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First Order System Examples

v

[ w+v=f/c
c mv+cv=f
f—» m —D—{ T=m/C\

time constant

dv : —

vS=RCE+v WY =T
T=RC
i
:E»H density
1 A . N dn 1 ch+n="g,
pA— = pq; — - pgh g
h dt R
A\v R Pa / v\
e volume rate resistanceT = AR/g

O
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First Order Systems

first order system g — ;
first order system Ty +y = u with y(0)
(standard form)

1 1
Y(s) = =[O+ =56

free response

YO y() = y(0)e @)

Y(s) =
s+1/t
s-domain
0(0) T T T . . Im
no oscillation
-1/t Re
-— —
() F faster  slower
-1
0.370(0) F=====) e ~ 0.368
|
| T: time constant [sec]
I
L | e 4~ 0.0183 smaller 7 : faster response
0.020(0) | [ — .
0 = = = = = - larger T : slower response
t oy
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First Order System: Step Response

step response 1 1
Y(s) = ——[ty(0)] + U u(t) = al(t),y(0) =0
(s) p— 1[Ty( )] o (s)
1
Y@ = af1(®) - e~
no overshoot
a F----- B e -
//l \ transient & steady-state
1 1,
o 0.63a -1~ | y@®=1[y0)—aler
N — i 0.98E +al(t)
Slope = — / ! |
|/ let~0368 et ~ 0.0183
0 : 1 Il 1
0 T 27 37 4t 57 67
t
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First Order System: Ramp Response

1 1
step response Y —
(s) s+1 ey (0)] + s+1

F(s) f@) =aty(0)=0

1 1
=at —at+are T -> y(t) — f(t) = —ar(1 — e )

y(@®)
T T T T
mr < smaller T => faster response
T w/ less tracking error
f(t) =mt
u(t)

EVT
lim[y(t) — f(t)] = —art

t—oo

0 Il 1 1 Il
0 T 27 37 47 5t

t ek
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First Order System: Parameter Estimation

v

—

mv+cv=f t=mjc,u=f/c, ft) =F

1" Hﬂ Y(&) = F/e[1(t) — (@)1

T T T EVT
L — 1 oy =F/c—c

/i

11

i §

o IVT

1 |

0.63-1——-7- . .
v® T/ 1 lim x(t) = lim sX(s)
i/ 098 L =0+ So®
Slope = FTA /,’ } i )
| p—
. y(0+) =F/(zc)
I
J 1 i l
|
|
| m
0 | 1 1
0 T 27 37 47 57 67
t
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Second Order Systems

second order system . . 2 2
X+ 2Jwpx + wix = wiu(t
(standard form) Wn n n (2\

V\ V\ \ input
damping ratio natural freq.

to make x — u in steady-state

mi+cx+kx=f u=f/k

wp = Jk/m, 2{wy=c/m > { = 2\/:n_k

LCV + RCY+v = v U= v

wy = J1/LC, { = %

dh
0 ARd—tl +9g(hy — hy) =Rq;

_ dh
”J h:' AR d_tz + g(hy —hy) = —gh,

U=Tq, wa =i (=15
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Second Order System: Free Response
second order system . . 2. _ .2
(standard form) x +/25an + Wrii_ wat(t)
damping ratio natural freq. input
X(s) = [5x(0) + £(0) + 20 wx(O)] + 20—y
U=y 20wy s + w2 s x Swnx Q

s2 + 20wy, + wi

free response forced response

characteristic equation:

S2+20wps +wEi=0 = s=—{wy Twp /(%21
1.{ = 0 (un-damped): s = tw,j
Wq = Wp4/1 = {2 : damped-frequency

]
2.0 < ¢ < 1(under-damped): s = —{w,, + wy /1 —{?j
+Wqj
3.{ = 1 (critically-damped): s = —w,, -> no oscillation
-Cwy, Re
4.{ > 0 (over-damped): s = —(w,, + wy /{2 — 1 T “Waj

N dominant root: s = —w,({ —+/{%2 — 1)
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Second Order System: Pole Locations

second order system

(standard form) __»
damping ratio
Im
%
W”.

¥+ 20wpx + w2x = w2u(t

natural freq. input

- {wy: how fast is the convergence (T = z%)
n

-Wq = Wy4/1 — ¢?: damped oscillation frequency

—1y1-02,

-0 =tan 7 : depends only on ¢

- radius = w,
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Second Order System: Pole Locations

second order system Imaginary

(standard form) s=—btjwy  s=Ta+jo, s=jwy  s=r+jo

¥+ 20w + w2x = wiu(t)

_—
damping ratio natyraf freg. input qf\/\/\/w
Im s= *b'+jw1 s = :a+jwl s = jw| s=r;+jwl
/G [l |
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s=—-b<-—a s=—a<0 s= s=r>0

Real

7
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Second Order System: Step Response

second order system . . 2 2
X + 2{wpx + wix = wiu(t
(standard form) {Wn n n (2\

\ input

damping ratio natural freq.

