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Lagrange Equation and Generalized Coordinates

݀
ݐ݀

ܮ߲
ሶݍ߲

െ
ܮ߲
ݍ߲

ൌ 0

- ݍ ൌ ሺݍଵ, ,ଶݍ . . ,         ሻ: generalized coordinatesݍ
* minimum, yet, enough # of parameters to completely describe system 

* degree‐of‐freedom = # of generalized coordinates ሺൌ ݊ሻ
‐ ,ݍሺܮ ሶݍ ሻ 	ൌ ܧܭ െ ܧܲ ൌ ܶ െ ܸ is called Lagrangian

݉ଵ

݉ଶ

݉ଶ݃

what would you do if you use Newton method?

݉ଵ

݉ଶ

݉ଶ݃

݉ଵ݃

ሺݔଵ, ଵሻݕ ሺݔଶ, ଶሻݕ

* vector‐based; many coordinates & forces; error‐prone…

,ଵݔ * ,ଶݔ ,ଵݕ ଶݕ are not independent: under 2‐constraints 

Lagrange equation
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Lagrange Equation Example

݀
ݐ݀

ܮ߲
ሶݍ߲

െ
ܮ߲
ݍ߲

ൌ 0
݉ଵ

݉ଶ

݉ଶ݃

generalized coordinates ଵݍ ൌ ;ݔ ଶݍ ൌ ߠ

ݔ

ߠ

ܮ ,ݍ ሶݍ ൌ ܶ ,ݍ ሶݍ െ ܸሺݍሻLagrangian

potential energy: 
depends only on ݍ

(e.g., gravity, 
spring energy)

kinetic
energy

kinematic relations

kinetic energy

ܶ ൌ
1
2
݉ଵݔሶଵ

ଶ 
1
2
݉ଶሺݔሶଶ

ଶ  ሶଶݕ
ଶሻ

potential energy

ܸ ൌ ݉ଶ݃ݕଶ ൌ ݉ଶ݈݃ሺ1 െ ሻߠݏܿ

ݔ ൌ ,ଵݔ ଶݔ ൌ ݔ  ,ߠ݊݅ݏ݈ ଶݕ ൌ ݈ሺ1 െ ሻߠݏܿ

ൌ
1
2
݉ଵݔሶ ଶ 

1
2
݉ଶሾݔሶ ଶ  ሶߠሶݔ2 ߠݏ݈ܿ  ݈ଶߠሶ ଶሿ
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Lagrange Equation Example



3

Dongjun Lee

Lagrange Equation Example

݀
ݐ݀

ܮ߲
ሶݍ߲

െ
ܮ߲
ݍ߲

ൌ 0
݉ଵ

݉ଶ

݉ଶ݃

ݔ

ߠ

ܮ ,ݍ ሶݍ ൌ ܶ ,ݍ ሶݍ െ ܸሺݍሻLagrangian

equation of motion:

ܸ ൌ ݉ଶ݃ݕଶ ൌ ݉ଶ݈݃ሺ1 െ ሻߠݏܿ

ܶ ൌ
1
2
݉ଵݔሶ ଶ 

1
2
݉ଶሾݔሶ ଶ  ሶߠሶݔ2 ߠݏ݈ܿ  ݈ଶߠሶ ଶሿ

*correctness checks:   1) matrix  ܯሶ ݍ െ ,ݍሺܥ2 ሶݍ ሻ should be skew‐symmetric;

ሻݍሺܯ (2 should be symmetric all real positive eigenvalues

3) 
డ

డ
ൌ ሾ

డ

డభ
,
డ

డమ
, … . . ,

డ

డ
ሿ ?

