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First Order System Examples
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߬ ൌ ܥܴ

ܣߩ
݄݀
ݐ݀

ൌ ௜ݍߩ െ
1
ܴ
݄݃ߩ

ሶݒ߬ ൅ ݒ ൌ ݂/ܿ
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First Order Systems

first order system

(standard form)
ሶݕ߬ ൅ ݕ ൌ ݑ with   ݕሺ0ሻ

ܻ ݏ ൌ
1

ݏ߬ ൅ 1
ݕ߬ 0 ൅

1
ݏ߬ ൅ 1

ሺݏሻ

߬: time constant [sec]

smaller ߬	: faster response

larger ߬ ∶ slower response

free response

ܻ ݏ ൌ
1

ݏ ൅ 1/߬
ݕ 0 ݕ ݐ ൌ ݕ 0 ݁ି

ଵ
ఛ ௧

Re

Im

x
െ1/߬

݁ିଵ ൎ 0.368

݁ିସ ൎ 0.0183

s‐domain

faster slower

no oscillation
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First Order System: Step Response

ሻݐሺݑ ൌ ܽ1 ݐ , ݕ 0 ൌ 0ܻ ݏ ൌ
1

ݏ߬ ൅ 1
ݕ߬ 0 ൅

1
ݏ߬ ൅ 1

ܷሺݏሻ
step response

ݕ ݐ ൌ ܽሾ1 ݐ െ ݁ି
భ
ഓ
௧
]

݁ିଵ ൎ 0.368 ݁ିସ ൎ 0.0183

FVT

transient & steady‐state

ݕ ݐ ൌ ݕ 0 െ ܽ ݁ି
ଵ
ఛ௧

൅ܽ1ሺݐሻ

no overshoot
ܽ

0.63ܽ

ൌ
௔

ఛ
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First Order System: Ramp Response

݂ ݐ ൌ ,ݐܽ ݕ 0 ൌ 0ܻ ݏ ൌ
1

ݏ߬ ൅ 1
ݕ߬ 0 ൅

1
ݏ߬ ൅ 1

ሻstep responseݏሺܨ

ݕ ݐ ൌ ݐܽ െ ܽ߬ ൅ ܽ߬݁ି
భ
ഓ
௧ ݕ   <‐ ݐ െ ݂ ݐ ൌ െܽ߬ሺ1 െ ݁ି

భ
ഓ
௧ሻ

smaller ߬ => faster response 
w/ less tracking error

FVT

lim
௧→ஶ

ݕ ݐ െ ݂ ݐ ൌ െܽ߬	
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First Order System: Parameter Estimation

ሶݒ݉ ൅ ݒܿ ൌ ݂ ߬ ൌ ݑ  ,ܿ/݉ ൌ ݂/ܿ,  ݂ ݐ ൌ ܨ

lim
௧→଴శ

ሻݐሺݔ ൌ lim
௦→ஶ

ሻݏሺܺݏ

ݕ ݐ ൌ ሾ1ܿ/ܨ ݐ െ ݁ି
ଵ
ఛ ௧ሿ

FVT

ݕ ∞ ൌ ܿ/ܨ

IVT

ሶݕ 0 ൅ ൌ ሺ߬ܿሻ/ܨ

c

m
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Second Order Systems
second order system

(standard form)
ሷݔ ൅ ሶݔ௡ݓߞ2 ൅ ݔ௡ଶݓ ൌ ሻݐሺݑ௡ଶݓ

input

natural freq.damping ratio

ሷݔ݉ ൅ ሶݔܿ ൅ ݔ݇ ൌ ݂

௡ݓ ൌ ݇/݉ ,  ௡ݓߞ2 ൌ ܿ/݉ ߞ   <‐ ൌ
௖

ଶ ௠௞

ሷݒܥܮ ൅ ሶݒܥܴ ൅ ݒ ൌ ௦ݒ

ݑ ൌ ݂/݇

ݑ ൌ ௦ݒ

௡ݓ ൌ ߞ  ,ܥܮ/1 ൌ
ோ஼

ଶ ௅஼

ܴܣ
݄݀ଵ
ݐ݀

൅ ݃ ݄ଵ െ ݄ଶ ൌ ௜ݍܴ

ܴܣ
݄݀ଶ
ݐ݀

൅ ݃ ݄ଶ െ ݄ଵ ൌ െ݄݃ଶ

ݑ ൌ
ோ

௚
௡ݓ    ,௜ݍ ൌ

௚

ோ஺
ߞ    , ൌ 1.5

to make ݔ → ݑ in steady‐state
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Second Order System: Free Response
second order system

