
28 51.0 483 445 413 379 326 27.3 227 189 169 153 13.6 125
29 52.3 496 45.7 426 391 33.7 283 236 19.8 177 160 143 131

30 53.7 509 47.0 438 403 348 293 245 206 185 168 150 138
40 66.8 637 593 558 51.8 456 393  33.7 29.1 265 244 222 207
50 795 762 714 675 632 563 493 429 377 348 324 297 280
60 920 884 833 791 744 670 593 523 465 432 405 375 355

70 | 1042 1004 95.0 905 85,5 77.6 693  61.7 55.8 51.7 488 454 433
80 | 116.3 1123 1066 1019 966 881 793 711 643 604 572 535 512
90 | 128.3 124.1 1181 1131 1076 986 893  80.6 733 691 656 618 59.2
100 | 140.2 135.8 129.6 124.3 1185 109.1 993  90.1 824 779 742 701 673

Source: Catherine M. Thompson, Table of percentage points of the x? distribution, Biometrika, Vol. 32 (1941), by permission of
the author and publisher.

Source: M.R.Spiegel, etal, Probability and Statistics, Schaum's
outlines, p489, McGraw Hill




95th Percentile Values
for the F Distribution
(»1 degrees of freedom in numerator) o
(v, degrees of freedom in denominator) 0.0
F.ss

