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Frequency Response

transfer function (input-to-output)

U(s)

input transfer function

H(s) — Y

output

- often, we want to know (or design) system’s response when the input signal
contains certain frequency components, e.g.,

u(t) = A; sin(wyt + ¢1) + Ay sin(wyt + ¢,) + -+
excitation mode

- e.g., microphone/headphone, engine mount, earthquake-proof structure,...)

= frequency response of H(s)
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Frequency Response of TF

transfer function (input-to-output)

Ues)
input

H(s) Y(s)

transfer function output

u(t) = Asinwt

for stable H(s) y(©) = All_;(lw)l Sin(‘j‘{t + 2H(jw))

in steady-state gain same frequency

h
Im as input phase
. ex) X+3x+2x=u

NP ) = asi () > —=sin(t — tan"1 3)
D u(t) =Asint = y(t) > —sin(t —tan~
\8§Sﬁ \FﬁiiA T
«\VHUW) M0=Aﬂmﬁt3;ﬂﬂe—gﬂma—?

ex) x+2x =u
Re

u(t) = Xk=q A sin(wyt + ¢y)

= y(t) = Xi=1 Al HGwi) | sin(wit + ¢y + £H(jwy))
*if H(s) is stable and in steady-state
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Derivation of Frequency Response

A N A
Y(s) = H(s)U(s) = H(s) s2 +Ww2 - Dg; s? +WW2

c1 Cy a(s+a)+p "1 ¥ o
= ces H t l
S+J'W+S—jw (s +a)? + b? S+p+(s+p)2+ + H(s)[initial]

if H(s) is stable (i.e., all poles are in LHP), in steady-state,

C1 (6)) A . A
s+jw+s—jw ¢z = H(jw) 2j “ (=jw) —-2j

Y(s) =

HGw) H(jw) = Me/® —» H(—jw) = H(jw) = Me™/¢

LH(jw) y(t) = A|[H(w)| sin(wt + ¢)
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Bode Plot

transfer function (input-to-output)

U(s) H(s) —— 1)

input transfer function output

- steady-state frequency response when H(s) is stable

-gainplot:  logiow vs 20log,o|H(jw)| [dB] (decibel)

- phase plot: logow vs ZH(jw)

- decade: 10 times of w (e.g., from 5 [rad/s]to 50 [rad/s])

- decibel: 201log,o|H(jw)| — allows us to “add” Bode plots
0[dB] =» |H(jw)| =1 — no amplification/attenuation
10[dB] - |H(jw)| = 10%5 =3 — 3timesamplification

—10[dB] —» |H(jw)| =107%% = 0.3 - attenuation

—3[dB] = |H(jw)| =1073/20 = 1/42

-ifu(t) = Acos0, y(t) = A|H(jO)| cos(2H(j0)) = AH(0), when H(0) > 0

™~ dc-gain .
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Bode Diagram

Bode Plot Example

Magnitude (dB)

Phase (deg)

X+ x+ 16x = 16u(t), u(t) = sinwt

1.w = 10rad/s = M ~ —14.5dB (~ 0.2), ¢ ~ —173°

2.w=1rad/s = M = 0dB (= 1), ¢ = 0°

3.w=4rad/s = M = 12dB (= 4), ¢ = —90°

4.w=0rad/s > M=0dB(=1), ¢ =0°

W%
(&)
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Simple Bode Plot Examples

1.H(s) =K - H(jw) =K - |H(jw)| =K,2H(Gw) =0

-20dB/decade roll-off:
low-freq. attenuation

1 . 1 . 1
2-H(5)=;—>H(IW)=W—].—> HGW)| = = J
— 20log,o|H(jw)| = —20log o w
LH(w) = =2

+20dB/decade: noisy
high-freq. amplification

3.H(s) =s > H(w) =wj > |[H(w)| =w /
— 20log o|H(jw)| = 20log;ow
N H(jw) LH(jw) = >
2 AN
‘(\Q phase-lead?
N 2H(jw) acausal system
Re
[epongiunee i3]
Bode Plot of 15t Order System
P ... p _p .
H(s) =T+p - H(jw) T W Tt w? (—Jjw)
. _ p . _ -1 K
HGW)| = ==, 2H(w) = —tan™ (%)
Bode Plot
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-gain: |[H(Gw)| = 2010g10\/w++ﬂ = 201log;op — 10log;o(p? + w?) < 0 [dB]
- phase: —% < —tan~?! (%) < 0 [rad]
- asymptotes

