| Exercises 8] Samples

[Problem 8.4] Reconsider Example 8.1 with @ = 0. Show that the origin is stable.

Consider the system

5, =%, &=-5,+be,

<Solution>
In Example 8.1, with a =0, then we have M

. ; 4
y==blyz+z"), i=-z+blyz+ z‘mﬂ_ ‘E"\\ f
vl
Moreover A4 =0, g,(1,0)=0, g,(y,0)=04Hence, the origin¥s stable.
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From the given condition Of (ara ﬂar/ %" i) 'H“- m‘a?h Of H\t_ Q€-||

V(z) = 10,7, + 22} + 22,{~2, — 2, — (2%, + z,)(1 - a?)} + 4, {~2, — 7, — (22, + 3,)(1 - 7))} 4/5{“\ e
=22 +dwg, — 22} - 2z, + 22,0 (1 —2°)
For Y|z, |<1, V(z)<0.
V(z)=0=V < -2z, —5,) =0= 3, =z, = 4, =3

[Problem 8.15] Consider the system
& =z
B =2 — 2, — (25, +5,)(1 - :ﬂf]
(a) Using V(z) = 5z] + 22z, + 21}, show that the origin is AS.

<Solution>

Then, we have
z, = —22, - 3n,(1 - 23) = -35,(2 -2 )=0=> 2, = 0= 2, = 0

By LaSalle's theorem, the origin is/Ai\

(b) Let
S={e R V@< {ee R |5 K1)

Show that § is an estimate of the region of attraction.

<Solution>
We know V(m}gﬂ for Vz €8, Hence, we have to show that S is positively invariant set.

The interior point of S can not leave S through the segment AD and BC since AD and




BC are the Lyapunov surface V(z)=5.
Let W =z then
W= %, {-v, — 3, - (25, + 3)(1- )} = ~28,(3, +3)) - 20,23, +5)(1-23)
long the segment |z, =1, W =—-2z,(z, +,)<0. , cl, {/Ur M=y Lo
along the segm , =1, mq_ﬁ.,___,_'xg_:_n./‘, W [he 4%;?‘( el
Thus, the interior point of § can not leave § through the segment AD and BC. Therefore,

S is an estimate of the ROA.
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[Problem 8.20] Consider the system
& =g, &=-5-gs
where g(f) is continuously differentinble and 0 <k < g(t) <k forall t>0.

(a) Show that the origin is ES.

<Solution>
Let V(z)=4a] ++z! then,

V =5, + (-2, - g(t)z) = —9(t)a; < ~ha;
Let

0 1
-1 —g(t)

? ﬂ‘ f MMMMMA!SU, At)=A-C"C and O(t) is uniformly
yove [,

bounded. Then (A(t),C(t)) is also uniformly observable.

B (] M|
Aft)= ,A=L1 _]‘cm=(0 Jo®)]

—P(t) = PIO)A(t) + AT())P(t) + C" (1)C(t)

il j
= P(t) = ; L= V(t0) = 2"t = V() = —"CT0r < 0
2

Therefore, the origin is ES.




(b) Would (a) be true if g(¢) were not bounded? Consider g(t) =2 + exp(t).

<Solution>

From the given condition,
9(t) = 2+ exp(t)

and
&=z, & =-u-2+exp)s,

Then,
o, =cexp” =+ a, =—(1+exp o=z, ——2,—0asl—> 00

Therefore, the origin is not AS = g(t) must be bounded.
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