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Transverse waves in an infinite string
• Transverse waves in an infinite string consider string under 

tension.
T: tension
𝜉: displacement
L: length of string

If 𝑑𝜉 is very small,
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Element of the string

Upward force at A Upward force at B

Net upward force 𝜌: linear density



Transverse waves in an infinite string

① Solutions are the harmonic waves
② Determine the dispersion relation, 𝜔ሺ𝑘ሻ
③ Apply the boundary conditions
④ Determine the allowed 𝜔

∴ Force balance
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𝑑ଶ𝜉
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𝑑𝑡ଶ  ,         𝜌:linear density
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𝑑ଶ𝜉
𝑑𝑥ଶ     : wave equation



Transverse waves in an infinite string
• Assume

• Then,

• All frequencies and all wavelengths are allowed.

𝜉ሺ𝑥, 𝑡ሻ ൌ 𝐴 exp 𝑖ሺ𝑘𝑥 െ 𝑤𝑡ሻ  𝐵 exp 𝑖ሺ𝑘𝑥  𝑤𝑡ሻ

𝑑ଶ𝜉
𝑑𝑥ଶ ൌ െ𝑘ଶ𝜉,         

𝑑ଶ𝜉
𝑑𝑡ଶ ൌ െ𝜔ଶ𝜉
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𝑇
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𝑇
𝜌

𝑑ଶ𝜉
𝑑𝑡ଶ ൌ 𝑣ଶ 𝑑ଶ𝜉
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 𝑣 ൌ 𝑐𝑜𝑛𝑠𝑡. ൌ 𝑣 ⇒ nonെdispersive system

𝜔 ൌ 𝑇/𝜌 𝑘    for an infinite string



• Fix the ends of the string.

• Boundary conditions 
• From

∴ Due to boundary conditions (confinement of the wave between 
0 and L on the x-axis), frequencies that can exist in the string 
are limited. 

Transverse waves in a finite string
0 𝐿

𝜉ሺ0ሻ ൌ 0     &     𝜉ሺ𝐿ሻ ൌ 0

𝜉ሺ0ሻ ൌ 0 ൌ 𝐴  𝐵                     െ ሺ1ሻ
𝜉ሺ𝐿ሻ ൌ 0 ൌ 𝐴𝑒  𝐵𝑒ି   െ ሺ2ሻ
            0 ൌ 𝑒 െ 𝑒ି

            0 ൌ 2𝑖 sinሺ 𝑘𝐿ሻ

        ∴ 𝑘 ൌ 𝑛π/𝐿,       𝑛 ൌ 1, 2, ⋯

𝑘 ൌ
2𝜋
𝜆        𝑛

𝜆
2 ൌ 𝐿



Transverse waves in a finite string
    𝜉

ൌ 𝐴 exp 𝑖
𝑛𝜋
𝐿 𝑥 െ

𝑛𝜋
𝐿 𝑇/𝜌 𝑡 െ 𝐴 exp െ𝑖

𝑛𝜋
𝐿 𝑥 

𝑛𝜋
𝐿 𝑇/𝜌 𝑡

or 𝜉 ൌ 𝐶 sin
𝑛𝜋
𝐿 𝑥 exp െ𝑖

𝑛𝜋
𝐿 𝑇/𝜌 𝑡

         "a standing wave", induced by the boundary condition

𝜔 ൌ
𝑛𝜋
𝐿 𝑇/𝜌     :    allowed frequencies

                                 "normal modes"

𝑘

𝜔
• Confinement of waves induces the 

“quantization” of frequency.
• General solution ൌ  𝜉ሺ𝑥, 𝑡ሻ





Simple Applications of n /2) 
1. Particle in a box
• An electron in a one-dimensional box of 

the length, L (confined within the box 
with high potential walls)

• What energy levels are allowed for the 
electrons if it exhibits wave-like 
properties?

• Since 

𝑛 ⋅
𝜆
2 ൌ 𝐿

𝜆 ൌ
2𝐿
𝑛

𝐸 ൌ
𝑝ଶ

2𝑚 ൌ
ℎଶ

2𝑚𝜆ଶ

𝐸 ൌ
𝑛ଶℎଶ

8𝑚𝐿ଶ ,   identical with the actual solution

A discrete set of energy levels is allowed.
These energy levels are spaced according to the square of the integers.
The spacing between energy levels decreases as L increases.



Longitudinal waves in a rod

• Consider the rod in the figure with a tensile stress, 𝑋 (force 
per unit area) acting along the x axis.

• Force balance
 Net force in the +x direction on an element of width dx and cross-

sectional area S is

𝑆 :  cross−sectional area

𝑆𝑋  𝑆
𝑑𝑋
𝑑𝑥 𝑑𝑥 െ 𝑆𝑋 ൌ 𝑆

𝑑𝑋
𝑑𝑥 𝑑𝑥



Longitudinal waves in a rod
• Define

 𝜌: volume density of the rod
 𝜉: displacement of any cross-section in the x-direction
 Y: Young’s modulus = X/(d 𝜉/dx)

• Then,
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𝑑ሺ𝑌 ⋅ 𝑑𝜉/𝑑𝑥ሻ
𝑑𝑥 ൌ 𝜌

𝑑ଶ𝜉
𝑑𝑡ଶ

m a

𝑑ଶ𝜉
𝑑𝑥ଶ ൌ

𝜌
𝑌

𝑑ଶ𝜉
𝑑𝑡ଶ

(wavefunction of 
longitudinal waves)

𝑑ଶ𝜉
𝑑𝑡ଶ ൌ

𝑇
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𝑑ଶ𝜉
𝑑𝑥ଶ

cf) transverse waves
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Summary of wave systems

Chap. 4

Chap. 3

Chap. 5

displacement

electric and magnetic fields

Just mathematical function

displacement