(standard form)
ሷݔ ൅ ሶݔ௡ݓߞ2 ൅ ݔ௡ଶݓ ൌ ሻݐሺݑ௡ଶݓ

inputnatural freq.damping ratio

ܺ ݏ ൌ
1

ଶݏ ൅ ݏ௡ݓߞ2 ൅ ௡ଶݓ
ݔݏ 0 ൅ ሶݔ 0 ൅ ݔ௡ݓߞ2 0 ൅

௡ଶݓ

ଶݏ ൅ ௡ݓߞ2 ൅ ௡ଶݓ
ܷሺݏሻ

free response forced response

Re

Im

௡ݓߞ‐

x

x

ௗ݆ݓ+

ௗ݆ݓ‐

ଶݏ ൅ ݏ௡ݓߞ2 ൅ ௡ଶݓ ൌ 0characteristic equation: ݏ ൌ െݓߞ௡ േ ௡ݓ ଶߞ െ 1

ߞ .1 ൌ 0 (un‐damped):  ݏ ൌ േݓ௡݆

2. 0 ൏ ߞ ൏ 1 (under‐damped):  ݏ ൌ െݓߞ௡ േ ௡ݓ 1 െ ଶ݆ߞ

ௗݓ ≔ ௡ݓ 1 െ ଶߞ : damped‐frequency

ߞ .3 ൌ 1 (critically‐damped):  ݏ ൌ െݓ௡ ‐> no oscillation

ߞ .4 ൐ 0 (over‐damped):  ݏ ൌ െݓߞ௡ േ ௡ݓ ଶߞ െ 1

dominant root: ݏ ൌ െݓ௡ሺߞ െ ଶߞ െ 1ሻ
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Second Order System: Pole Locations

second order system

(standard form)
ሷݔ ൅ ሶݔ௡ݓߞ2 ൅ ݔ௡ଶݓ ൌ ሻݐሺݑ௡ଶݓ

inputnatural freq.damping ratio

Re

Im

௡ݓߞ‐

x

x

௡ݓ+ 1 െ ଶ݆ߞ

௡ݓ‐ 1 െ ଶ݆ߞ

௡ݓ
ߠ

- ߬) ௡: how fast is the convergenceݓߞ ൌ
ଵ

఍௪೙
ሻ

ௗݓ‐ ൌ ௡ݓ 1 െ ଶ: damped oscillation frequencyߞ

‐ ߠ ൌ tanିଵ
ଵି఍మ

఍
: depends only on ߞ

‐ radius ൌ ௡ݓ
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Second Order System: Pole Locations
second order system

(standard form)

ሷݔ ൅ ሶݔ௡ݓߞ2 ൅ ݔ௡ଶݓ ൌ ሻݐሺݑ௡ଶݓ

inputnatural freq.damping ratio

Re

Im

௡ݓߞ‐

x

x

௡ݓ+ 1 െ ଶ݆ߞ

௡ݓ‐ 1 െ ଶ݆ߞ

௡ݓ
ߠ
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Second Order System: Step Response