~
-

) 1 2 3 4 5 6 7 8 9 |10 |12 |15 | 20 | 24 | 30 | 40 | 60 | 120 | =

161 | 200 | 216 | 225 | 230 | 234 | 237 | 239 | 241 | 242 | 244 | 246 | 248 | 249 | 250 | 251 | 252 | 253 | 254
18.5/19.0 (19.2 [19.2|19.3 |19.3 [19.4 |19.4 | 19.4 [19.4 [19.4 (19.4|19.4|19.5|19.5[19.5|19.5|19.5 |19.5
10.1 {9.55 [9.28 [9.12|9.01 [ 8.94 | 8.89 | 8.85|8.81 [8.79 [8.74 [8.70 | 8.66 | 8.64 | 8.62 [8.5918.57 | 8.55 | 8.53
7.716.94 | 6.59 | 6.39 | 6.26 | 6.16 |6.09 |6.04 |6.00 | 5.96 [5.91 | 5.86 | 5.80 | 5.77 | 5.75 | 5.72 | 5.69 | 5.66 | 5.63
6.61|5.79 | 5.41 |5.19| 5.05 | 4.95 |4.88 (4.82 | 4.77 | 4.74 |4.68 [ 4.62 | 4.56 | 4.53 | 4.50 [ 4.46 | 4.43| 4.40 | 4.37
5.99 (5.14 | 4.76 | 4.53| 4.39 | 4.28 (4.21 (4.15|4.10 |4.06 [4.00 | 3.94 | 3.87 | 3.84 | 3.81 | 3.77|3.74| 3.70 | 3.67
5.59 | 4.74 | 4.35 | 4.12|3.97| 3.87 | 3.79 | 3.73 | 3.68 | 3.64 | 3.57 | 3.51 | 3.44 | 3.41| 3.38 | 3.34 | 3.30| 3.27 [ 3.23
5.3214.46 [4.07 [3.84 | 3.69 | 3.58 |3.50 | 3.44 | 3.39 |3.35 |3.28 | 3.22 | 3.15 | 3.12| 3.08 | 3.04 | 3.01 | 2.97 [2.93
5.12 | 4.26 | 3.86 | 3.63 | 3.48 | 3.37 | 3.29 |3.23 | 3.18 | 3.14 (3.07 | 3.01 | 2.94 | 2.90 | 2.86 | 2.83 [ 2.79| 2.75 | 2.71
4.96 (4.10 3.71 | 3.48 | 3.33 | 3.22 | 3.14 |3.07 | 3.02 (2.98 |2.91 | 2.85 | 2.77 |2.74 | 2.70 | 2.66 | 2.62 | 2.58 | 2.54
4.843.98 |3.59 | 3.36 | 3.20 | 3.09 | 3.01 |2.95 |2.90 |2.85 |2.79 | 2.72 | 2.65 |2.61 | 2.57 | 2.58 | 2.49 | 2.45 | 2.40
4.75 | 3.89 | 3.49 | 3.26 | 3.11 | 3.00 | 2.91 [2.85 | 2.80 [2.75 |2.69 [2.62 | 2.54 [2.51 | 2.47 | 2.43 | 2.38 [ 2.34 |2.30
4.67|3.81(3.41|3.18|3.03|2.92 [2.83 | 2.77 | 2.71 | 2.67 |2.60 | 2.53 | 2.46 | 2.42 | 2.38 | 2.34 [ 2.30 | 2.25 | 2.21
4.60(3.74 (3.34 |3.11|2.96 | 2.85 | 2.76 | 2.70 | 2.65 | 2.60 | 2.53 | 2.46 | 2.39 | 2.35 | 2.31 | 2.27 | 2.22| 2.18 | 2.13
4.543.68 (3.29 |3.06|2.90 | 2.79 | 2.71 | 2.64 | 2.59 | 2.54 | 2.48 [ 2.40 | 2.33 [2.29 | 2.25 | 2.20 | 2.16 | 2.11 | 2.07
4.493.63 | 3.24 | 3.01|2.85 | 2.74 | 2.66 | 2.59 | 2.54 | 2.49 |2.42 | 2.35 | 2.28 | 2.24 | 2.19 [2.15 | 2.11 | 2.06 | 2.01
4.45)3.59 18.20 | 2.96 | 2.81 | 2.70 | 2.61 [ 2.55 | 2.49 | 2.45 | 2.38 | 2.31 | 2.23 |2.19| 2.15 | 2.10 | 2.06 | 2.01 [1.96
4.41|3.55|3.16 | 2.93| 2.77 | 2.66 | 2.58 | 2.51 | 2.46 | 2.41 [2.34 [2.27 | 2.19 |2.15 | 2.11 | 2.06 | 2.02| 1.97 [1.92
