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Lagrange Equation and Generalized Coordinates

what would you do if you use Newton method?

ml\ m (1, 1) \
/ﬁ ! \ l (x2,¥2)
<—A\ mg

m;
m; myg

* vector-based; many coordinates & forces; error-prone...

myg
* X1, X5, Y1, Y- are not independent: under 2-constraints

d [dL aL_O
dt\dq;) adq;

- q = (41,92, -, qn): generalized coordinates

Lagrange equation

* minimum, yet, enough # of parameters to completely describe system
* degree-of-freedom = # of generalized coordinates (= n)
-L(q,q) = KE — PE =T —V iscalled Lagrangian
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Lagrange Equation Example

d (0dL L _0
m1\ dt 6ql aql -
7
9 generalized coordinates G = %42 =16
m;
Lagrangian L(q.9) =T(q,9) - V()
myg / =
kinetic potential energy:
energy depends only on q
. . . . (e.g., gravity,
kinematic relations X =x1,X; =x +1sinf,y, = 1(1 —cos8)  spring energy)

kinetic energy potential energy

1 1
T= 5’”15612 + Emz(;'cz2 +72) V =m,gy, = mygl(1— cosb)

1 1 . .
= Emlxz + Emz[icz + 2x6lcosf + 1267]

©Dongjun Lee

Lagrange Equation Example
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Lagrange Equation Example

d (dL aL_O
dt\dq;) adq;

8

my
\
7 Lagrangian L(q.q) =T(q.9) —V(q)
9
my T= %mlicz + %mz [x2 + 2%6lcosh + 126?]
myg

V =my,gy, = mygl(1 — cosB)

equation of motion:

ovia) _

dq 0

M(q)4 + C(q,4)q +

*correctness checks: 1) matrix M(q) — 2C(q, ¢) should be skew-symmetric;
2) M(q) should be symmetric all real positive eigenvalues

ov ov oV v
Do = [ 2] ?

dq  '0qy’0q;” " 0qn
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Forced Lagrange Equation & Generalized Force

X

N d <6L> oL _

de\ag;) " oq; L

generalized force (# F)

* virtual displacements of §x4, §y1, 6x,, 8y, should
satisfy constraints (e.g., y; =0, ...)

* yet, 6qq, 6q, are unconstrained

virtual work &6W = Féx,
=F(0x +lcosO - 60) = Féx + Flcos660 = t,8x + 1,60

from kinematic relation X = Xq,%; = x + Isinf, y, = (1 — cosH)

equation of motion

V(g _

M(Q)Q*'C(q,CI)CI‘Fw—T

* generalized force 7; doesn’t include: potential force; zero-work force
— no need to compute no-slip friction, constraint force, internal force, ....!
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Equilibrium and Linearization

V(g _

s M(Q)‘?"‘“%‘?)‘?"‘w—o
Z equilibrium: if you start there, you will stay there
0
. av
m; (¢,0) = (0,q¢) st. 7 =0atq=q.
Mg two isolated equilibria:
q=(x0) q=0, q. = (x',0): downward position;

q=0, q. = (x',m) : upward position
x' can be arbitrary: symmetry w.r.t. x

- linearization about (g, ) = (0, (x’,0))

mlmzlze" +m,gld, = 0 — marginally stable
my+m, d 29%%a J Y

- linearization about (¢, q) = (0, (x’,m))

2.,
%Hd —m,glf; = 0 — unstable (saddle)
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Example: Pendulum with Spring/Damper

7 d ( JL ) oL
(=) ==
1/2 dt\dq;) dq;
1/2 m 1 ., 1 (1 ?
T == = — — —si
0 > m(19) V =mgl(1 — cosb) + > k (2 sm@)
damper/spring acting
: 12 .
only horizontally SW =180 — cibx = [T - CTcos2 0 9] 56
q=1"0

ST 1S .
l ml“6 + —cos“ 6 6 + —sinfcosf + mglsinf =t
x= Esinﬂ 4 4

s Cl Lkl
ml 6+TB+TH+mgl9:T
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Example: Bead on a Hoop

G1=0,02=¢

1 . 1 .
T = Em(r@)z + Em(rsin 6(1))2
V = mgr(1 — cosb)

oW = T6¢ = 06q1 + Tz(SQZ

mg .. .
mr26 — mr?s6cH¢? + mgrsd = 0

mr?s20¢ + 2mr2s6c0¢b = T

av
@i+ @i+ D=0
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Example: Bead on a Hoop

g1 =0,92=¢

mr26 — mr2sfc¢? + mgrsd = 0
mr2s20¢ + 2mr?s0cfdh =t

Vi) _

dq 0

M(q)g +C(q,9)q +




Example: Bead on a Hoop

b, T
~— mr26 — mr2s0cH¢p? + mgrsé = 0
mr2s20¢ + 2mr2s6c0¢b = T
- choose the control
r T = 2mr2s0c0¢0 + mr? s20[Q — b(p — Q)]
-/{ m = ¢ > Q aslongas sind # 0

mg -with¢p = Q
.. ] g ) _
6 + sinf ;—Q cos@ ) =0
- three equilibria (with 6 = 0)

0=0 6=m, 6=06, w/ cos@e=%

~ when 10?2 >g
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Example: Bead on a Hoop