ሷݔ ൅ ሶݔ௡ݓߞ2 ൅ ݔ௡ଶݓ ൌ ሻݐሺݑ௡ଶݓ ܺ ݏ ൌ
௡ଶݓ

ଶݏ ൅ ௡ݓߞ2 ൅ ௡ଶݓ
ܷሺݏሻ

ܷ ݏ ൌ ,ݏ/1 ݔ 0 ൌ ሶݔ 0 ൌ 0
ߞ .1 ൌ 0 (un‐damped):     ݔ ݐ ൌ 1 െ cosݓ௡ݐ

2. 0 ൏ ߞ ൏ 1 (under‐damped):  ݔ ݐ ൌ 1 െ ݁ି఍௪೙௧ cosݓௗݐ ൅
఍௪೙

௪೏
sinݓௗݐ

ߞ .3 ൌ 1 (critically‐damped):  ݔ ݐ ൌ 1 െ ݁ି௪೙௧ െ ௪೙௧ି݁ݐ௡ݓ

ߞ .4 ൐ 0 (over‐damped):  ݔ ݐ ൌ 2 ൅ ௪೙ି݁ߙ ఍ା ఍మିଵ ௧ ൅ ௪೙ି݁ߚ ఍ି ఍మିଵ ௧

second order system

(standard form)
ሷݔ ൅ ሶݔ௡ݓߞ2 ൅ ݔ௡ଶݓ ൌ ሻݐሺݑ௡ଶݓ

input
natural freq.damping ratio
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Step Response of Under‐Damped Systems
second order system

(standard form)
ሷݔ ൅ ሶݔ௡ݓߞ2 ൅ ݔ௡ଶݓ ൌ ሻݐሺݑ௡ଶݓ

2. 0 ൏ ߞ ൏ 1 (under‐damped):  ݔ ݐ ൌ 1 െ ݁ି఍௪೙௧ cosݓௗݐ ൅
఍௪೙

௪೏
sinݓௗݐ

௣:maximum overshootܯ

௣: peak timeݐ

௥: rise timeݐ

௦: settling timeݐ

ௗ: 50% delay timeݐ



7

Dongjun Lee

Step Response of Under‐Damped Systems

ݔ ݐ ൌ 1 െ ݁ି఍௪೙௧ cosݓௗݐ ൅
௡ݓߞ
ௗݓ

sinݓௗݐ

ൌ 1	 െ
1

1 െ ଶߞ
݁ି఍௪೙௧ sin ݐௗݓ ൅ ߙ

ൌ 1 ൅
1

1 െ ଶߞ
݁ି఍௪೙௧	 sinሺݓௗݐ ൅ ߶ሻ

௣:maximum overshootܯ

௣: peak timeݐ

௥: rise timeݐ

௦: settling timeݐ

ௗ: 50% delay timeݐ

0 ൑ ߙ ൌ tanିଵ
1 െ ଶߞ

ߞ
൑
ߨ
2

ߨ ൑ ߶ ൌ ߙ ൅ ߨ ൑
ߨ3
2
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Maximum Overshoot & Peak Time

ௗ௫

ௗ௧
ൌ 0	 → 		tan ௣ݐௗݓ ൅ ߶ ൌ tanߙ 		→ ௣ݐௗݓ ൌ ,ߨ݇ ݇ ൌ 0,1, . .

௣ݐ ൌ
ߨ
ௗݓ

ൌ
ߨ

௡ݓ 1 െ ଶߞ

ൌ
݉ߨ

4݉݇ െ ܿଶ

௣ܯ ൌ ݔ ௣ݐ െ 1 ൌ ݁
ି

గ఍
ଵି఍మ

ൌ ݁
ି గ௖

ସ௠௞ି௖మ ൑ 1

1. c++ =>   t_p ++,  M_p ‐‐

2. M_p depends only on ߞ: 

can be used to estimate  ߞ

3. k++   =>  t_p ‐‐,  M_p ++

4. m++  =>  M_p ++, t_p ++

ݔ ݐ ൌ 1 ൅
1

1 െ ଶߞ
݁ି఍௪೙௧	 sinሺݓௗݐ ൅ ߶ሻ
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Rise, Settling, and Delay Time

