Chapter 2. Shell Momentum Balances and
Velocity Distributions in Laminar Flow
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2.1 Shell momentum balances and
Boundary conditions

T

e

rate of momentumin | | rate of momentum out

by convective transport by convective transport
N " rate of momentumin | [ rate of momentum out
by molecular transport by molecular transport

+ [ force of gravity acting on system |= 0




Boundary conditions

e At solid-fluid interfaces:
* No-slip condition. Vsotia = Vriuia

* At a liquid-liquid interfacial plane of constant
X.
* Continuous tangential velocity: v, and v,
* Continuous stress tensor components: Ty, Tyy, Ty

e At a liquid-gas interfacial plane of constant x:
* Tyy = Tz = 0




2.2 Flow of a falling film

Entrance disturbance ___

Direction of
gravity
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Assumptions

* Constant viscosity and density
* Laminar flow

* Far from the ends of the wall
(no end effects)

* Velocities: v, = v,(x)

* Boundary conditions
V=1, =0 atx=0, 740, =0
at x=9, v,=0




The shell

where
¢ =m+pvv=pé+z1+prv

= p,v, + (p + 72,)

y=W" . Direction of
z=L gravity
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Shell balance

e rate of z—momentum in
across surface at z=0

* rate of z—momentum out in
across surface at z=L,

* rate of z—momentum in in
across surface at x

* rate of z—momentum out
across surface at x+Ax,

e gravity forces acting on fluid
In the z - direction,

(WAx) ¢ZZ Z

(WAX) ¢zz Z=L

I
o

(LW) @z

(LW) ¢xz |x+Ax

(LWAx)pg cos f3




Balance

* Introducing the z-momentum balance

)

LW (| = bua| )+ WBx(9rs| _ — b

xX+Ax Z=

+LWAx(pg cosf) =0
* Dividing by LW Ax

¢xz|x+Ax o gblex . ¢ZZ|2=O o ¢ZZ|Z=L
Ax L

= pgcospf



Differential equation

* Applying the limit dr
Ax » 0 dx

= pgcosf3

* By integratin

y Esratne 1., =(pgcosB)-x +C,

* Using BC1: atx=0, t,=0
sz — (ngOSB)' X

* Introducing the Newton’s

law of viscosity T = dv,
e dx




Velocity distribution

 Differential equation

* Integrating

* BC2

* Velocity distribution

at X = 0O, \Y
~ 7
(pgb'uosﬁ
vV, =
21




Results

Velocity =
distribution ‘
\‘\ ‘\‘\
S .V/,//
////’

Momentum //

ﬂu\ \u.g\ ~ A ”
distribution .“/’/ > <l / g -

B i
\ / ?y i
\ /’i / |
\ \ g
- b -
s \ \ L
\ o
A 2 "Transport Phenomena” 2nd ed,

\ R.B. Bird, W.E. Stewart, E.N. Lightfoot

Direction
of gravity




Other calculations

e The maximum
velocity

* The average
velocity

S 2
, pgo” cosf3
1.:2 p—
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Other calculations

 Mass rate of flow

* Force (z-direction)
exerted by the
fluid on the wall

W3

W = ijrzdxdy: ng“;‘ii cosf3
LW
E, = JJ dydz
0y
| ﬂ e

= pgoL.Wcosf3



More

* Reynolds number

 Laminar flow,
negligible rippling

 Laminar flow,
pronounced rippling

e Turbulent flow

-"'r r II"'.
46(v, )p

Re =

Re < 20

20 < Re <1500

Re > 1500




2.4 Flow through an annulus

 Steady-state axial
flow between two

| velocity coaxial cylinders
distribution . .

; * Incompressible fluid
Shear stress * FIOW'”g UpWwa rd

H or momentum- .

| flux distribution * BC:

v,(kR) =0
v,(R) =0
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Equations

* Momentum balance over a think cylindrical shell

i(ﬂlﬁz):[(pg +pg-0)£(pu +pg-L)]:[PD ;PL]

where P = P + pg

* Integrating

Trz =(P{j _PLJI"F&
2L r

* C, cannot be determined immediately




Solving equations

e Substituting the Newton’s Law and integrating

—u-v _(Pﬂ_
K-V, AT

]-r: +C Ln(r)+C,

* Constant are determined using BC'’s
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Other results

* Average velocity

Z

e Valid for laminar flow

Re

Re

v - P, —-P, R -k 1-x
SuL

I-x*  La(l/x)

<2000
2R(1-%)v,p
Ll




2.5 Flow of two adjacent immiscible fluids

. il i}
Velocity Bl AT
_ disfributiﬂnx\t 2L p+pt
No slip t = ]
— Lees dense, T
" less viscous
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2.6 Creeping flow around a sphere

Radius of sphere = R

At every point there are B Point in space
pressure and friction £ S _o(x,y,2)or
forces actingonthe &£ N : (r, 0, d)
sphere surface ' ,
l
|

Y

“ \l Projection

X of point on
xy-plane
A
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Discussion using given results

- 3
V, =V, l—J(R] +1(R} -Cos0O
20 r 20 r

3
Vy =V, —I+E(E)+E(E] -S1n6




Components of the stress tensor

e Using Table B.1

.
-I—[R] .CosH




Normal force

E® — H (p+71,),_, CosO)-RSin0-dod

4
F(nj — zﬂ:R pg + 2RHRV?:
Bouyant Form

force drag




Tangential force

2nm

F = [[(-(p+7,),_, Sinb)- R*Sin6- d6d¢
0 0

F'" = 4nuRv, Friction drag




Total forces

F=F" +F" = jﬂR pg+27URY,,

Bouyant Form
force drag

4
F=F+k = ;ﬂRapg +6mTURV_
) Bouyant Kinetic

force force

Stoke’s law: F, =6muRv,

+4nuRv_

Friction
drag