4.3813.52 3.18 | 2.90 | 2.74 | 2.63 | 2.54 | 2.48 | 2.42 | 2.38 | 2.31 |2.23 [ 2.16 [2.11 | 2.07|2.03 | 1.98 | 1.93 [1.88
4.35(3.498.10 (2.87 [ 2.71 | 2.60 | 2.51 | 2.45 | 2.39 | 2.35 | 2.28 | 2.20 | 2.12 (2.08 | 2.04 {1.99 [1.95 | 1.90 |1.84
4.32|3.47(3.07 | 2.84 | 2.68 | 2.57 | 2.49 | 2.42 | 2.37 | 2.32 | 2.25 | 2.18 [ 2.10 | 2.05 | 2.01 [ 1.96 | 1.92| 1.87 [1.81
4.30 (3.44 | 3.05 | 2.82 | 2.66 | 2.55 | 2.46 | 2.40 | 2.34 [ 2.30 | 2.23 | 2.15 | 2.07 |2.03 [ 1.98 [ 1.94 [1.89 | 1.84 |1.78
4.28 |3.42|3.03 | 2.80 | 2.64 | 2.53 | 2.44 (2.37 [ 2.32 | 2.27 | 2.20 [2.13 | 2.05 |2.01 [1.96 |1.91 [1.86 | 1.81 |1.76
4.26|3.40 | 3.01 | 2.78 | 2.62 | 2.51 | 2.42 | 2.36 | 2.30 | 2.25 [2.18 |2.11 [ 2.03 [1.98 | 1.94 |1.89 | 1.84|1.79 [1.73
4.24(3.3912.99 | 2.76 | 2.60 | 2.49 | 2,40 (2.34 | 2.28 | 2.24 [ 2.16 | 2.09 [ 2.01 |1.96 [1.92 [1.87 | 1.82|1.77 [1.71
4.23 |8.37 | 2.98 | 2.74 | 2.59 | 2.47 | 2.39 | 2.32 | 2.27 | 2.22 | 2.15 [2.07 | 1.99 [1.95 [1.90 | 1.85 | 1.80 | 1.75 |1.69
4.218.35|2.96 | 2.73 | 2.57 | 2.46 | 2.37 | 2.31 | 2.25 [ 2.20 [ 2.13 |2.06 [ 1.97 [1.93 | 1.88 | 1.84|1.79 | 1.73 |1.67
4.20|8.34 | 2.95 | 2.71 | 2.56 | 2.45 | 2.36 | 2.29 | 2.24 [2.19 (2.12 |2.04 [1.96 [1.91 | 1.87 [1.82|1.77 | 1.71 | 1.65
4.18 | 3.33 | 2.93|2.70 [ 2.55 [ 2.43 | 2.35 [ 2.28 | 2.22 [ 2.18 | 2.10 | 2.03 | 1.94 [1.90 | 1.85 | 1.81 | 1.75 | 1.70 | 1.64
4.173.3212.92 | 2.69 | 2.53 | 2.42 | 2,33 [ 2.27 | 2.21 | 2.16 [ 2.09 |2.01 [ 1.93 [1.89 [1.84 | 1.79 | 1.74 | 1.68 [1.62
4.083.23 (2.84|2.61 |2.45|2.34 | 2.25|2.18 | 2.12 | 2.08 [ 2.00 |1.92 [ 1.84 |1.79 [ 1.74 [1.69 | 1.64 | 1.58 [1.51
4.003.15 | 2.76 | 2.53 | 2.37 | 2.25 | 2.17| 2.10 | 2.04 | 1.99 [1.92 | 1.84 | 1.75 |1.70 | 1.65 [ 1.59 | 1.53 | 1.47 [1.39
3.923.07 | 2.68 | 2.45 | 2.29 | 2.18 | 2.09 | 2.02| 1.96 [ 1.91 [ 1.83 | 1.75 [ 1.66 |1.61 | 1.55 | 1.50 | 1.43 | 1.35 | 1.25
3.843.00| 2.60 | 2.37|2.21| 2.10 [ 2.01 |1.94 |1.88 | 1.83 |1.75 |1.67 | 1.57 | 1.52| 1.46 [ 1.39 [ 1.32| 1.22 | 1.00
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Source: E. S. Pearson and H. O. Hartley, Biometrika Tables for Statisticians, Vol. 2 (1972), Table S, page 178, by permission.

