
Chapter 10. Shell energy balances and temperature 
distributions in solids and laminar flow

• Shell energy balances, boundary conditions

• Heat conduction with a electrical heat source, a nuclear 

heat source, a viscous heat source, and a chemical heat 

source

• Heat conduction through composite walls

• Heat conduction in a cooling fin

• Forced and free convection



10.1 Shell energy balance



Boundary conditions

• Specified temperature at the surface

• Given heat flux normal to a surface

• At interfaces:

• Continuity of temperature

• Continuity of heat flux normal to the interface

• At solid-fluid interface: 

• To, solid surface temperature

• Tb, bulk fluid temperature



10.3 Heat conduction with a nuclear heat
source

• Spherical nuclear 
fuel element.

• The heat source

• Spherical shell of 
thickness Δr

𝑆
𝑒𝑛𝑒𝑟𝑔𝑦

𝑣𝑜𝑙𝑢𝑚𝑒 ∗ 𝑡𝑖𝑚𝑒

"Transport Phenomena" 2nd ed.,
R.B. Bird, W.E. Stewart, E.N. Lightfoot



Shell balance for the nuclear fuel

• Rate of heat by conduction
• In at r

• out at r+Δr

• Rate of thermal energy produced by nuclear fission



Differential equations

• Introducing these terms into the shell balance 
for the nuclear fuel and dividing by 4πΔr

• For the cladding



• Integrating both equations

• For the nuclear fuel

• For the cladding

• Boundary conditions



Solving the equations

• Using BCs 1 and 2

• Substituting the 
Fourier’s law and 
integrating



Results

• Using BCs 3 and 4



10.4 Heat conduction with a viscous heat 
source

• Friction in the fluid 

produces heat

• Mechanical energy 

degraded to 

thermal energy

• Fluid temperature T 

only a function the 

of radius
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Our system for small b
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Momentum and temperature balances

• Combined energy flux vector

• Velocity distribution



Momentum and temperature balances

• Energy balance over a shell with dimensions Δx, W, and L

𝑒𝑥 =
1

2
𝜌𝑣2 + 𝜌𝐻 ∙ 𝑣𝑥 +

𝜏𝑥𝑥 ∙ 𝑣𝑥 + 𝜏𝑥𝑦 ∙ 𝑣𝑦 + 𝜏𝑥𝑧 ∙ 𝑣𝑧 + 𝑞𝑥



Differential Equations

• Dividing by Δx WL and taking limit Δx →0

• Integrating, no possible to evaluate C1

• Introducing ex. Convective transport is zero 𝑣𝑥 = 0

𝑒𝑥 = 𝜏𝑥𝑧 ∙ 𝑣𝑧 + 𝑞𝑥



Differential Equations

• Work by molecular mechanisms, vz only velocity no zero 
and heat transport by molecular mechanism

• Energy balance

• Introducing vz.
• Second term: rate viscous heat production per unit volume



Differential Equations

• Integrating

• Using the BCs:



Temperature distribution

• Brinkman number



Temperature distribution



10.6 Heat conduction through composite walls
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Results

• Heat flux

• Transfer equation

• What controls the flux?



10.8 Forced and free convection
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Comparison
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Forced Convection

• Laminar flow in a circular 

tube of radius R

• Constant physical properties

• Inlet temperature T1

• Constant radial heat flux, q0
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Shell balance

• Energy in at r and energy out in r+ Δr and 

energy in at z and energy out in z+ Δz

• Work done on fluid by gravity

• Adding these terms

• Taking limit as Δr and Δz go to zero



Differential equations

Substituting the differential equation

The equation of motion
For the Poiseuille flow

Viscous heating
(neglected)



Differential equation

• BCs



Dimensionless equation

• Dimensionless variables

• Equation and boundary conditions

• Asymptotic solution for large 𝜁

• It is expect a linear rise of the fluid temperature in 𝜁

• Constant temperature profile for large 𝜁



Temperature profile for large 𝜁
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Boundary conditions

• Boundary condition 3 has to be changed. New 

condition comes from the energy balance
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Solution

• Then, the differential equation for temperature profile

• Integrating twice



Solution

• The integration constant are determined using the 

boundary conditions

Arithmetic average
temperature

Bulk temperature 
at z


