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Reactor Theory

* Angular neutron density = N(r,E,Q,f) = N(r,v.{) V= (00,00, 10,), E = lm .
2 n

* The expected number of neutrons at the position r with energy E and direction
Q at time 7, per unit volume per unit energy per unit solid angle, e.g. per cm?
per steradian per MeV

(By defining the angular density as the expected, rather than the actual,
number of neutrons in an element of volume in the phase space, the possibility
of describing the fluctuations in the neutron population can be excluded.)

 N(r.E.Q.H)drdEdQ 1s the number of neutrons in the volume element dr about r,
having energies in d£ about £ and directions within dC2 about Q at time .

= Neutron Density = n(r,E.f)

* The expected number of neutrons at r with energy £ at time ¢, per unit volume
per unit energy

n(r,E,t) = J;ﬂN(l',E,ﬂ,t)dﬂ = J‘_ll_‘-ozﬂN(r,E,ﬂ,t)d(Ddlu
dQ=sinb0dOdp =dude;, u=cosb
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Reactor Theory

= Neutron angular current, or vector flux, or angular current density
= vN(r,E,Q,t) = vQN(r,E,Q,f)
* The expected number of neutrons passing through a unit area at r having the
normal vector of €2 with energy £ and direction Q at time ¢, per unit energy per
unit solid angle in unit time

e VN(r.E.Q.1)dAdEdQt 1s the expected net number of neutrons passing through
an area d4 with energy E in dE, direction Q in dQQ during d¢ at time .

(dA = ndA4 where n, is the unit vector normal to the surface)

e VN(r.E.Q.f)-dA is the number of neutrons crossing the surface element per unit
solid angle per unit energy in unit time. (A crossing is counted as negative if
v-dA<0.) — Bell and Glasstone

e VN(r.E.Q.1)dAdEJQ is the expected number of neutrons passing through an
area d4 per unit time with energy £ in d£, direction € in dC2 at time ¢. —
Duderstadt and Hamilton

4 SNU Monte Carlo Lab.



Reactor Theory

Q#1 Suppose that neutrons are generated from an accelerator unidirectionally with
strength of S, neutron/cm?-sec and speed of .

a) What is the number of neutrons passing a unit surface (1cm?) perpendicular to the
neutron direction in unit time?

>
»
Y v V

# of neutrons passing the slab in unit time

lem } =S, [neutron/sec]

b) When an angle between the normal direction of the slab and the neutron direction
becomes 6, what is the number of neutrons passing the artificial slab in unit time?

lcm

# of neutrons passing the slab in unit time

=S, - cos@ [neutron/sec]
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Reactor Theory

= Neutron angular flux = vN(r,E,Q,f) = O(r,E,L2,¢1)

» The expected number of neutrons passing through a unit area at r having the
normal vector of €2 with energy £ and direction Q at time ¢, per unit energy per
unit solid angle in unit time

Cf. Neutron angular current = vN(r,E,Q,7):

The expected number of neutrons passing through a unit area at r having the

normal vector of QQ with energy £ and direction Q at time ¢, per unit energy
per unit solid angle in unit time

e O(r.E.Q.t)dAdEJQd! is the expected effective number of neutrons passing
through an area d4 with energy E in dE, direction Q in dQ) during dz at time «.

e | O(r.E.Q.6)drdEdQ is amount of neutron track length in a differential volume
dr about r, associated with particles of a differential energy in dE about E,
moving in a differential solid angle in dQ2 about 2, at time ¢. — Wikipedia
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Reactor Theory

The volume average flux is defined as the sum of track lengths in a volume divided
by the volume.

Suppose that we are estimating the volume flux of a slab with area 4 and thickness
0. When a particle having a direction of QQ passes the slab, the volume flux becomes

, Track Lengths W -L
; D, (Q) = g5 _
/ } 5 Volume V

4
/

where I is the number of neutrons passing the slab in unit time.