ܯ ݍ ሷݍ  ܥ ,ݍ ሶݍ ሶݍ 
߲ܸሺݍሻ
ݍ߲

ൌ 0
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Forced Lagrange Equation & Generalized Force

݀
ݐ݀

ܮ߲
ሶݍ߲

െ
ܮ߲
ݍ߲

ൌ ߬
݉ଵ

݉ଶ

݉ଶ݃

ݔ

ߠ * virtual displacements of ݔߜଵ, ,ଵݕߜ ,ଶݔߜ ଶݕߜ should
satisfy constraints (e.g., ݕߜଵ ൌ 0,… ሻ

* yet, ݍߜଵ, ଶݍߜ are unconstrained

ܯ ݍ ሷݍ  ܥ ,ݍ ሶݍ ሶݍ 
߲ܸሺݍሻ
ݍ߲

ൌ ߬

ܨ

generalized force ሺ് ሻܨ

equation of motion

ݔ ൌ ,ଵݔ ଶݔ ൌ ݔ  ,ߠ݊݅ݏ݈ ଶݕ ൌ ݈ሺ1 െ ሻߠݏܿ

virtual work 			ܹߜ ൌ ଶݔߜܨ
										ൌ ܨ ݔߜ  ߠݏܿ	݈ ⋅ ߠߜ ൌ ݔߜܨ  ߠߜߠݏ݈ܿܨ ൌ ߬ଵݔߜ  ߬ଶߠߜ

from kinematic relation

* generalized force ߬ doesn’t include: potential force; zero‐work force 

 no need to compute no‐slip friction, constraint force, internal force, ….!
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Equilibrium and Linearization

݉ଵ

݉ଶ

݉ଶ݃

ݔ

ߠ

ܯ ݍ ሷݍ  ܥ ,ݍ ሶݍ ሶݍ 
߲ܸሺݍሻ
ݍ߲

ൌ 0

‐ linearization about  ሶݍ , ݍ ൌ ሺ0, ሺݔᇱ, 0ሻሻ

equilibrium: if you start there, you will stay there

ሶݍ , ݍ ൌ 0, ݍ s.t.
డ

డ
ൌ 0 at ݍ ൌ ݍ

two isolated equilibria: 

ሶݍ ൌ 0, ݍ ൌ ሺݔᇱ, 0ሻ: downward position; 

ሶݍ ൌ ݍ  ,0 ൌ ሺݔᇱ, ሻߨ : upward position

ᇱݔ can be arbitrary: symmetry w.r.t. ݔ

భమమ

భାమ
ௗሷߠ  ݉ଶ݈݃ߠௗ ൌ 0 marginally stable

‐ linearization about  ሶݍ , ݍ ൌ ሺ0, ,ᇱݔ ߨ ሻ

భమమ

భାమ
ሷௗߠ െ ݉ଶ݈݃ߠௗ ൌ 0  unstable (saddle)

ݍ ൌ ሺݔ, ሻߠ
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Example: Pendulum with Spring/Damper

,ߠ ߬

݈/2

݈/2 ݉
ܶ ൌ

1
2
݉ ሶߠ݈

ଶ

ݍ ൌ ߠ

ܸ ൌ ݈݉݃ 1 െ ߠݏܿ 
1
2
݇

݈
2
ߠ݊݅ݏ

ଶ

ܹߜ ൌ ߠߜ߬ െ ݔߜሶݔܿ ൌ ߬ െ
݈ܿଶ

4
cosଶ ߠ ሶߠ ߠߜ

ݔ ൌ
݈
2
ߠ݊݅ݏ

݀
ݐ݀

ܮ߲
ሶݍ߲

െ
ܮ߲
ݍ߲

ൌ ߬

݈݉ଶߠሷ 
݈ܿଶ

4
cosଶ ߠ ሶߠ 

݈݇ଶ

4
sinߠcosߠ  ݈݉݃ sin ߠ ൌ ߬

݈݉ଶߠሷ 
݈ܿଶ

4
ሶߠ 

݈݇ଶ

4
ߠ  ߠ݈݃݉ ൌ ߬

damper/spring acting

only horizontally
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Example: Bead on a Hoop
߶, ߬

