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STRESS-STRAIN IN
ANISOTROPIC MATERIAL



General anisotropic materials

= Recap - isotropic stress, strain
- generalized Hooke’s law ; 81 elements

_ i -
Special material Work per unit volume
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Orthotropic material

= 3 mutually perpendicular planes of material symmetry
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Transversely isotropic material

- One of principal plane is isotropic
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Isotropic material
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More on the orthotropic material

= No interaction between 011 0,,03 &Y, V21 Va

= No interaction between 11375 T3 &51’ &9y &3

7's & y's In different plane
eg. 7, & 7,

= No interaction between

Under plane stress

0y = Ty5(7) = 7s(r,) = O
When stresses in thickness direction (3) assumed to zero

eg. Thin plate, (pressure vessel)

Normal component

7 < » @
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More on the orthotropic material

0 Ch Cp Cg &
°F) Cr Cp Gy &,
0 _ Cs Cun Gy &3
0 Cu V1
0 Cos V2
T3 Ces J\ 73

0, =Cp6 +Cpe, +Cpae,

0, =Cp& +Cpe, +C e,

_ Cp&t _ C,38,
Cys Cys

0 =C5+C,e, +Coue, &y =

C.,.C C..C
o,=|Cy— — &+ Cp— — £, = Qe +Qp,8,
C Ca,
C,.C C..C
O, = (CH - %]51 + (sz - %}92 = Q& +Q58,

33 33
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More on the orthotropic material
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How to relate S;to engineering constants

= Orthotropic (general case)

Test 1. t2 o,
> &, = ﬁ El
< —> ' E M»

P 1 O, . 2
fiber .-~ o,
) .7 E), ="V, =—UV,,—
direction 2 1271 12
o, .
Test 2. I
_ 0y
(92 _
Ez
op
&1 =7U&) =—Uy —
Ez
Test 3. E—)
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How to relate S;to engineering constants

= In matrix form

Sy | = 21 Oy 0 op
V3 0 See 73
1 Uy
E, E, o
1
13 1
=| ——=4 E o, Vo _ Yy
2 2 T, E, E,
1
G,
E
Q11 = -
1-03,0,
E
Q22 = :
1-v,0,
Q v, B v, E,
12
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Transformation of stress & strain

= Two coordinate systems

= Loading axes (x.y) ¢ Y 1
= Principal material axes (1,2) \ /
Gl Gx 51 8X -
O, |= [T] Oy s |~ 1] g
1 1
7, T, 57/3 57/3
‘'m? n?  2mn |
T]=| n* m* -2mn m=cosé
—mn mn m?-n’ n=sin 0
‘m? n?  2mn |

T=[r(-0)=| * m> -2mn
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Transformation of elastic parameters

= recap — simplification of material constants

General anisotropic (81)

orthotropic (9)

_

Transverseley isotropic Plane stress (4) 0, =7,;,=7,3=0

(T) Qu1: Q2. Qrp Qs (71) (72)

isotropic (2) — (E,v)

Material axes (1, 2) — on axes
Loading axes (X, y) — off axes
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Transformation of elastic parameters

= In simple form

ok, =1k, le].,

[G]X,y = [T_l] [0]12

|

_ [

Q

_ :T_l-

Q

1,2

1,2

:5]1,2 )

Tlel,, —

Known value

Q]IZ — f(Em E,, 0, GlZ)

T][T]> (cos6, sin 6)
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To obtain [Q]y, In
loading axes (off-axes)
using [Q], , in material
axes & transformation

Jle ),
12 [5]1,2

_g]x,y



Transformation of elastic parameters

= Actual matrix form

Eg. (3.31) & (3.35) are for ten/comp along principal axes — no shear strain
Similarly, under pure shear, z,, along principal axes(1,2), only a pure strain y,

". No coupling between normal stresses & shear deformation and between shear stress

& normal strains

Not true if along arbitrary axes(x,y)

= Stress - Strain

le 1oy 1=1Qu Qy | Qyllf &y

Coupled terms

TS st st QSS ] }/S _
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Match with previous page’s eq

(3.63)



Transformation of elastic parameters

" rewrite N
Oy Qxx Qxy st Ey
o, |=|Q, Q, s || &y (3.64)
| Ts _st st st_ 1 Ve
:2 - - _
Oy o] Qu Qn 0 ||&
o, |= [T_l] o :[T_l] Q. Q» 0 |l&
Ts T3 i 0 0 Q66_ | V3
|
on a2<is i

_Q11 Q. 0 &1 _Q11 Qs 0

= [T_l] Qy Qyp 0 &y | T [T _l] Q. Qy 0 [T]
0 0 2Q4]|1, 0 0 2Q
i 11575 i _
| __| to use eq.60. 5 (3.65)
|
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Transformation of elastic parameters

QXX
Qyx
Q

SX

= Result
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4 4 2.2 2.2
Qxx =m Q11+n Q22+2m n Q12+4m n Q66

Qy 2Q

ny 2st :[T_l]
Q, 2Q i
A=B

Qi

Qi
0

Q12

Q2
0

0
0

2Qg |

[T]