The surface flux can be regarded as the limiting case of the volume flux when the
slab becomes infinitely thin. Therefore the surface flux can be expressed by

. W 0
(DS(Q) = hmu = lim (K/COS ) _ W/COS@

550 4.5 5—0 Aﬁ/ A

7 SNU Monte Carlo Lab.



Reactor Theory

= | The angular current of a neutron of € direction on a surface of which normal
direction 1s n, 1s defined by the number of particles that pass through a surface per
unit area times sign(n,- Q).

= Note that the surface angular flux is expressed as

A A WL

,"/ (DS(Q)ZEL%_A,5
0 2 } e /8//0039) W/cos @
b ) =lim =
"} 50 Aﬁ/ A

4
/

= Then the angular current on the surface becomes

W /cos &

Jy(Q) = (Q-n,)

_ W//Z@Sﬁ-p@Sﬁ'Sign(Q’ns)Z%Sign(g'ns)
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Reactor Theory

= Neutron current or neutron current density = J(r,E.?)
J(r,E,t) = L VN(r,E,Q,1)dQ = v L ON(r,E,Q,1)dQ
* The expected net number of neutrons passing through a unit area with energy E
at time ¢, per unit energy in unit time

* J(r.E.f) -dAdE is the expected net number of neutrons crossing the surface
clement dA per unit time with energy £ in dE at time ¢.

(dA = n dA where ng 1s the unit vector normal to the surface)

= Neutron flux = #(r.E, ?)
H(r,E.,t) = L O(r, E,Q, 1)dQ

* The expected number of neutrons effectively passing through a unit area with
energy E at time ¢, per unit energy in unit time

[ Ar.E.t) dAdE is the expected effective number of neutrons passing through an
area d4 per unit time with energy E in dE, at time ¢.

| Ar.E.f) drdFE is the amount of track length of neutrons in dr about r with
energies in d£ about E at time ¢.
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Reactor Theory

= Macroscopic cross section = 2 (r,£,0,7)

* The probability that a neutron located at r with energy E, direction € at time ¢
will undergo a particular reaction, indicated by x, while it travels in unit
distance

= WE)E(r,EQ)

» The probability that a neutron located at r with energy E, direction €2 at time ¢
will undergo a reaction of type x while it travels in unit time
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Reactor Theory

= They may change with time for two reasons except the changes by external means
such as the control rod movements and the soluble boron injection nor those due to

phase transition, i.e., liquid to vapor.
1. X{(r,) are temperature dependent. Even in the solid state, the decrease in the
atomic densities with increase in temperature due to thermal expansion can
have a significant effect upon reactor operation.

2. Number densities change because of the continual occurrence of nuclear
reactions and decays in the reactor.

v For example, the production of fission fragments of high-absorption-cross
section such as 3°Xe leads to important, temporal variations in the reactor.

v’ Also, fuel nuclei are “burning up,” and low-absorption-cross section,
relatively stable fission products are accumulating so long as the reactor is
n operation.

»  Then, on which variables the microscopic cross section is dependent?
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Reactor Theory

= Angular reaction rate density = R (r,E,,f)

R (r,E,Qt)=v(E)X (r,E,Q,t)-N(r,E,Q,1)

* The expected number of interactions of type x made with nuclei by neutrons of
speed v corresponding energy E, at position r, direction €2 and time ¢, per unit

volume per unit energy per unit solid angle per unit time

o yE) (r.BEQ.0ONr.EQ.1)drdEdQ is the reaction rate of type x in the volume
element dr about r by neutrons with energies in d£ about £ and directions
within dQ about Q at time .

= Reaction rate density = R (r,E,f)

R.(r,Et) = L W(E)E (r,E,Q,t)N(r, E, Q,1)dQ

* The expected number of interactions of type x made with nuclei by neutrons of
speed v corresponding energy E, at position r and time #, per unit volume per

unit energy per unit time
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Reactor Theory

= The product of vN arising in the definitions of the reaction rate densities occurs very
frequently in reactor theory, and therefore it is given a special name [2]:

¢ = vN = neutron flux [cm'2 SGC_I]

= Although it will certainly prove covenient to work with ¢ rather than N (since then
one does not have to worry about including the neutron speed v in the reaction rate
densities), the tradition in nuclear engineering of referring to this quantity as the
neutron “flux” is very misleading. For ¢ 1s not at all like the fluxes encountered in
electromagnetic theory or heat conduction, since these latter fluxes are vector
quantities, whereas ¢ is a scalar quantity. Actually the “neutron current” J
corresponds more closely to the conventional flux.