ݎ

݉

݉݃

ߠ

ଵݍ ൌ ,ߠ ଶݍ ൌ ߶

ܶ ൌ
1
2
݉ ሶߠݎ

ଶ

1
2
݉ ሶ߶ߠ	sinݎ

ଶ

ܸ ൌ ሺ1ݎ݃݉ െ cosߠሻ

ܹߜ ൌ ߶ߜ߬ ൌ ଵݍߜ0 	߬ଶݍߜଶ

ሷߠଶݎ݉ െ ሶ߶ߠܿߠݏଶݎ݉ ଶ  ߠݏݎ݃݉ ൌ 0

ሷ߶ߠଶݏଶݎ݉  ሶߠሶ߶ߠܿߠݏଶݎ2݉ ൌ ߬

ܯ ݍ ሷݍ  ܥ ,ݍ ሶݍ ሶݍ 
߲ܸሺݍሻ
ݍ߲

ൌ 0
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Example: Bead on a Hoop
߶, ߬

ݎ

݉

݉݃

ߠ

ଵݍ ൌ ,ߠ ଶݍ ൌ ߶

ሷߠଶݎ݉ െ ሶ߶ߠܿߠݏଶݎ݉ ଶ  ߠݏݎ݃݉ ൌ 0

ሷ߶ߠଶݏଶݎ݉  ሶߠሶ߶ߠܿߠݏଶݎ2݉ ൌ ߬

ܯ ݍ ሷݍ  ܥ ,ݍ ሶݍ ሶݍ 
߲ܸሺݍሻ
ݍ߲

ൌ 0
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Example: Bead on a Hoop
߶, ߬

ݎ

݉

݉݃

ߠ

ሷߠଶݎ݉ െ ሶ߶ߠܿߠݏଶݎ݉ ଶ  ߠݏݎ݃݉ ൌ 0

ሷ߶ߠଶݏଶݎ݉  ሶߠሶ߶ߠܿߠݏଶݎ2݉ ൌ ߬

‐ choose the control 

߬ ൌ ሶߠሶ߶ߠܿߠݏଶݎ2݉  ሾΩሶߠଶݏ	ଶݎ݉ െ ܾ ߶ሶ െ Ω ሿ

 ߶ሶ → Ω as long as   sinߠ ് 0

‐with ߶ሶ ൌ Ω

ሷߠ  sinߠ
݃
ݎ
െ Ωଶcosߠ ൌ 0

‐ three equilibria (with ߠሶ ൌ 0)

ߠ ൌ 0, ߠ	 ൌ ߠ					,ߨ ൌ ߠ w/   cosߠ ൌ


ஐమ
when   ݎΩଶ  ݃

Dongjun Lee

Example: Bead on a Hoop
߶, ߬

ݎ
݉

݉݃

ߠ

‐with ߶ሶ ൌ Ω
ሷߠ  sinߠ

݃
ݎ
െ Ωଶcosߠ ൌ 0

ߠ .1 ൌ ߠ   ,0 ൎ ߳

߳ሷ  ߳
݃
ݎ
െ Ωଶ ൌ 0

marginally stable if ݎΩଶ ൏ ݃;  unstable if ݎΩଶ  ݃

ߠ .2 ൌ ߠ   ,ߨ ൎ ߨ  ߳

߳ሷ െ ߳
݃
ݎ
 Ωଶ ൌ 0		 → 	unstable

ߠ .3 ൌ ߠ   ,ߠ ൎ ߠ  ߠ   ,߳ ൌ


ஐమ
when  ݎΩଶ  ݃

߳ሻߠሺ݊݅ݏ ൎ ߠ݊݅ݏ  ߠݏܿ߳
cos ߠ  ߳ ൎ ߠݏܿ െ ߠ݊݅ݏ߳

߳ሷ  Ωଶsinଶߠ߳ ൌ 0		 → 		maginally	stable
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Example: Bead on a Hoop
߶, ߬

ݎ
݉

݉݃

ߠ

ߠ .1 ൌ 0

marginally stable if ݎΩଶ ൏ ݃;  unstable if ݎΩଶ  ݃

ߠ .2 ൌ ߨ → unstable

ߠ .3 ൌ ߠ ൌ


ஐమ
w/  ݎΩଶ  ݃		 →marginally stable

߳ሻߠሺ݊݅ݏ ൎ ߠ݊݅ݏ  ߠݏܿ߳
cos ߠ  ߳ ൎ ߠݏܿ െ ߠ݊݅ݏ߳

‐ if ݎΩଶ ൏ ݃:	 two equilibria & oscillate about ߠ ൌ 0
‐ if ݎΩଶ  ݃: three equilibria & oscillate about ߠ ൌ ߠ