Source: M.R.Spiegel, etal, Probability and Statistics, Schaum's
outlines, p490, McGraw Hill



99th Percentile Values
for the F Distribution
(v, degrees of freedom in numerator) 0.99

(v, degrees of freedom in denominator) o
F

~
-

vy 1 2 3 4 5 6 . 8 9 |10 [ 12 | 15 | 20 | 24 | 30 | 40 | 60 [ 120 | =

4052 (5000|5403 | 5625 | 5764 | 5859 | 5928 5981 | 6023|6056 | 6106 (6157 | 6209 | 6235 | 6261 | 6287 |6313| 6339 | 6366
98.599.0 {99.299.2 (99.3 | 99.3 | 99.4 | 99.4 |99.4 | 99.4 [99.4 | 99.4 | 99.4 | 99.5 | 99.5 | 99.5 [ 99.5 | 99.5 | 99.5
34.1 | 30.8 (29.5|28.7 |28.2 | 27.9 | 27.7 | 27.5 | 27.3 | 27.2 | 27.1 | 26.9 | 26.7 | 26.6 | 26.5 | 26.4 | 26.3 | 26.2 | 26.1
21.2|18.0 | 16.7 [ 16.0 [ 15.5 | 15.2 | 15.0 | 14.8 | 14.7 [14.5 |14.4 |14.2 | 14.0 | 13.9 [ 13.8 | 13.7 | 13.7| 18.6 | 13.5
16.3 (13.312.1 (11.4 {11.0 {10.7 | 10.5 { 10.3 |10.2 [10.1 9.89 |9.72 | 9.55 | 9.47 | 9.38 | 9.29 |9.20 | 9.11 | 9.02
18.7 (10.9 | 9.78 | 9.15 | 8.75 | 8.47 | 8.26 | 8.10 | 7.98 |7.87 (7.72 | 7.56 | 7.40 | 7.31 | 7.23 | 7.14 | 7.06 | 6.97 | 6.88
12.2 | 9.55 | 8.45 | 7.85 | 7.46 | 7.19 | 6.99 | 6.84 | 6.72 | 6.62 |6.47 | 6.31 | 6.16 | 6.07 | 5.99 | 5,91 | 5.82 | 5.74 | 5.65
11.3 (8.65 | 7.59 | 7.01 | 6.63 | 6.37 | 6.18 | 6.03 | 5.91 [5.81 |5.67 | 5.52 | 5.36 | 5.28 | 5.20 | 5.12 | 5.03 | 4.95 | 4.86
10.6 | 8.02 | 6.99 | 6.42 | 6.06 | 5.80 | 5.61 | 5.47 5.35 [5.26 | 5.11 | 4.96 | 4.81 | 4.73 | 4.65 | 4.57 [4.48 | 4.40 | 4.31
10.0 | 7.56 | 6.55 | 5.99 | 5.64 | 5.39 | 5.20 | 5.06 [4.94 |4.85 |4.71 | 4.56 | 4.41 | 4.33 | 4.25 | 4.17 | 4.08 | 4.00 | 3.91
9.65 | 7.21 | 6.22 | 5.67 | 5.32 | 5.07 | 4.89 4.74 |4.63 |4.54 [4.40 (4.25 | 4.10 | 4.02 | 3.94 | 3.86 | 3.78 | 3.69 | 3.60
9.33 [ 6.93 | 5.95 | 5.41 | 5.06 | 4.82 | 4.64 | 4.50 |4.39 (4.30 |4.16 [4.01 | 3.86 | 3.78 | 3.70 | 3.62 | 8.54 | 3.45 | 3.36
9.07 | 6.70 | 5.74 | 5.21 | 4.86 |4.62 | 4.44 | 4.30 |4.19 [4.10 |3.96 | 3.82 | 3.66 | 3.59 |3.51 | 3.43 [3.34 | 3.25 | 3.17
8.86 | 6.51 | 5.56 | 5.04 | 4.70 | 4.46 | 4.28 | 4.14 [4.03 [3.94 |3.80 |3.66 | 3.51 | 3.43 | 3.35 | 3.27 | 3.18 | 3.09 | 3.00
8.68 | 6.36 | 5.42 | 4.89 | 4.56 | 4.32 | 4.14 | 4.00 | 3.89 [3.80 (3.67 |3.52 | 3.37 | 3.29 | 3.21 | .18 [3.05 | 2.96 | 2.87
8.53 | 6.23 | 5.29 | 4.77 | 4.44 [ 4.20 | 4.03 | 3.89 | 3.78 [3.69 (8.55 |3.41 | 3.26 | 3.18 (3.10 | 3.02 [2.93 | 2.84 | 2.75
8.40 [ 6.11 | 5.19 | 4.67 | 4.34 | 4.10 | 3.93 | 3.79 | 3.68 |8.59 | 3.46 | 3.31 | 3.16 | 3.08 | 3.00 | 2.92 | 2.83 | 2.75 | 2.65