= Think of the neutron flux as simply a convenient mathematical variable (speed X
density) to use in computing reaction rates:

R =vS_ N=3 ¢
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Reactor Theory

» The linear Boltzmann transport equation serves to precisely describe
particle balance in which the rate of accumulation of particles is equal
to the difference between their rates of production and removal.

= If Mr,EC,¢) 1s the distribution of particles as a function of the seven phase-
space variables,
N(r,E. Q) ArAEAQA: = the number of particles
in volume Ar about r,
with energy in AE about E,
moving in direction AQ about Q,
in time interval At about ¢.

= A pseudo equation for particle balance in a phase space volume of
ArAEAQAt can be written as

(1) Accumulation Amounts of removal Amounts of p ro duction
. by scattering, (4
of particles — — by leakage @ |-} Fissi
' hase space volume and collisions (3) ission(®)
mnap and fixed source®)
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Reactor Theory

(1 Accumulation
of particles
in a phase space volume

Amounts of removal
by leakage (2
and collisions (3)

Amounts of production
by scattering, (4)
fission(5)
and fixed source(®)

= By dividing Eq. (1) by ArAEAQA¢, a balance equation for the angular neutron
density can be obtained.

Accumulation rate
of particles
at the phase space

@9

Rate of removal

and collisions(3)’

15

by leakage (2’| -

Rate of production
by scattering, (4)°

fission (5)’
and fixed source (6)°
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Reactor Theory

What if the medium is vacuum?

(1 Accumulation
of particles
in a phase space volume

Amounts of removal
by leakage @
and collisions

What if the medium is pure absorber?

(1) Accumulation
of particles
n a phase space volume

Amounts of production

by scattering, $
fission

and fixed source(®)

Amounts of removal
by leakage @
and absorptions (3)

16

Amounts of production

by scattering,g
fission

and fixed source(6)
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Reactor Theory

= Accumulation of particles in the phase space volume of ArAEAQA? about
(r,E,€,f), or change of particle numbers during Af in the volume of
ArAEAQ), can be represented as

D)= N(,E,Q,t+A)ArAEAQ — N(r, E,Q, 1) ArAEAQ
:[N(r,E,Q,t"‘At)—N(r,E,Q’t)]ArAEAQ .................... (2)

= Then the accumulation rate of particles at (r,£,Q,¢) per unit volume per
unit energy per unit steradian is obtained, by dividing Eq. (2) by ArAEAQA¢
and taking the limit as the phase space volume approaches zero, as

y [N(r,E,Q,t+At) - N(r, E,Q,1)]|- ALAEAQ
— 1m
@ At—0 MAt .................... Q)

o
=—N(r,E,Q,¢
Py ( )
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Reactor Theory

= Let us consider a Cartesian incremental volume Ar=AxAyAz as below.

Q=0Qi+Q j+Qk

= Then, the particle amount to enter the volume through the face of area
AxAz at y becomes

vN(x,v,z, E,Q,1)Q - AAAEAQAt =vN(x,y,z,E,Q, t)(ﬂ : ijAZ)AEAQAt
=vQ N(x,y,z, E, Q1) AxAzZAEAQAt

= Similarly, the number of particles to leave the volume through the face at
YAy isvQ N(x, y + Ay, z, E, Q1) AxAzAEAQAL.
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Reactor Theory