2
%+ 2¢wpx + wix = w2u(t) I:> X(s) = LZU(S)
2 4+ 20wy, + Wi

U(s)=1/s5,x(0) =x(0)=0
1.{ = 0 (un-damped): x(t) =1 — coswyt

2.0 < { < 1 (under-damped): x(t) = 1 — e~$Wnt [cos wgt + (Wﬂsin wdt]
da

3.{ = 1 (critically-damped): x(t) = 1 — e™Wnt — w,te™Wnt

4. > 0 (over-damped): x(t) =2 + e (S ﬁe—wn((_m)t

[epongiunLee

Step Response of Under-Damped Systems

second order system

(standard form)

¥4 20wk + w2x = wiu(t)

2.0 < ¢ < 1 (under-damped): x(t) = 1 — e~ $Wnt [cos wyt + Zwﬂsin Wdt]
a

M,,: maximum overshoot
\ ty: peak time
MP

t,: rise time

ts: settling time

tq: 50% delay time

|
| N
| Settling
x® | | time band
! I
! 1
0.5 |41 ! 1
! i
| |
! 1
| |
0.LxgHf 1 i .
0 L1 |
0 i
‘<—>| 10-90%t, t

oy
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Step Response of Under-Damped Systems

w,
x(t) =1 — e~ $Wnt [coswyt + g;V—nsin Wyt

a
1 1 _¢z2
=1 ——=e " Mn’sin(wyt + @) OSOcztan_liSE
J1-¢2 7 2
1 .
=1+ ———eWnl sin(wyt + ¢) 3

J1 =22 ns¢=a+ns7

M,,: maximum overshoot
tp: peak time

S A —Ll o
ool \/ | et ] t,: rise time
‘ ‘ ts: settling time

tq: 50% delay time

L—-‘\o 90%1, t ! W
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Maximum Overshoot & Peak Time

1
x(t) = 1+ ——=e~Wn! sin(wyt + ¢)

Mg

% =0 - tan(wgt, + ¢) =tana - wut, =k, k =0,1,..
T T ¢
tp:w_dzm Mp=x(tp)—1=e 1-¢2
—___m = e_\/% <1
Vamk — 2
1.c++ => t_p ++, M_p-- /WJ\

2. M_p depends only on ¢:
can be used to estimate ¢

3. k++ =>t_p--, M_p ++

4. m++ => M_p ++, t_p ++
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Rise, Settling, and Delay Time

x(H) =1+

100% rise time

1
Nere

e~SWnt sin(wgt + ¢)

x(t,) =1 > sin(wgt+¢)=0

n<¢p=a+mn<3n/2

T—a
wgt+¢dp=2r - wat=m—a - t,=
Wa
w_n++ =>1t_r-- 5
2% settling time a= tan_l—Z
. 4  2m ¢
S wy, Cc
Cc++ orm-- =>1t_s--
: |
0% delay time x(tg) =05 W \,iig“.:;‘i.
. 1407¢ 1 07¢ ™
T w, Yk 2k ol
o I 10-s0%r, : !
Cc-- ork++ =>t_d++
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Second Order System: Effect of
Im
second order system %+ 20wy % + WrZLx — W,%u(t)
(standard form)
1 16
08} 141 =02
06} (=20 12}
0.4} 1L 0.7
=02} 1.0 Sos 1.0
; o
of 0.6 =
07 t=20
-0.2 04+
-0.4 (=02 02
-0.6 . . . . . 0 . . . . . .
0 2 4 6 8 10 12 14 16 18 20 0 4 6 10 12 14 16 18 20
wpt ont
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Second Order System: Effect of Pole Locations

Im

Models A and B have the same real part, the same time constant, and the same decay time.

Re

- ]
Response
=

(a)

Models A and B have the same imaginary part, the same period, and the same peak time.
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—_— ° |
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g
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—> & Period
B A
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Percent Maximum Overshoot

(b)

Models A, B, and C have the same damping ratio and the same overshoot.

20
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Im (a)
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g
& A
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Second Order System: Parameter Estimation

mi+cx+kx=f

B,

B

n

By
A

Displacement

e

Time
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Wn=\/k/m,(=2\/%,wa=wn\/1—fz

x(t) =1+ Ae~Wnt sin(wyt + ¢)

Bi = Ae_zwnti

B;y, = Ae=$Wn(titP)

5:efwn17= Bi _)(Sn:M
i+1 BZB3 ---Bn+1




MatLab Example

first-order system . m c
mv+cv =f, T= -

a ) a k
v -, v(0+) =-
c T

second-order system

mi+cx+kx=f

Wa = k/m, ¢ = 5= wa = w12

. Toe ot _m
=i M= ST lw, ¢
with zero
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Second Order System: Example
-
c mi+cx+kx=f u=f/k
11— f
m e
wy, =k/m, 2{w, =c/m -> { = 2¢in_k

k

Wq = Wypy/1—(2= Jamk — c2/m

1. changing ¢

2. changing m

3. changing k

lepongjunLee
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Next Lecture

11



