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Frequency Response

H(s)ܷሺݏሻ ܻሺݏሻ

input outputtransfer function

transfer function (input‐to‐output)

‐ often, we want to know (or design) system’s response when the input signal    

contains certain frequency components, e.g.,    

ሻݐሺݑ ൌ ଵܣ sin ݐଵݓ  ߶ଵ  ଶܣ sin ݐଶݓ  ߶ଶ ⋯

‐ e.g., microphone/headphone, engine mount, earthquake‐proof structure,…)

 frequency response of ܪሺݏሻ

excitation mode

*** need to first start

with math. def. of H(jw); 

then its meaning for

stable steady‐state H(s)
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Frequency Response of TF

H(s)ܷሺݏሻ ܻሺݏሻ

input outputtransfer function

transfer function (input‐to‐output)

ݑ ݐ ൌ ܣ sinݐݓ	 ݕ ݐ ൌ ܣ ܪ ݓ݆ sinሺݐݓ  ሻሻݓሺ݆ܪ∠
for stable ܪሺݏሻ,
in steady‐state gain same frequency

as input
phase

Re

Im

ሻݓሺ݆ܪ

ሻݓሺ݆ܪ∠

ex)   ݔሷ  ሶݔ3  ݔ2 ൌ ݑ

ݑ ݐ ൌ ܣ sin ݐ 					ݕ ݐ →
ܣ

10
sinሺݐ െ tanିଵ 3ሻ

ݑ ݐ ൌ ܣ sin ݐ2 					ݕ ݐ →
ܣ2
6

sinሺݐ െ
ߨ
2
ሻ

ݑ ݐ ൌ ∑ ܣ sinሺݓݐ  ߶ሻ

ୀଵ

 ݕ ݐ → ∑ ܣ ܪ ݓ݆ sinሺݓݐ  ߶  ܪ∠ ݓ݆ ሻ
ୀଵ

* if ܪሺݏሻ is stable and in steady‐state

ex)   ݔሶ  ݔ2 ൌ ݑ

Dongjun Lee

Derivation of Frequency Response

ܻ ݏ ൌ ܪ ݏ ܷ ݏ ൌ ܪ ݏ
ݓܣ

ଶݏ  ଶݓ ൌ
ܰ ݏ
ሻݏሺܦ

ݓܣ
ଶݏ  ଶݓ

ൌ
ܿଵ

ݏ  ݓ݆


ܿଶ
ݏ െ 	ݓ݆


ߙ ݏ  ܽ  ߚ
ݏ  ܽ ଶ  ܾଶ


ଵߛ

ݏ  


ଶߛ
ݏ   ଶ  ⋯ ሿ݈ܽ݅ݐሻሾ݅݊݅ݏሺܪ

if ܪሺݏሻ is stable (i.e., all poles are in LHP), in steady‐state,

ܻ ݏ ൌ
ܿଵ

ݏ  ݓ݆


ܿଶ
ݏ െ ݓ݆

ܿଶ ൌ ܪ ݓ݆
ܣ
2݆

ܿଵ ൌ ܪ െ݆ݓ
ܣ
െ2݆

Re

Im

ሻݓሺ݆ܪ

ሻݓሺ݆ܪ∠

ܪ ݓ݆ ൌ థ݁ܯ 	→ ܪ		 െ݆ݓ ൌ ሻݓሺ݆ܪ ൌ థି݁ܯ

ሻݓሺെ݆ܪ

ݕ ݐ → ܣ ܪ ݓ݆ sin ݐݓ  ߶
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Bode Plot

H(s)ܷሺݏሻ ܻሺݏሻ

input outputtransfer function

transfer function (input‐to‐output)

‐ steady‐state frequency response when ܪሺݏሻ is stable

‐ gain plot: 						logଵ ݓ vs 20 logଵ ܪ ݓ݆ 		[dB] (decibel) 

‐ phase plot:    logଵ ݓ vs ሻݓሺ݆ܪ∠

‐ decade:          10 times of ݓ (e.g., from 5	[rad/s] to 50	[rad/s]) 