= The difference between outflowing and inflowing particles, or the particle
leakage, though the area of AxAz becomes

vQ [N(x,y+Ay,z, E,Q,1)— N(x, y,2, E,Q,1) | AxAzZAEAQAt

= By similarly expressing the leakages through areas of AyAz and AxAy and
summing all the leakage amounts, we can obtain
2= vQ [N(x+Ax,y,z, E,Q,t) - N(x,y,z,E,Q,1)| AvAzZAEAQA¢
+vQ) :N(x, v+Ay,z, E,Qt)-N(x,v,z, E,Q, t)] AXAZAEAQAL ... (3)

y

+vQ2 :N(x, v,z+ Az, E,Q,t)-N(x,y,z, E,Q, t)]AxAyAEAQAt

z
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Reactor Theory

»= Then the leakage rate at the seven-dimensional phase space point, (r,E,Q,7), in the
limit of vanishingly small ArAEAQA? becomes

vQ [N(x+Ax,y,z,E,Q,1)— N(x,y,z,E,Q,1) | AvAzZAEAQAt
@ = +0Q [N(x,y+Ay,2,E,Q,0) = N(x, v, 2, E, Q,1)| AxAzZAEAQAt
i +vQ_[N(x, y,z2+ Az, E,Q,1)— N(x, y,z, E, Q,t)| AxAyAEAQA?
1m - =
AxAyAzAEAQAt—0 AXA_)/AZAEAQAI
= lIim va N(x+Ax,y,Z’E’Q’t)_N(x’y9ZDEaﬂat)
Ax—0 AX
+1im/UQ N(X,y+Ay,Z,E,Q,t)—N(X,y,Z,E,Q,t)
Ay—0 Y Ay
+1im/UQZ N(x7y72+A29E999t)_N(x9y929E999t)
Az—0 AZ
=v| Q, i+Q i+QZ i N(x,y,z,E,Q,t)
Ox Y Oy o e — (3)’
=vQ-VN(r,E,Q,t)
= Q-VCD(I‘,E, Q,t) .................... 4)
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Reactor Theory

= From the definition of the angular reaction rate density, the amount by which
particles are lost due to collisions of any kind with the nuclei comprising the
medium in the phase space volume ArAEAQA? can be expressed as
3 = V(E)Z, (r, E,Q,t)N(r,E,Q, 1) ArAEAQA?
=2, (r, E,Q,0)®(r, E,Q)ArAEAQAt (5)

= By dividing Eq. (5) by ArAEAQA¢, the removal rate by collisions can be written as

Here X (r,E,Q,7) 1s the macroscopic total cross section of the medium defined such
that 2ds is the probability of a collision in a path length, ds.

5~ YEZEEQON(K,E Q0 ArAEACIA
ArAEACGA

=v(E)Z, (r, E,Q,)N(r,E,Q,t) =% (r, E,Q,0)®(r,E,Q,1) (5)’
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Reactor Theory

= The production rate of neutrons by reactions except the fission reaction can be
expressed as

| de| dE Zf: v (E)X (rLE' - E,Q - Q1O E, Q1) (©)

v, = the average number of neutrons produced from a reaction of type x,

S(E > EQ Q) =the macroscopic differential cross section of a reaction
of type x by which a neutron transferred from energy E’ and direction €’
to energy FE and direction €2

= By using the scattering cross section, Eq. (6) can be written briefly as
4= S (r,E,Q,1)= L dQ’ J‘E,dE’ S (rE > EQ —>QNdr,E,Q ) 7)

L (r,E'— E,Q"— Q,t) = the macroscopic differential cross section for scattering
neutrons from energy E’ and direction Q’ to energy E and direction Q.

Z(r,E'—> E,Q — Q 1)drdEdQdE'dQ’ = the expected number of neutrons in dr

at r scattered into d£ at £ and dQ at Q per unit time at time ¢ collisions of
neutrons with energy in dE” at E” and direction in dQ”at Q”in the same

volume element at r
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Reactor Theory

= The fission contribution to the source be given by
5= S.(r,E,Qt)=
A AE (0 E > E(r, ENE (r,ELQ > Qu0(r, ELQ1) (8)

y(r,E" — E) = the probability of neutrons appearing at energy £ as a result of a
fission caused by a particle of energy E’ at point r.

