Chapter 3. The Equation of Change for
Isothermal System

* The equation of continuity, of motion
* The equation of mechanical energy
* The equation of angular momentum

* The equations of change in terms of the substantial
derivative

* Dimensional analysis of the equations of change




Chapter 3. The Equation of Change for
Isothermal System

* Equation of continuity
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3.1. Equation of continuity
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Equation of continuity
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Rate of increase of Net rate of mass addition
mass per unit volume per unit volume by convection




3.2 The Equation of Motion
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Equation of motion: Balance
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* Momentum by convective and molecular transport:

net rate of addition of x-component
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Equation of motion

0 (9, 9. 0\,
atpvx — ax d)x ay d)y aZ (l)Z pgx

* Vector notation 0
girr=—(7-¢)+rg

where
¢ =m+pvv=pd+1+pVv
¢ : combined momentum flux tensor

pvV : convective momentum flux tensor
7 : Molecular momentum flux tensor




Equation of motion

5 pr=—(V-prv)=V-p—(V-1)+pg

. %pg : rate of increase of momentum per unit volume

. —(\7 - pﬂ) : rate of momentum addition by convection

e —V-.-p-— (|7 . z): rate of momentum addition by molecular transport
* pg: external force on fluid




3.3. The equation of mechanical energy

* Dot product between velocity and equation of motion:
o (1 1
a(zﬂv ) = —<‘7'§Pv 2) - (V-pv) —p(-V 1)

-(7-@v)-(-z:7) +p(v-9)



The equation of mechanical energy

* Terms: rate of.................. per unit volume

increase of kinetic energy
addition of kinetic energy by convection
work done by pressure of surroundings on the fluid

reversible conversion of kinetic energy into internal
energy

work done by viscous forces on the fluid

irreversible conversion from kinetic energy to internal
energy

work by external force on the fluid




3.4. The equation of angular momentum

* Cross product between position and equation of motion:

%p(r xv) =—(V-pr(rxv)) - (v-(rxps)")

—(7-(rx2H)) +(rxpg) - (e: 1)




3.5. The equations of change in terms of
the substantial derivative

ac

* The partial time derivative >

e The total time derivative

dc (0c dx [ Oc dy (dc dz (dc
a \ac) Ta\ox) Tac\ay) Tar\ez
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 The substantial time derivative
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Special cases

* For constant density and viscosity.
Navier-Stokes equation

p%? = Vp+uVv+pg or p%? = -VP+uv’v

* Negligible acceleration terms:

Stokes flow equation 0=-Vp+uV'v+pg

* Negligible viscous forces: D

Euler equation Pai":—vpﬂ‘@




The equation of state

i ,' -~ Slightly compressible
| fluid with
I p=po=K(p-pgp
where K = constant
PO il i i s i

J - Incompressible fluid
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3.6 Use of the Equations of Change
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Operation of a Couette viscosimeter

Outer cylinder /l'-,, is a function of r e Constant P an d L
rotating

Vg = vg (1)
U =V, =

7 = T, Z

Inner cylinder l p p( ) )
stationary
-— KR—D
R
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Equations

°* r-component

* B-component

* z-component




Solving equations

* Integrating

1 d
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r dr
- l
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e BC's:

o d |
B)=C1 —(I'VB):CII‘
dr
2 1 . C,
Clr +C, 1-'B=EC11*-|——2'

at r=xR v,=0
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Results

* Then
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I
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* Torque
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* Critical Reynolds
numbers for the
tangential flow in an
annulus (above which
the system becomes
turbulent)

e Quter cylinder
rotating

* Inner cylinder
stationary




3.7. Dimensional analysis of the equations of
change

* For simplicity, constant density and viscosity

D
(v-v)=0 porv=—VP+uv?y

* Defining dimensionless variables

f—i ~—X Z—E E_vot
LY L, 1
UV=— p:P_PO




3.7. Dimensional analysis of the equations of
change

* Equation of continuity

(v-z)=0
* Equation of motion
D - [N
D_EE_ l7£+lovop‘72




3.7. Dimensional analysis of the equations of
change

* Reynolds number

1.v.p inertial forces
Re = 0O 0O =
LL | viscous forces |

e Other numbers are Froude and Weber numbers
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