‐ decibel:          20 logଵ ܪ ݓ݆ → allows us to “add” Bode plots

0 [dB]  →	 ܪ ݓ݆ ൌ 1  no amplification/attenuation

10 [dB]   →		 ܪ ݓ݆ ൌ 10.ହ ൎ 3 →	 3 times amplification

െ10 [dB]   →		 ܪ ݓ݆ ൌ 10ି.ହ ൎ 0.3 →	 attenuation

െ3 [dB]  	→ 		 ܪ ݓ݆ ൌ 10ିଷ/ଶ ൎ 1/ 2

‐ if ݑ ݐ ൌ ܣ cos 0 , ݕ ݐ → ܣ ܪ ݆0 cosሺ∠ܪ ݆0 ሻ ൌ ܪ ሺ0ሻ, whenܪܣ 0  0
dc‐gain

Dongjun Lee

Bode Plot Example

ሷݔ  ሶݔ  ݔ16 ൌ ݑ16 ݐ , ݑ ݐ ൌ sinݐݓ

1. ݓ ൌ ݏ/݀ܽݎ10  M ൎ െ14.5݀ܤ	ሺൎ 0.2ሻ, ߶ ൎ െ173

2. ݓ ൌ ݏ/݀ܽݎ1  ܯ ൎ ሺൎ	ܤ0݀ 1ሻ, ߶ ൎ 0

3. ݓ ൌ ݏ/݀ܽݎ4  ܯ ൎ ሺൎ	ܤ12݀ 4ሻ, ߶ ൎ െ90

4. ݓ ൌ ݏ/݀ܽݎ0  ܯ ൌ 	ܤ0݀ ൌ 1 , ߶ ൌ 0
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Simple Bode Plot Examples

ܪ .1 ݏ ൌ 	ܭ → ܪ ݓ݆ ൌ 	ܭ → 		 ܪ| ݓ݆ | ൌ ,ܭ ሻݓሺ݆ܪ∠ ൌ 0

ܪ .2 ݏ ൌ
ଵ

௦
→ ܪ ݓ݆ ൌ

ଵ

௪
→ 		 ܪ ݓ݆ ൌ

ଵ

௪
		

→ 	20 logଵ ܪ ݓ݆ ൌ െ20 logଵ ݓ

ܪ∠ ݓ݆ ൌ െ
గ

ଶ

ܪ .3 ݏ ൌ ݏ → ܪ ݓ݆ ൌ ݆ݓ → 		 ܪ ݓ݆ ൌw
→ 	20 logଵ ܪ ݓ݆ ൌ 20 logଵ ݓ

ܪ∠ ݓ݆ ൌ
గ

ଶ

‐20dB/decade roll‐off: 
low‐freq. attenuation

+20dB/decade: noisy 
high‐freq. amplification

phase‐lead?
acausal system

Re

Im

ሻݓሺ݆ܪ

ሻݓሺ݆ܪ∠

Dongjun Lee

Bode Plot of 1st Order System

ܪ ݏ ൌ


ݏ  
	→ ܪ ݓ݆ ൌ


  ݓ݆

ൌ


ଶ  ଶݓ ሺ െ ሻݓ݆

ܪ ݓ݆ ൌ


௪మାమ
, ܪ∠ ݓ݆ ൌ െ tanିଵ

௪



Bode Plot

‐ gain: 			|ܪ ݓ݆ | ൌ 20 logଵ


௪మାమ
ൌ 20 logଵ  െ 10 logଵሺଶ  ଶሻݓ  0	[dB]

‐ phase: 			െ
గ

ଶ
 െ tanିଵ

௪


	 0	[rad] 