Different from [Q] , ,

Matrix

Q,, =Nn*Q,; +M'Q,, +2m*n*Q,, + 4m*n”Qy,

Qw — m2n2Q11 + m2n2Q22 + (m4 + n4)Q12 _4m2n2Q66

Q,. = m°nQ,, —mn°Q,, + (mn®—m°n)Q,, + 2(mn* —m°n)Q,,
Q,s = mMn°Qy; —m’nQ,, +(M°n—mn’)Q;, +2(m’n —mn*)Qy,

st — m2n2Q11 + m2n2Q22 o m2n2Q12 + (m2 o n2)2Q66



Transformation of elastic parameters

= Strain - Stress

&y XX Xy SX Ox

— 1gy = 1SyX 1Syy lsys %y Similarly
/s _Ssx _Ssy _SSS s

27 27 27 2
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Transformation of elastic parameters

Ey &1 S Sy 0 || O, ]
e, =] & |=[T]|s, S» 0 |0,
1 1 1
Zy, —y 0 0 =S.. |[L%._
X 2% ey L2 7
Sy Sy, 0 _O-x |
= [T*][S, S, 0 [[T]|o,
0 0 %566 L %5 J asn)
|
C=D b
Sxx Sxy st Sll S12 0
Syx Syy Sys = [T -l] S12 S22 O [T ]
1 1 1 1
- = = 0 0 =S
5 Ssx 2 Ssy 2 Sss i 2 66
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Transformation of elastic parameters

= Result

© Sung-Hoon Ahn

S . =m*S,,+n*S,, +2m°n’S,, + m*n°S,

S,, =n*S,;+m*S,, +2m°n°S,, + m*n’S;

S,, =m°n°S,; +m*n”S,, + (m* +n*)S,, —m*n?S;

S, =2m°nS,, —2mn°S,, +2(mn° —m°n)S,, + (mn® —m°n)S,,
S, =2mn’S;, —2m°nS,, + 2(m’n—mn’)S,, +(m°n—mn’)S,
S.. =4m°n°S,, +4m°n°S,, —8m°n°S , +(m* —n?)?S,,
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Transformation of elastic parameters

[S],, interms of engineerin g constant

“ shear coupling coefficient”

nxs — &
E
PN
Normal Shear
— —_ loading strain
T4 shear strain
i _ UYX r.'sx
. E E, Gy |,
X X
s |l=|= Py 1 Nsy o (eq.3.77)
Y E. Ey ny Y
Vs Ts
nxs nyS 1
E, E, G,
NOTE)

Micromechanics —E; E, G, v,, are assumed to be known from direct

experiment of unidirectional (properties vary greatly)
© Sung-Hoon Ahn
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Transformation of elastic parameters

= Micromechanics

C, = f(E{,En,0;,0n,V(, V., S, A)

= Volume

when V, =0, V,; +V,_, =1

» Mass M =M;+M_+M, M, =0
M =pV, + oV,
M Ve Yy
p \7 pf\7 pm\7
P =pPiVi+PnVy
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\Volume
V=V, +V_+V.

\Volume fraction

V, :\i I=f,m,v
V
V:+V, +V, =1
‘\Howtoget?
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Transformation of elastic parameters

= Representative elements for elastic constants

Longitudinal
(ROM)
or—
L
_ 1 Am
L
L

L AL [
AL =g L =¢&,,L =¢,L

(Assume (g =&¢, =&Emy)
© Sung-Hoon Ahn

Transverse
(IROM)
L
L
W
L ~h
Flip '\/‘
F=F +F,
Fr_F . Fa
A A A
_ B A L P An
A A A A
o, =0V +o.,V,
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Rule of mixture

[O-fl =&, B4,

Jml — 8m1Em1
&k =&, BV +6,E .V,

E,=E,V, +E_V_ ROM

LI

= Transverse Young’s modulus

- ey F, =0,A=E,5,A
o i | i AL
T m m T 2 & =
,, . L
_________ AL: 2Lm8m2+Lf gfz
L AL |
“— ANNA—ANN—
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Rule of mixture

. L
(IROM-continued) o, = Ezgz = EZ[ZL—ngmz +Tf8f2j

m2 O-f2

&< - E =
m2 ’ f2
Em2 Ef2

(Assume o, =0, =0,,,)

o, = EZ[Vm Emz +V O-fZJ

m2 Ef2

V
1 _ Vo 4 IROM
E2 Em2 Ef2

G,,,G,;, 0,0, — hand out ROM

Halpin-Tsai E
i .. Test data
- Semi empirical model /

—IROM

H.T.
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Rule of mixture

1) E, =30x10° psi
E, =0.4%x10° psi
V., =0.6

E, =30x10° x (0.6) + 0.4x10° x (0.4)
=18.16x10° psi

1 0.6 0.4
= +

E, 30x10° 0.4x10°

E, =0.98x10° psi

2)

What about particulate composites

O o O

o o 0° ROM. IROM
5 | o

o 00l©
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