* bifurcation: parameter change induces sudden   

change in the system’s qualitative behaviors 

Ω
rΩଶ ൌ g

ߠ ൌ 0

ߠ
ߠ ൌ ߨ

ߠ ൌ െߨ

Dongjun Lee

Potential Energy and Conservative Force

݀
ݐ݀

ܮ߲
ሶݍ߲

െ
ܮ߲
ݍ߲

ൌ ߬

‐ conservative force & potential function

݂ሺݔሻ ൌ െ
߲ܸሺݔሻ
ݔ߲

ܸ ݔ : potential function

න ሶݔ	݂
்


ݐ݀ ൌ െܸ ݔ ܶ  ܸ ݔ 0  ܸሺݔ 0 ሻ

conceptually
ܸሺݔሻ

ܸሺݔ 0 ሻ

ܸሺݔ ܶ ሻ

examples:      

gravity             ܸ ݕ ൌ ݉݃ሺݕ െ ,ሻݕ ݂ ൌ െ݉݃

spring force   ܸ ݔ ൌ
ଵ

ଶ
݇ ݔ െ ݔ ଶ, ݂ ൌ െ݇ ݔ െ ݔ

work done by potential:
path‐independent!
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Hamilton’s Least Action Principle

ߜ න ܮ ,ݍ ሶݍ , ݐ ݐ݀ ൌ 0




ݍ ,ߙ ݐ ൌ ݍ ݐ  ߟߙ ݐ
ൌ ݍ ݐ  ݍߜ ݐ

ܮߜ ൌ ∑
ܮ߲
ݍ߲

ݍߜ 
ܮ߲
ሶݍ߲

ሶݍߜ	 
ܮ߲
ݐ߲

ݐߜ

ሶݍߜ ൌ ሶߟߙ ൌ ௗ
ௗ௧ఋ

ߜ න ݐ݀ܮ



ൌ ∑න

ܮ߲
ݍ߲

െ
݀
ݐ݀

ܮ߲
ሶݍ߲




ݐ݀ݍߜ ൌ 0, ݍߜ∀

ሺܽ, ݍ ܽ ሻ

ሺܾ, ݍ ܾ ሻ

ߟ ܽ ൌ ߟ ܾ ൌ 0

ሻݐሺݍ

Hamilton’s principle

variation

calculus of variations

Lagrange equation w/o external force

using 

and integration‐by‐part

ሻݐሺݍߜ

separate from ݐ

Dongjun Lee

Lagrange‐D’Alembert Equation

 ݂ െ ݉
݀ଶݔ
ଶݐ݀

ݔߜ ൌ 0



ୀଵ

D’Alembert principle

݂ ൌ ݂,௦௧௧  ݂,௧௧  ݂,௫௧

ݔ ൌ ݔ ,ଵݍ ,ଶݍ … , ݍ :   particle position in 3D

ܹߜ ൌሾ ݂,௫௧  ݂,௧ሿݔߜ



ୀଵ

ൌ߬,௫௧ݍߜ െ ܸߜ ൌ



ୀଵ


݀
ݐ݀ ݉ݔሶݔߜ െ ܶߜ



ୀଵ

ߜ න ݐ݀ܮ



 න ߬,௫௧ݍߜ݀ݐ



ୀଵ

ൌ



 ݉ݔሶݔߜ



ୀଵ

ቚ



ൌ 0

݀
ݐ݀

ܮ߲
ሶݍ߲

െ
ܮ߲
ݍ߲

ൌ ߬,௫௧

Lagrange‐D’Alembert equation

generalized force

force
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Constraints and Lagrange Multiplier