é,T
S~ -with ¢ = Q ) g
0 + sind (; - QZCOSB) =0
1.0=0 O=e¢
r E+e (g— Qz> =0
—% m marginally stable if rQ? < g; unstableif rQ? > g
mg 220=m O~m+e
sin(0,+€) ~ sin, + ecosb, €—¢€ <% + .0.2) =0 - unstable

cos(8, + €) = cosf, — esinf,

3.0 =0, 0~0,+¢ 0, =—>

o When Q% >g

€ + Q%sin%0,e = 0 — maginally stable
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Example: Bead on a Hoop

L 1.6 =0

marginally stable if rQ? < g; unstableif rQ? > g
2.0 = m — unstable

3.0=6,=-%

=~ w/ rQ? > g — marginally stable

m
-/{ -ifrQ? < g: two equilibria & oscillate about 8 = 0
-ifrQ? > g: three equilibria & oscillate about 8 = 6,

mg
* bifurcation: parameter change induces sudden
sin(f.+¢€) = sinf, + ecosb, change in the system’s qualitative behaviors
cos(f, + €) = cosf, — esinb,
0=m
~ Be
g=0  Q
?=g
0=-m
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Potential Enerqy and Conservative Force

d(oL) oL _
dt\ag,) aq,  °

- conservative force & potential function

conceptually

v (x)

fx)=- I V (x): potential function V(x)

f Tf xdt = =V(x(T)) + V(x(0)) < V(x(0))
° ~

work done by potential:
path-independent!

V(x(0))
examples:

gravity V) =mg(y —yo), f=-mg
spring force V(x) = %k(x —x,)% f=—k(x—x,)

WIR
&)
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Hamilton’s Least Action Principle

Hamilton's principle b
5[ L(g,g,t)dt =0 — calculus of variations
a

separate from t

e
q(a, t) = q(t) + an(t)

=q(t) + 8q(t)
v\variat'\on

n(a) =n(b) =0

. oL aL\ (oL
using  §L = Z E (Sql + E (Sql + E ot
i i

8q; = an = gz8q;  and integration-by-part

6ijdt—Z b[(aL) d<aL>]5 dt=0, V6
. . \\aq;) ~at\ag; )| °% ’ i

Lagrange equation w/o external force P
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Lagrange-D’Alembert Equation

r /forcedzxj
Z(f] —ij>5Xj =0

=1

D'Alembert principle

‘Z M= Z(MA)eff

fj = fj,constraint + fj,potential + fj,external

xj = x(q1,q2, -, qn) : particle positionin 3D

r n T
d. .
W = > [fjexe + fipoeld% = ) TuexeBa = 8V = ) = (myi;6%) = 8T
=1 i=1 =1
b p N r b
(S‘f Ldt + f Z Ti,ext(gqidt = Z m}xJSx} | =0
a ai=1 j=1 “

generalized force
Lagrange-D’Alembert equation

d(oL) oL
dt\aq;) " aq; ~ fiext
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A
Constraints and Lagrange Multiplier @3

can‘tdefine

Pfaffian constraints Al@g=0 e, Xi1ai(@)bq =0 2 generalized

coordinates

examples:
pendulum A(q) = [x y] fromx? + y? =12 withq = (x,y)
wheeled robot A(q) = [sinf® —cosf 0] from no-slip condition
with = (x,y,0)
* these q is not free anymore: needs to satisfy constraints A(q)6q = 0

b b b I
5f Ldt+f Zq,extaqidt—f AZ a;(q)5q;dt = 0
a a ‘o a/‘

i=1
\ ™ §q; now constrained

Lagrange multiplier
similar to generalized force!

av
M(q@)§ +C(q, g + % + AT(QA = Tope

. . ) constraint force
unconstrained generalized coordinates
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Constraints and Lagrange Multiplier

Pfaffian constraints Al@g=0 e, Xi1ai(@)bq =0

Lagrange multiplier

av
M(q)g +C(q,q)q + % + AT(QA = Toxt

) . ) constraint force
unconstrained generalized coordinates

* Lagrange multiplier A should possess the value, that enforces constraints
1. differentiate A(q)§ = 0to AG + Ag = 0
2. plug in the dynamics via § s.t.

AM‘l[r—Cq—Z—Z—ATA]+Aq=0

3.compute A= (AM~*AT)"'[Ag + AM~* <T —ta- Z_D]
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Example: Pendulum

A(q) =[x y] from x2 + y2 =12 withq = (x,y)
* can't see the constraint force if choose g = 6

equation of motion

J mi+Ax=0 my+mg+iy=0
A= (mgy + m@x? +y2))/r?

holonomic constraints:

A@g=0 — h(q) =x*+y*=r?
DOF reduced by 1-DOF with g, = 8
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Example: Wheeled Mobile Robot
f,v

A(q) = [sin® —cos8 0] from no-slip condition

A(q)q = 0 cannot be integratedto h(q)

equation of motion

mX + Asin@ = f cos @
mj —Acosf = fsinf
16=1
A = m(%xcosf + ysind)8

nonholonomic constraints:

- A(q)g = 0 cannot be integrated into h(q) = 0

- configuration DOF not reduced w/ q = (x,y, 6)
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Next Lecture

- state-space formulation
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