v(r, E) = the average number of neutrons emerging from a fission at point r

)y ; (r, E', Q" — Q. ¢) = the macroscopic cross section for fission induced by neutrons with
energy £’ and direction QQ’ with emergent neutrons from the fission
having direction Q.
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Reactor Theory

= The inhomogeneous (or fixed) source density is denoted by O(r,E,Q,f)
@7 — Q(r, E, Q’ l') .................... (9)
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Reactor Theory

= [nserting the derived terms into Eq. (1), the neutron transport equation can be
written as

5N(l’,aE,Q,l‘) _ —Q-V(D(r,E,Q,t)—ZI(I‘,E,Q,Z‘)(D(I',E, ﬂ,t)+S(l‘,E,ﬂ,l‘), .................... (10)
¢

S(r,E,Q,0) =S8 (r,E,Q,0)+ S5, (r, E,Q,t)+ O(r, E,Q,1),
S (r,E,Q,1) = L dQ’ jE,dE' S (rE' > E,Q - Q1d(r,E, Q1)

S.(r,E,Q,f) = Lﬂ dQ’ jE,dE' 2 E = EW(r, ENE, (r, E, Q' — Q,0)d(r, E', Q1)

Accumulation rate Rate of removal Rage Zcf: ‘ft f[(e)filllftl()@%.
of particles — — | Dby leakage@’| - y scatt ga’
at the phase space and collisions(3)’ fission (&)
and fixed source (6)°
@9
.................... (1)
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Reactor Theory

= (Considering the delayed neutron generation, the time-dependent neutron transport
equation (NTE) can be written by

100(r, E, Q1)
v Ot
(. L dQ’ jE,dE' S (rE' > E,Q > Qd(r,E Q1) )

=-Q-VO(r,E,Q,0) -2, (r, E,Q.1)D(r, E,Q,1)

+ 2, A dE 7B > B)(1=p' )V (EVZ) (. B9 > 2.00(r.E2)

Z
l l C.(r,?)
Z J
+ Q(l',E ,82,1) =5(r,E,Q,1)
0C.(r,?)

— J J J —
~ _; B[, d@| dE v/ (E)Z)(r,E,Q0P(r, E,Q,0) - 4C,(r,1)
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Reactor Theory

= From the Eq. (10), the time-independent (or steady-state) neutron transport equation
can be written as

Q-VO(r,E,Q)+ 2 (1, E,Q)D(r, E,Q)
= Lﬂdﬂ’ j dE'S (r,E' —> E,Q — Q)O(r,E', Q")
+[ aq’ j dE'y(v,E' — E)W(r,EZ,(r,E', Q' — Q)D(r,E', Q)
+Q(r,E, S — (11)
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Reactor Theory

= For a nuclear system with no external sources such as a commercial reactor core, it
is obvious that the time-independent NTE of Eq. (11) has a trivial solution of
O(r,E,Q)=0 for all r, £, and Q.
Q-VO(r,E, Q)+ % (r,E,Q)D(r, £,Q)

= dsz'j dE'S (r,E' > E,Q' — Q)O(r,E', Q)
+[ @[ dE'y(r,E'— EW(r,ENE (r,E',Q — Q)O(r,E,Q) (12)

= In order to obtaln a non-trivial solution for the steady-state nuclear reactor core, A
eigenvalue or k& eigenvalue (A=1/k) should be introduced into Eq. (12) as

Q-VO(r,E,Q)+ % (r, E,Q)D(r, E,Q)
= [, aq’ J.E,dE’ S (r,E' > E,Q — Q)d(r,E', Q)
[ dQ[ dE y(r,E'—> E)W/ " (5, E)E (1, E', Q' - Q)®(r,E', Q') — (13a)
Q-VO(r,E,Q)+ % (1, E,Q)D(r, E,Q)
= [ aq’ j dE' 2 (r,E' - E,Q' — Q)d(r,E',Q)

+— j dQ'[ dE'y(r,E' - E)(r,ENZ (r,E,Q > QO(r,E,Q) (13b)
28 SNU Monte Carlo Lab.