8.29 | 6.01 | 5.09 | 4.58 | 4.25 | 4.01 | 3.84 | 3.71 [3.60 |38.51 [3.37 3.23 | 3.08 | 3.00 | 2.92| 2.84 | 2.75 | 2.66 | 2.57
8.18 | 5.93 | 5.01 | 4.50 | 4.17 | 3.94 | 3.77 | 3.63 |3.52 [3.43 3.30 [3.15 | 3.00 | 2.92 | 2.84 | 2.76 | 2.67 | 2.58 | 2.49
8.10 | 5.85| 4.94 | 4.43 | 4.10 | 3.87 | 3.70 | 8.56 |8.46 |8.37 [3.23 [3.09 | 2.94 | 2.86 | 2.78 | 2.69 | 2.61 | 2.52 | 2.42
8.02 | 5.78 [ 4.87 | 4.37 [4.04 | 3.81 | 3.64 | 3.51 | 3.40 [3.31 |8.17 | 3.03 | 2.88 | 2.80 | 2.72 | 2.64 |2.55 | 2.46 | 2.36
7.95 | 5.72 | 4.82 | 4.31 [ 3.99 | 8.76 | 3.59 | 3.45 |3.35 3.26 |3.12 | 2.98 | 2.83 | 2.75 | 2.67 | 2.58 | 2.50 | 2.40 | 2.31
7.88 | 5.66 | 4.76 | 4.26 | 3.94 | 3.71 | 3.54 | 3.41 (3.30 |3.21 [8.07 [2.93 | 2.78 | 2.70 | 2.62| 2.54 | 2.45 | 2.35 | 2.26
7.82 [ 5.61 | 4.72 | 4.22 | 3.90 | 3.67 | 3.50 | 3.36 [3.26 |3.17 [3.03 | 2.89 | 2.74 | 2.66 | 2.58 | 2.49 |2.40 | 2.31 | 2.21
7.77 | 5.57 | 4.68 | 4.18 | 3.86 | 3.63 | 3.46 | 3.32 |3.22 | 8.13 |2.99 [2.85 | 2.70 | 2.62 | 2.54 | 2.45 | 2.36 | 2.27 | 2.17
7.72 | 5.53 | 4.64 | 4.14 | 3.82 | 3.59 | 3.42 |3.29 [3.18 |3.09 [2.96 [2.82 | 2.66 | 2.58 | 2.50| 2.42 | 2.33 | 2.23 | 2.13
7.68 [ 5.49 [ 4.60 | 4.11 [3.78 | 3.56 | 3.39 | 3.26 |3.15 |3.06 |2.93 |2.78 | 2.63 | 2.55 | 2.47 | 2.38 | 2.29 | 2.20 | 2.10
7.64 | 5.45 | 4.57 | 4.07 | 3.75 | 3.53 | 3.36 | 3.23 |3.12 {3.03 [2.90 | 2.75 | 2.60 | 2.52 | 2.44| 2.35 | 2.26 | 2.17 | 2.06
7.60 | 5.42 | 4.54 | 4.04 | 3.73 [ 3.50 | 3.33 | 3.20 [3.09 |3.00 [2.87 [2.78 | 2.57 | 2.49 | 2.41 | 2.33 [2.23 | 2.14 | 2.03
7.56 | 5.39 | 4.51 | 4.02 | 3.70 | 3.47 | 3.30 | 3.17 |3.07 [2.98 |2.84 |2.70 | 2.55 | 2.47 | 2.39| 2.30 |2.21 | 2.11 | 2.01
7.31 | 5.18 | 4.31 | 3.83 | 3.51 [ 3.29 | 3.12 | 2.99 [2.89 |2.80 [2.66 |2.52 | 2.37 | 2.29 | 2.20| 2.11 [ 2.02 | 1.92 | 1.80
7.08 | 4.98 | 4.13 | 3.65 | 3.34 3.12 | 2.95 | 2.82 [2.72 [2.63 [2.50 [2.35 | 2.20 | 2.12| 2.03| 1.94 1.84 | 1.73 | 1.60
6.85 | 4.79 | 3.95 | 3.48 | 3.17 | 2.96 | 2.79 | 2.66 |2.56 | 2.47 [2.34 |2.19 | 2.03 | 1.95| 1.86| 1.76 | 1.66 [ 1.53 | 1.38
© |6.63|4.61|3.78|8.32 |3.02|2.80 | 2.64 | 2.51 |2.41 |2.32 [2.18 | 2.04 | 1.88 [ 1.79| 1.70| 1.59 | 1.47 | 1.32 | 1.00
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Source: E. S. Pearson and H. O. Hartley, Biometrika Tables for Statisticians, Vol. 2 (1972), Table 5, page 180, by permission.

Source: M.R.Spiegel, etal, Probability and Statistics, Schaum's
outlines, p491, McGraw Hill