() w < p: gain= 0[dB], phase ~ 0 roll-off: -20dB/decade

(i) w > p: gain= 20log.qp — 20log,ow, phase = —90°

(i) w = p: gain~ —20log;,V2 ~ — 3 [dB], phase = —45°

bandwidthw < p
w, = p: cut-off frequency

—




Bode Plot of 2" Order Systemw/{ < 1

_ wi _ wi o WE—wH-2¢wnwj
H(s) = s2+2{wps+w2 - H(w) = —w2420wpwitw2 Wn (WYZL_WZ)2+4§2W121W2
. W2 2
|HGw)| = — - < £H(jw) = —tan_lw< 0
\/(W%—WZ) +432w2w2 Wn—
Bode Plot
- asymptotes

(i) w K wy, : gain= 0[dB], phase =0 v roll-off: -40dB/decade

(i) w > wy, : gain = 401log,o w, — 40log,ow, phase = —180°

(i) w = wy, : gain= —2010g10( ) >0[dB]if{ < 0.5, phase = —90°

no resonance

- resonance (i.e., peak of [H(jw)|): w(w? —w2(1—2{?)) =0 ' if¢ > 5
1
w, = w1 — 202, My, = ——— if{ <= ~0.707
wie T
recallwg = wpy/1—72 and M, =e ¢
tQDons un Lee :}33 .

Bode Plot of 2"d Order Systemw/{ < 1

Im
2
— 0 Wn H(i
H(S) = Gz :> ) Uw)
polar plot o
My, = 0,if { =0 HGw)

\ Re

¢=0.01

=01 —45

m (dB)
~
u
o
S
¢ (degrees)
&b
i=]

135

_40

- -180!

107 10 10’ 101 100 10t
wlog wlon

W =w,: gain= —2010g10< ) >0[dB]if { < 0.5, phase = —90°

1
Wy = waT=202, My, = 55 if¢ < =~ 0.707
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Additive Property of Bode Plot

H(s) = k(s+2) |:>

Cs(s+p)(sttas+p)

bode[H(s)] = bode[k] — bode L%Z] +bode E]

1
s2+as+p

+bode [L] + bode [
s+p

H(s) = Hy(s)H3(s) ... Hy(s)
= 20logyo|H(w)|
= 20logyo |[H1(jw)| + 201logso |H GW)] ... + 20 logyo |Hn W)
= £H(w) = £H,(jw) + £H,(j2) + - £H,(jw)

.. bode[H] = bode[H;] + bode[H,] + --- bode[H,]

H(s) =1/H'(s)
= 201log,o |H(Gw)| = —201logq |H' Gw)|, 2H(jw) = —2H'(jw)

. bode[1/H] = —bode[H]
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Bode Plot of 2"d Order Systemw/{ > 1

1
H(s) = w——

s?+as+b _ _a N L
1a B |j1> bode[H(s)] = bode [S+a]+bode [S+B] bode[aﬁ]
" aBstas+p

1
VO SRa L V) [SHB i
input
Hy(s) Hy(s)

u(t) = Asinwt = y'(t) - A|H,(w)| sin(wt + LHl(jw))

= y(t) = AlH;(jw)||H,(jw)| sin(wt + £H; (jw) + £H,(jw))

[HGw)| = [H (w)||H,(jw)| = 201logyo |H| = 201ogyq |Hy| + 20logyq |H;|

2H(jw) = 2£H,(jw) + 2H,(jw)

= bode[H] = bode[H,] + bode[H,]
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Example 7.3

s41 bode[H(s)] = —bode [ﬁ] + bode E]

s(s? +s+16) E>

H —
) +bode [L] — bode[16]

sZ+s+16

- low frequency: H(s) behaves like an integrator
- high frequency: H(s) behaves like a standard 29 order system
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Base Motion & Transimissibility

system dynamics
mi = fp = —c(x —y) —k(x —y)

Body how much

pd oscillates?

JSuspension
how much

displacement transmissibility

X(s)_ cs+k

. e T, = =
WT\\‘mmﬂQ. D(S) Y(s) msZ+cs+k
Datum level force transmissibility
Fi(s) ms?(cs + k)
Tr(s) = = 2
kY(s) k(ms2+cs+k)
ex)ym = lkg,c = %Ns'k = %
cs+k k m 2
To(s) = Tp(s) = —s2% - Tp(s)
p(s) k ms?+cs+k ’ k ’

Tp(s) peak 7.16dB ~ 2.28 @w = 1.87rad/s = approx: |Tp(jw,)| = V5 =~ 2.24

o
(&4
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Base Motion & Transimissibility
mi=—-b(x—y)—k(x—y)=f;