ܣ ݍ ሶݍ ൌ 0 i.e.,      ∑ ܽ ݍ

ୀଵ ݍߜ ൌ 0Pfaffian constraints

examples:

pendulum   ܣ ݍ ൌ ሾݔ		ݕሿ from ݔଶ  ଶݕ ൌ ଶݎ with ݍ ൌ ሺݔ, ሻݕ
wheeled robot   ܣ ݍ ൌ sin െcos		ߠ ߠ 			0 from no‐slip condition 

with ൌ ሺݔ, ,ݕ ሻߠ
* these ݍ is not free anymore: needs to satisfy constraints ܣ ݍ ݍߜ ൌ 0

නߜ ܮ



ݐ݀  න ߬,௫௧ݍߜ݀ݐ െ න ܽߣ ݍ ݐ݀ݍߜ



ୀଵ

ൌ 0






ୀଵ




ݍߜ now constrained

ܯ ݍ ሷݍ  ܥ ,ݍ ሶݍ ሶݍ 
߲ܸ
ݍ߲

 ்ܣ ݍ ߣ ൌ ߬௫௧

constraint force

Lagrange multiplier

unconstrained generalized coordinates

similar to generalized force!

can’t define 
2 generalized 
coordinates

...

ܣ

Dongjun Lee

Constraints and Lagrange Multiplier

ܣ ݍ ሶݍ ൌ 0 i.e.,      ∑ ܽ ݍ

ୀଵ ݍߜ ൌ 0Pfaffian constraints

ܯ ݍ ሷݍ  ܥ ,ݍ ሶݍ ሶݍ 
߲ܸ
ݍ߲

 ்ܣ ݍ ߣ ൌ ߬௫௧

constraint force
unconstrained generalized coordinates

* Lagrange multiplier ߣ should possess the value, that enforces constraints

1. differentiate ܣ ݍ ሶݍ ൌ 0 to ݍܣሷ  ሶݍሶܣ ൌ 0
2. plug in the dynamics via ݍሷ s.t.

ଵିܯܣ ߬ െ ሶݍܥ െ
డ

డ
െ ߣ்ܣ  ሶݍሶܣ ൌ 0

3. compute   ߣ ൌ ்ܣଵିܯܣ ିଵሾܣሶݍሶ  ଵିܯܣ ߬ െ ሶݍܥ െ
డ

డ
ሿ

Lagrange multiplier
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Example: Pendulum

ܣ ݍ ൌ ሾݔ		ݕሿ from  ݔଶ  ଶݕ ൌ ଶݎ with ݍ ൌ ሺݔ, ሻݕ
* can’t see the constraint force if choose ݍ ൌ ߠ

equation of motion

ܣ ݍ ሶݍ ൌ 0  ݄ ݍ ൌ ଶݔ  ଶݕ ൌ ଶݎ

holonomic constraints: 

DOF reduced by  1‐DOF with   ݍଵ ൌ ߠ

ሷݔ݉  ݔߣ ൌ 0 ሷݕ݉					  ݉݃  ݕߣ ൌ 0

ߣ ൌ ݕ݃݉ ݉ ሶݔ ଶ  ሶݕ ଶ /rଶ

Dongjun Lee

Example: Wheeled Mobile Robot

ܣ ݍ ൌ ሾsin െcos		ߠ ߠ 			0ሿ from no‐slip condition

ܣ ݍ ሶݍ ൌ 0 cannot be integrated to ݄ሺݍሻ

nonholonomic constraints:

- ܣ ݍ ሶݍ ൌ 0 cannot be integrated into ݄ ݍ ൌ 0

‐ configuration DOF not reduced w/ ݍ ൌ ሺݔ, ,ݕ ሻߠ

ߠ

ሷݔ݉  ߣ sin ߠ ൌ ݂ cos ߠ
ሷݕ݉ െ ߣ cos ߠ ൌ ݂ sin ߠ

ሷߠܫ ൌ ߬	

ߣ ൌ ݉ ߠݏሶܿݔ  ߠ݊݅ݏሶݕ ሶߠ

equation of motion

݂, ݒ
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Next Lecture

‐ state‐space formulation