(i)  ݓ ≪  :   gain ൎ 0 [dB],  phase ൎ 0

(ii)  ݓ ≫  :   gain ൎ 20 logଵ  െ 20 logଵ phase ൎ  ,ݓ െ90

(iii)  ݓ ൌ  :   gain ൎ െ20 logଵ 2 ൎ െ3 [dB],  phase ൌ െ45

roll‐off: ‐20dB/decade

‐ asymptotes

bandwidth ݓ  
ݓ ൌ cut‐off frequency :
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Bode Plot of 2ndOrder System w/ ࣀ ൏ 

ܪ ݏ ൌ
௪
మ

௦మାଶ௪௦ା௪
మ 	→ ܪ ݓ݆ ൌ

௪
మ

ି௪మାଶ௪௪ା௪
మ ൌ ଶݓ

ሺ௪
మି௪మሻିଶ		௪_	௪

௪
మି௪మ మ

ାସమ௪
మ௪మ

Bode Plot

(i)  ݓ ≪ ݓ :  gain ൌ 0 [dB],  phase ൌ 0

(ii)  ݓ ≫ ݓ : gain ൌ 40 logଵ ݓ െ 40 logଵ phase ൌ  ,ݓ െ180

(iii)  ݓ ൌ ݓ :   gain ൎ െ20 logଵ
ଵ

ଶ
 0 [dB] if ߞ  0.5,  phase ൌ െ90

roll‐off: ‐40dB/decade

‐ asymptotes

ܪ ݓ݆ ൌ
௪
మ

௪
మି௪మ మ

ାସమ௪మ௪
మ

െߨ  ܪ∠ ݓ݆ ൌ െ tanିଵ
ଶ௪௪

௪
మି௪మ  0

‐ resonance (i.e., peak of |ܪ ݓ݆ |ሻ: w ଶݓ െ ଶݓ 1 െ ଶߞ2 ൌ 0

ݓ ൌ ݓ 1 െ ௪ܯ  ,ଶߞ2 ൌ
ଵ

ଶ ଵିమ
if ߞ 

ଵ

ଶ
ൎ 0.707

no resonance

if ߞ 
ଵ

ଶ

recall ݓௗ ൌ ݓ 1 െ ଶߞ and    ܯ ൌ ݁
ି ഏഅ

భషഅమ
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Bode Plot of 2ndOrder System w/ ࣀ ൏ 

ܪ ݏ ൌ
௪
మ

௦మାଶ௪௦ା௪
మ

ݓ ൌ ݓ :   gain ൎ െ20 logଵ
ଵ

ଶ
 0 [dB] if ߞ  0.5,  phase ൌ െ90

ݓ ൌ ݓ 1 െ ௪ܯ    ,ଶߞ2 ൌ
ଵ

ଶ ଵିమ
if ߞ 

ଵ

ଶ
ൎ 0.707

௪ܯ → ∞, ߞ	݂݅ ൌ 0

polar plot
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Additive Property of Bode Plot

ܪ ݏ ൌ
݇ሺݏ  ሻݖ

ݏሺݏ  ଶݏሻሺ  ݏߙ  ሻߚ

ܾ݁݀ ܪ ݏ ൌ ܾ݁݀ ݇ െ ܾ݁݀
ଵ

௦ା௭
ܾ݁݀

ଵ

௦

ܾ݁݀
ଵ

௦ା
 ܾ݁݀

ଵ

௦మାఈ௦ାఉ

ܪ ݏ ൌ ଵܪ ݏ ଶܪ ݏ ܪ… ݏ
 20 logଵ ܪ ݓ݆

ൌ 	20 logଵ ଵܪ| ݓ݆ |  20 logଵ ଵܪ| ݓ݆ |… 20 logଵ ܪ| ݓ݆ |
 ܪ∠ ݓ݆ ൌ ଵܪ∠ ݓ݆  ଶܪ∠ ݆2  ሻݓሺ݆ܪ∠⋯