Body

il

M

i X(s) bs+k

Suspension — __ oSt

7o () Y(s) ms?+bs+k

Rl ——
yDatumlevel T, ( ) _ Ft(s) _ msz(bs + k)
7 =¥ @) T kns2 +bs 1 B)
o 2T
L

Bode Diagram

Bods Diagram

WMagnitude (dB)
Magnitude (dB)

Phase (deg)
Phase (deg)

Frequency (rad/s)

107" 10 10’
Frequency (radss)
2
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Rotating Unbalance

system dynamics

mi + cx + kx = myew? sinwt
vibration displacement
X _ 1 2 .
T l X(s) = e rp—— L[m,ew? sin wt]
k%T T x(t) » myew?|Hp(jw)| sin(wt + 2Hp (jw))
Hp (W] = |—r
DUWII = [z vestk s=jw
transmitted force
_ cstk 2
Fi(s) = —m52+cs+kL[mu6W sin wt]

f:(t) » myew?|Hp(jw)|sin(wt + 2Hg(jw))

cs+k
ms2+cs+k

|He(w)| =

s=jw

R ENC
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Rotating Unbalance

m—m,

2

IE myew? sinwt Hp(s) — x(b)

T Hp(s) — f:()

LR

L

what is [x(t) | max and | f;: () |max given rotation speed w?

vibration displacement
x(t) » mye|lw?Hp (jw)| sin(wt + 2Hp (jw)) |Hp Gw)| =

1
|msz+c5+k|5=jw
transmitted force

f:(O) > myelwHp Gw)lsin(wt + LHgGwW))  |HeGw)| =

cs+k
ms2+cs+k

s=jw
- bode plot of s2Hj, (s) and s2Hg(s) to take into account w?

- effect of damping ¢?

- problematicif ¢ is small, yet, w = wy,
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absorber.m

y(®) Dvnamic Vibration Absorber rotate_m_u_absorber.n

m¥+bx+kx=—-ki(x—y)+u,  u=myew?sinwt
my=—k(y—x

4 l(y ) H,(s) with zero at +j/k; /m4
m1$2 + kl

U
(ms2 + bs + k + ky)(mys2 + ky) — k? (s)

X(s) =

sinwt —— myuew?H,(s) — x(t)

Bode Diagram

Magnitude (dB)

-if we setmy, kq s.t. ki /my = wy, x(t) - Oevenifw =w,

kq

| Y =
(s) (ms2 + bs + k + ky)(mys? + k) — k?

Phase (deg)

U(s)
Frequency (rads)

- zero vibration at w,, = \/k{/m4 ; two extra peaks nearby though

1 .
-atw = wy, y(t) - —k—u(t) = force cancelation!
1

o
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Seismograph

system dynamics:

mit = ~by — ky = m(j +2)

2

Y(s)=— Z(s)

SZ + 2{wys + w2

Structure

-ifw>»w, =y(@) = —z(t)
- want to have a small w,, = large m & soft k (i.e., x(t) = 0)

lepongjunLee &
Accelerometer
system dynamics:
my + by +ky =-mZ=-ma
Y R —
) 52+ 20wy,s + w2 )
Structure
-ifw K w, 2> y(t) = —%a(t)
- want to have a highw,, = smallm & stiff k
lepongjunLee E_’J:
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More Comments on Bode Plots

Bode Diagram

- phase-lead isn't forecasting of a future:
merely a phase-shift in the sinusoid output

in steady-state

Magnitude (¢E)

&

y(t) = A|H(jw)|sin(wt + 2H (jw))

- H(s) isimproperif lim |H(jw)| - oo (i.e., o(N(s))>0(D(s))) ‘
W—00
= not realizable since it requires differentiation

- we may define Bode plot purely mathematically by (20log,|H (jw)|, H (jw)):
this then represents steady-state gain/phase if H(s) is stable

- Bode gain-phase relation: |G (jw)| unigely determines *minimum” 2G (jw)

aw
w

+oodIn |G(jw)| w+w,

£G(jwo) =% f—w In w—
‘ K slop ‘Q

sampling around w,

* can't design |G (jw)| and £G (jw) independent
* non-minimum phase: |G (jw)], but non-minimum 26 (jw)
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Example: Non-Minimum Phase System

non_minimum.m

s—10 _ s—10 10
H(s) = T —— E> bode[H(s)] = bode[ m ] + bode [m]
5+10

* same gain with H(s) = Fresr10 but non-minimum phase shift

* H(s) with RHP zeros = non-minimum phase
phase-shift is not minimum among the systems with the same gain plot

* H(s) without RHP zeros (& delay) = minimum-phase system
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- control

Next Lecture
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