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D : diffusion coefficient, diffusivity, related to atomic mobility

⇒ depends on microstructure of materials 

dx

dC
DJ 

Flux is opposite to conc. grad.

Diffusion

Phase Transformation In Materials

Mechanism by which matter transported through matter

‒ Rate of mass transport

‒ Fick’s First Law

Adoff Fick assumed that J ∝ conc. grad.
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Magnitude of D in various media

Gas : D ≈ 10-1 cm2/s

Liquid : D ≈ 10-4 ~ 10-5 cm2/s

Solid                

Materials near melting temp.        D ≈ 10-8 cm2/s

Elemental semiconductor (Si, Ge)  D ≈ 10-12 cm2/s

Ceramic → trace of impurity change its value

Dt

kmcm 10001010 816 

kmcm 101010 612 

ex)  Age of universe ~ 1017 sec., diffusion distance =  

Gas : 

Liquid : 

Solid near Tm = 300m

Diffusion Coefficient (Diffusivity)
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 Fick’s First Law always applies.

(except non-Fickian diffusion  ex) Organic solvent in glassy polymer)

ex) diffusion through plate
C1

C2= 0

X = 0 X = Xi

C(x) = ?

 When we are at steady state [ J  J(t) ],  Fick’s First Law tells whole story.

Fick’s First Law
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What happens during transient state? [ J = J(t) ]

dx

x

x x+dx

Adx
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Mass balance on volume element: 

(flux)  (area) = (rate of change of conc.)  (volume)

(1)

Fick’s Second Law
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From Eq. (1) and (2) 
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When D ≠ D(c)
2nd order linear partial diff. eq.
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⇒ Fick’s Second Law
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Get Jx+dx by Tayler Series Expansion about Jx

(2)

Fick’s Second Law (2)

Phase Transformation In Materials



Nano & Flexible 

Device Materials Lab.88

 Kreyszig  “ Advanced Engineering Mathematics”  

Ch.11 “ Partial Differential Equation”

 2 B.C. + 1 I.C. ⇒ solution C(x,t)

 linearity ⇒ solutions are additive.

Wave Eq. 
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Ch 11-5Heat Eq.   
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3 차원

Cylindrical 

Spherical.

- To solve

Separation of variables

Laplace Transformation

Fourier Transformation

Ref:  Kreyszig Ch 11.6 이후공부

J. Crank, “The Mathematics of Diffusion.”, 

Shewman, “ Diffusion in Solids”

Unifying Power of Mathematics 
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I.C.    ρ(x,0) = ρ*

0                otherwise    

B.C.   ρ (∞,t) = 0

ρ (-∞,t) = 0

Ref: Shewmon “Diffusion in Solids”
 Case I)   Thin Film Solution

 Quantity of S of solute plated as a thin film on one end of a

long rod of solute free material

 Similar solute free rod attached against solute.

x

2δ

ρ

ρ*

ρ (x,t)?                                                                 

S : [mass/area]
2

2

x
D

t 






 

x

Solution of Diffusion Equation
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 General Solution

 Particular Solution   

 in general 
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Can measure D by this equation because 

it only needs the ratio of the concentration.
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ex)     0 < x < L 

       S (mass/area) 
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      0 < x < L 
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I.C.  ρ(x,0) = 0   x < 0        B.C.   ρ(∞,t) = ρ’ 

     ρ(x,o) = ρ’   x > 0              ρ(-∞,t) = 0 

X 

ρ’ 

Δξ 

ξi 

Sol)
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Thin film solution from slice at position x = 𝝃𝒊

Solution of Diffusion Equation

 Case II) Pair of Semi-Infinite Solids
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in the limit as    Δξ →0      n →∞
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변수변환
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일반적인경우의해 :  
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• erf (0) = 0,              erf (∞) = 1

• erf (-z) = - erf (z)  (odd function)

• erfc (z) = 1- erf (z)   erfc (0) = 1 , erfc (∞) = 0

Power series expansion of error function

for small z, 
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erf (z) ≈ z until ~ 0.6

Error Function (erf)
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Error Function Table
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Can solve by Separation of variables, 

Fourier Transformation, 

Laplace transformation

공학수학 Ch 11-5 φ(x)

I.C.      ρ(x,0) = φ(x)

Otherwise ρ(x,0)=0

.
"
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Sol:

Where
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Case III) General case
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Separation of Variables:  ρ( x,t) = X(x)T(t)