w_n ++   => t_r‐‐

100% rise time
ݔ ௥ݐ ൌ 1	 → sin ݐௗݓ ൅ ߶ ൌ 0

ݔ ݐ ൌ 1 ൅
1

1 െ ଶߞ
݁ି఍௪೙௧	 sinሺݓௗݐ ൅ ߶ሻ

ߨ ൑ ߶ ൌ ߙ ൅ ߨ ൑ 2/ߨ3

ݐௗݓ ൅ ߶ ൌ 		ߨ2 → ݐௗݓ		 ൌ ߨ െ 	ߙ → 		 ௥ݐ ൌ
ߨ െ ߙ
ௗݓ

ߙ ൌ tanିଵ
1 െ ଶߞ

ߞ
2% settling time

௦ݐ ൌ
4
௡ݓߞ

ൌ
2݉
ܿ

c ++  or m‐‐ => t_s‐‐

50% delay time ݔ ௗݐ ൒ 0.5	

ௗݐ ൎ
1 ൅ ߞ0.7
௡ݓ

ൌ
1

݇
൅
0.7ܿ
2݇

c ‐‐ or k++  => t_d++
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Second Order System: Effect of ࣀ

second order system

(standard form)
ሷݔ ൅ ሶݔ௡ݓߞ2 ൅ ݔ௡ଶݓ ൌ ሻݐሺݑ௡ଶݓ

Re

Im

௡ݓߞ‐

x

x

௡ݓ+ 1 െ ଶ݆ߞ

௡ݓ‐ 1 െ ଶ݆ߞ

௡ݓ
ߠ
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Second Order System: Effect of Pole Locations

Dongjun Lee

Second Order System: Parameter Estimation

ሷݔ݉ ൅ ሶݔܿ ൅ ݔ݇ ൌ ݂ ௡ݓ ൌ ݇/݉ ߞ , ൌ
௖

ଶ ௠௞
ௗݓ , ൌ ௡ݓ 1 െ ଶߞ

ݔ ݐ ൌ 1 ൅ 	఍௪೙௧ି݁ܣ sinሺݓௗݐ ൅ ߶ሻ

݌

௜ܤ ൌ ఍௪೙௧೔ି݁ܣ

௜ାଵܤ ൌ ఍௪೙ሺ௧೔ା௣ሻି݁ܣ

ߜ ൌ ݁఍௪೙௣ ൌ
௜ܤ
௜ାଵܤ

	→ ௡ߜ ൌ
ଶܤଵܤ ௡ܤ…
ଷܤଶܤ ௡ାଵܤ…

ߜ ൌ
1
݊
ln

ଵܤ
௡ାଵܤ

, ݌ ൌ
ߨ2
ௗݓ
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MatLab Example

first‐order system

second‐order system

with zero

ሶݒ݉ ൅ ݒܿ ൌ ݂, ߬ ൌ
݉
ܿ

ݒ →
ܽ
ܿ
, 			 ሶݒ 0 ൅ ൌ

ܽ
߬

ሷݔ݉ ൅ ሶݔܿ ൅ ݔ݇ ൌ ݂

௡ݓ ൌ ݇/݉ ߞ , ൌ
௖

ଶ ௠௞
ௗݓ   , ൌ ௡ݓ 1 െ ଶߞ

௣ݐ ൌ
గ

௪೙ ଵି఍మ
௣ܯ     , ൌ ݁

ି ഏഅ

భషഅమ ௦ݐ ൌ
4
௡ݓߞ

ൌ
2݉
ܿ

Dongjun Lee

Second Order System: Example

ሷݔ݉ ൅ ሶݔܿ ൅ ݔ݇ ൌ ݂

௡ݓ ൌ ݇/݉ ,  ௡ݓߞ2 ൌ ܿ/݉ ߞ   <‐ ൌ
௖

ଶ ௠௞

ௗݓ ൌ ௡ݓ 1 െ ଶߞ ൌ 4݉݇ െ ܿଶ/݉

ݑ ൌ ݂/݇

1. changing c

Re

Im

௡ݓߞ‐

x

x

௡ݓ+ 1 െ ଶ݆ߞ

௡ݓ‐ 1 െ ଶ݆ߞ

௡ݓ
ߠ

2. changing m

3. changing k
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Next Lecture

‐ fluid system modeling