ܪ ݏ ൌ ᇱܪ/1 ݏ
 20 logଵ ܪ| ݓ݆ | ൌ െ20 logଵ ᇱܪ| ݓ݆ ܪ∠    ,| ݓ݆ ൌ െ∠ܪᇱሺ݆ݓሻ

 ܾ݁݀ ܪ ൌ ܾ݁݀ ଵܪ  ܾ݁݀ ଶܪ ⋯ܾ݁݀ሾܪሿ

 ܾ݁݀ ܪ/1 ൌ െܾ݁݀ ܪ

Dongjun Lee

Bode Plot of 2ndOrder System w/ ࣀ  

ܪ ݏ ൌ
1

ଶݏ  ݏܽ  ܾ

ൌ
ଵ

ఈఉ

ఈ

௦ାఈ

ఉ

௦ାఉ

1
ݏ  ߙ

ܷሺݏሻ ܻሺݏሻ

input output

1
ݏ  ሻݏᇱሺܻߚ

ݑ ݐ ൌ ܣ sinݐݓ 				ݕᇱ ݐ → ܣ ଵܪ ݓ݆ sin ݐݓ  ଵܪ∠ ݓ݆

ሻݏଵሺܪ ሻݏଶሺܪ

 ݕ ݐ → ܣ ଵܪ ݓ݆ ଶܪ ݓ݆ sinሺݐݓ  ଵܪ∠ ݓ݆  ଶܪ∠ ݓ݆ ሻ

ܾ݁݀ ܪ ݏ ൌ ܾ݁݀
ఈ

௦ାఈ
 ܾ݁݀

ఉ

௦ାఉ
െ ሾܾ݁݀

ଵ

ఈఉ
ሿ

ܪ ݓ݆ ൌ ଵܪ ݓ݆ ଶܪ ݓ݆  	20 logଵ |ܪ| ൌ 20 logଵ |ଵܪ|  20 logଵ |ଶܪ|

ܪ∠ ݓ݆ ൌ ଵܪ∠ ݓ݆  ଶܪ∠ ݓ݆

 ܾ݁݀ ܪ ൌ ܾ݁݀ ଵܪ  ଶሿܪሾܾ݁݀
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Example 7.3

ܪ ݏ ൌ
ݏ  1

ଶݏሺݏ  ݏ  16ሻ

ܾ݁݀ ܪ ݏ ൌ െܾ݁݀
ଵ

௦ାଵ
 ܾ݁݀

ଵ

௦

ܾ݁݀
ଵ

௦మା௦ାଵ
െ ሾ16ሿܾ݁݀

‐ low frequency: ܪ ݏ behaves like an integrator

‐ high frequency: ܪ ݏ behaves like a standard 2nd order system

Dongjun Lee

Base Motion & Transimissibility

displacement transmissibility

										 ܶ ݏ ൌ
ܺ ݏ
ܻ ݏ

ൌ
ݏܿ  ݇

ଶݏ݉  ݏܿ  ݇

system dynamics

ሷݔ݉						 ൌ ௧݂ ൌ െܿ ሶݔ െ ሶݕ െ ݇ሺݔ െ ሻݕ

force transmissibility

										 ிܶ ݏ ൌ
௧ܨ ݏ
ܻ݇ ݏ

ൌ
ݏଶሺܿݏ݉  ݇ሻ

݇ሺ݉ݏଶ  ݏܿ  ݇ሻ

ex) ݉ ൌ 1݇݃, ܿ ൌ
ଵே௦


, ݇ ൌ

ସே



ܶ ݏ ൌ
ݏܿ  ݇
݇

݇
ଶݏ݉  ݏܿ  ݇

ிܶ ݏ ൌ
݉
݇
ଶݏ ⋅ ܶ ݏ

ܶ ݏ 	peak 7.16dB ൎ ݓ@2.28 ൌ 1.87rad/s  approx:  | ܶ ݓ݆ | ൌ 5 ൎ 2.24

body
motion

chassis
force

how much 
oscillates?

how much 
forcing?
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Base Motion & Transimissibility

ܶ ݏ ൌ
ܺ ݏ
ܻ ݏ

ൌ
ݏܾ  ݇

ଶݏ݉  ݏܾ  ݇

ிܶ ݏ ൌ
௧ܨ ݏ
ܻ݇ ݏ

ൌ
ݏଶሺܾݏ݉  ݇ሻ

݇ሺ݉ݏଶ  ݏܾ  ݇ሻ

dc‐gain=1
worst‐case

vehicle speed 0.01 attenuation

dc‐gain=0

amplification:
damping
ሷݔ݉ ൎ ሶݕܾ

ݓ ൌ
ଶగ௩



ሷݔ݉ ൌ െܾ ሶݔ െ ሶݕ െ ݇ ݔ െ ݕ ൌ ௧݂

Dongjun Lee

Rotating Unbalance

vibration displacement

ܺ ݏ ൌ
ଵ

௦మା௦ା
ܮ ݉௨߳ݓଶ sinݐݓ

ݔ ݐ → ݉௨߳ݓଶ|ܪ ݓ݆ | sinሺݐݓ  		ሻሻݓሺ݆ܪ∠

system dynamics

ሷݔ݉						  ሶݔܿ  ݔ݇ ൌ ݉௨߳ݓଶ sinݐݓ

߳: eccentricity
݉௨: unbalance mass

e.g.: lathe, rotor, etc…  transmitted force

ሻݏ௧ሺܨ ൌ
௦ା

௦మା௦ା
ଶݓሾ݉௨߳ܮ sinݐݓሿ

௧݂ ݐ → ݉௨߳ݓଶ|ܪி ݓ݆ |sinሺwt  ሻሻݓிሺ݆ܪ∠

ܪ ݓ݆ ൌ
ଵ

௦మା௦ା ௦ୀ௪	

ிܪ ݓ݆ ൌ
௦ା

௦మା௦ା ௦ୀ௪	
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Rotating Unbalance

vibration displacement

ݔ ݐ → ݉௨߳|ݓଶܪ ݓ݆ | sinሺݐݓ  		ሻሻݓሺ݆ܪ∠

transmitted force

௧݂ ݐ → ݉௨߳|ݓଶܪி ݓ݆ |sinሺݐݓ  ሻሻݓிሺ݆ܪ∠

ܪ ݓ݆ ൌ
ଵ

௦మା௦ା ௦ୀ௪	

ிܪ ݓ݆ ൌ
௦ା

௦మା௦ା ௦ୀ௪	

ܪ ݏ

ிܪ ݏ

݉௨߳ݓଶ sinݐݓ ሻݐሺݔ

௧݂ሺݐሻ

‐ bode plot of ݏଶܪ ݏ and ݏଶܪிሺݏሻ to take into account ݓଶ

‐ effect of damping ܿ?
‐ problematic if ܿ is small, yet, ݓ ൎ ݓ

what is  ݔ ݐ ௫ and  ௧݂ ݐ ௫ given rotation speed ݓ?

Dongjun Lee

Dynamic Vibration Absorber
݉ଵ

ሻݐሺݕ

ሷݔ݉  ሶݔܾ  ݔ݇ ൌ െ݇ଵ ݔ െ ݕ  ,ݑ ݑ ൌ ݉௨߳ݓଶ sinݐݓ
݉ଵݕሷ ൌ െ݇ଵሺݕ െ ሻݔ

ܺ ݏ ൌ
݉ଵݏଶ  ݇ଵ

ଶݏ݉  ݏܾ  ݇  ݇ଵ ݉ଵݏଶ  ݇ଵ െ ݇ଵ
ଶ ܷሺݏሻ

௩ܪ ݏ with zero at േ݆ ݇ଵ/݉ଵ

‐ if we set ݉ଵ, ݇ଵ s.t. ݇ଵ/݉ଵ ൌ ݔ ,ݓ ݐ → 0 even if ݓ ൌ ݓ

݉௨߳ݓଶܪ ݐݓsinݏ ሻݐሺݔ

‐ zero vibration at ݓ ൌ ݇ଵ/݉ଵ ; two extra peaks nearby though

‐ at ݓ ൌ ݕ ,ݓ ݐ → െ
ଵ

భ
ሻݐሺݑ  force cancelation!

ܻ ݏ ൌ
݇ଵ

ଶݏ݉  ݏܾ  ݇  ݇ଵ ݉ଵݏଶ  ݇ଵ െ ݇ଵ
ଶ ܷሺݏሻ

absorber.m

rotate_m_u_absorber.m
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Seismograph

ݕ ൌ ݔ െ direct measurement :ݖ

ܾ/2: damping top & bottom

want to measure earthquake	ݖሺݐሻ
from ݕሺݐሻ

system dynamics:

ሷݔ݉ ൌ െܾݕሶ െ ݕ݇ ൌ ݉ ሷݕ  ሷݖ

ܻ ݏ ൌ െ
ଶݏ

ଶݏ  ݏݓߞ2  ݓ
ଶ ܼሺݏሻ

‐ if ݓ ≫ ݓ  ݕ ݐ ൎ െݖሺݐሻ
‐want to have a small ݓ  large ݉ &  soft ݇ (i.e., ݔ ݐ ൎ 0) 

Dongjun Lee

Accelerometer

ݕ ൌ ݔ െ direct measurement :ݖ

ܾ/2: damping top & bottom

want to measure ݖሷሺݐሻ from ݕሺݐሻ

system dynamics:

ሷݕ݉  ሶݕܾ  ݕ݇ ൌ െ݉ݖሷ ൌ െ݉ܽ

ܻ ݏ ൌ െ
1

ଶݏ  ݏݓߞ2  ݓ
ଶ ሻݏሺܣ

‐ if ݓ ≪ ݓ  ݕ ݐ ൎ െ
ଵ

௪
మ ܽሺݐሻ

‐want to have a high ݓ  small ݉ &  stiff ݇
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More Comments on Bode Plots

‐ phase‐lead isn’t forecasting of a future: 

merely a phase‐shift in the sinusoid output 

in steady‐state

ݕ ݐ ൌ ܣ ܪ ݓ݆ sinሺݐݓ  ሻሻݓሺ݆ܪ∠

ሻݏሺܪ‐ is improper if  lim
௪→ஶ

ܪ ݓ݆ → ∞ (i.e., o(N(s))>o(D(s)))

 not realizable since it requires differentiation 

‐we may define Bode plot purely mathematically by ሺ20logଵ ܪ ݓ݆ , ܪ∠ ݓ݆ ሻ:
this then represents steady‐state gain/phase if ܪ ݏ is stable

‐ Bode gain‐phase relation: |ܩ ݓ݆ | uniqely determines “minimum” ∠ܩሺ݆ݓሻ

ܩ∠ ݓ݆ ൌ
ଵ

గ
	

ௗ ୪୬ |ீ ௪ |

ௗ ୪୬ ௪

ାஶ
ିஶ ln

௪ା௪

௪ି௪

ௗ௪

௪

* can’t design |ܩ ݓ݆ | and ∠ܩሺ݆ݓሻ independent 
* non‐minimum phase: |ܩ ݓ݆ |, but non‐minimum ∠ܩሺ݆ݓሻ

slop
sampling around ݓ

Dongjun Lee

Example: Non‐Minimum Phase System

ܪ ݏ ൌ
ݏ െ 10

ଶݏ  ݏ6  10
ܾ݁݀ ܪ ݏ ൌ ܾ݁݀

௦ିଵ

ଵ
 ܾ݁݀

ଵ

௦మା௦ାଵ

* same gain with ܪ ݏ ൌ
௦ାଵ

௦మା௦ାଵ
, but non‐minimum phase shift

ሻwith RHP zeros ݏሺܪ * non‐minimum phase 

phase‐shift is not minimum among  the systems with the same gain plot

ሻwithout RHP zeros (& delay)  minimum‐phaseݏሺܪ * system

non_minimum.m
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Next Lecture

‐ control


