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10. EIGENVALUES AND EIGENVECTORS
Find the eigenvalues and eigenvectors o the folloving.
matrices. (Use the given A or factors)

[nl ~sin
sind  coso.
30. (nverse) Show that the inverse A~ existsif and only

if none of thecigenvalues Ay - - -, & f A i 2ero, and
then A~ has the eigenvalues 1Ay, - -, A,





image8.png
LINEAR TRANSFORMATIONS.
Find the matx A in the indicsted lincar transformation
y = Ax. Explain the geometric_ significance of the
eigenvalues and eigenvectors of A. Show the detils.

1. Reflection about the y-axs n K

4. Orthogonal projection of R onto the plane y = x

7. ELASTIC DEFORMATIONS
Given A i @ deformation y = Ax, find the principal
dirocions and_comesponding factors of extension or
contraction. Show the detsls.

L
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4. (Orthogonality) Prove that ~eigenvectors of a
symmetric matrx  comesponding 1o different
eigenvalues are othogonal. Give an example.

15. EIGENVALUES OF SYMMETRIC, SKEW-
SYMMETRIC, AND ORTHOGONAL
MATRICES

Are the following matrces symmetic, skew-symmetic, o
othogonal? Find their_specurum (thereby illustaing.
Theorems 1 and 3). (Show the details of your work)

0 o0 1

o 10

-1 0 o
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7. DIAGONALIZATION OF MATRICES
Find s cigenbasis (3 basis of cigenvectors) and

diagonlize. (Show the detile)
10 v
o 3 2
0 0 2

14, SIMILAR MATRICES HAVE EQUAL

specTRA
Verfy s for A and A = PJAP. i igenectorsy of
& Show ta x = Py are igenvctos of A. (Show (e
et ofyour veek)

3 4 s 2
A= =
4 -3 1
24, TRANSFORMATION TO PRINCIPAL AXES.
CONIC SECTIONS.
‘What kind ofconic section (or pirofstraightlnes) is given

by the quadsatc form? Transform it 10 principal axes.
Expressx” = [x, )i termsofthe new coordinate vectox

Y= Dn ol a5 in Example 6.
0 = 24 = 144
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3. FUNDAMENTAL PERIOD
“The fimdamental period sthe smalles psitve period. Find

ifor
mx 2mx
cosnn, sinmx, cos . sin

o 2w
Rl

GRAPHS OF 21m-PERIODIC FUNCTIONS

F Wr<x<0
o<x<w

i
10 = [

FOURIER SERIES
‘Showing the deails of your work, find the Fourer seies
of the given f(e), which i assumed © have the period 21
Sketch or graph the partal sums up 10 that incloding
cos Sx and sin 5.

T

E; L

Mg extcr<x<m

- o [x’ it dw<x<in
R P
u
if-r<x<0
I(l)-[
4 if o<x<nw
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FOURIER SERIES FOR PERIOD p = 2L

Find the Fourer seis of th functon ), of period p = 2L,
a0d sketch or graphthe ist three parial sus. (Show the
deails of your work)

L )= (-2< <0 M = 10 <x<D.p=d

%M =1-x (l<x<h, p=2

ILf@=—x (-1<x<0. f)=x O<x<I)
=1 a<x<, pm4

14, Obain the seres in Prob. 7 from that in Prob. .

i@ = (C1<x<n p=2
1 exif -1 <x<0
BIO={ Sy o<x<r, P72

15. Obisin the secies i Prob 6 from tht i Prob. 5.

S0 =sinm ©<x<h. p=1
60 memmx (h<x<hopm1
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EVEN AND ODD FUNCTIONS

Ave the following functions even, odd, or nethec even nor
oda?

S M0 (cr<i<m
€ =P snr (-r<r<m
FOURIER SERIES OF EVEN AND 00D
FUNCTIONS
s the ivenfoncion even o odd? Find it Furier s
St rph th octon and s partl sams. (Show
e deils o your wok)
g =2 c1<x<h
el ! o -mn<s<m
IO le-x w mm<x<am
HALF-RANGE EXPANSIONS

Find (0 th Fourier cosin series, () the Fouriersie scies.
Stetch () aod s two pesiodic exiasions. (Sbow the
detals of yoer work)

X O<x<w)
n!u)-{
" r<x<m

Mg =w-x 0<x<m
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1. (Coefficlents) Deciv the formuia for C, from A ad B,

2. (Spring constant) What i happento e splices
Cuin Example 1 s ths 1 the form of e virtion)
e changed e spring constant o the value 971 we.
ook a siffer spriog with k = 817 Firt guese.

GENERAL SOLUTION
Find a general solution of the ODE y” + oy = r(1) with
i) 2 given. (Show the detals of your work)

67D = cos eyt + cosont (6F 4 o, )

W)= lin]if 7 <1< wand
et 2m =0 L 0.2.4.

STEADY-STATE DAMPED OSCILLATIONS

Find the sieady-stae oscilation of y° + &' + y = r(t)
with ¢ > 0 and r(s) as given. (Show the detils of your
werk)

18, r(r) = sin3r
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MINIMUM SQUARE ERROR

Find the rigonometric polysomal F() of the form (2) for
‘which thesquare eror with rspect 0 the given f(3) o the
interval ~7 % x S 7 is minimum, and compute the
minioom value for N = 1,2, -+, S (or also for larger
values if you have a CAS).

L =W r<x<m

it dm<x<ir
sonf e

PARSEVAL'S IDENTITY

N R
(Use Prob. 15 n Sec. 11.1)

[ -
R R BRI Rt
(Use Prob. 21 in Sec. 11.1)
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Show that the given integral represents the indicated
function. Hint. Use (5), (11), or (13); the integral tells you
which one, and its value tells you what function to consider.
(Show the details of your work.)
[ e
o if x>1

Jsinx if 0OSxsw
o i x>w

FOURIER COSINE INTEGRAL
REPRESENTATIONS

Repeesent (3 a n gl (1)

FOURIER SINE INTEGRAL
REPRESENTATIONS

Represeat f(2) as 2 integral (13).
sinx if 0O<x<mw

18 ) =
0 ¥ x>w
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FOURIER COSINE TRANSFORM

LLaft) = ~1H0<x<1f0=1if1<x<2
£) = 0ifx> 2. Find ).

4 Find the inverse Fourier cosne ransform f(3) from te.
‘answer to Prob, 1. Hink. Use Prob. 4 in Sec. 11.7.

5. Osan F7(UA1 + w2 from Proh. 3 n See. 11

FOURIER SINE TRANSFORM

14 Let f0) = sinxif 0 < x < wand 0if x > 7. Fiod
). Compare with Prob. 6 in Sec. 11.7. Comment.
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FOURIER TRANSFORMS BY INTEGRATION

Fiod the Fousier transform of f(x) (without using Table Il
in Sec. 11.10). Show the deais.

& ifx<0 k>0
240
0 x>0

P et
0 oerwise

-1<x<0

uur-[
0 otervise

OTHER METHODS.
1. Obtain Fe™*™) from formula 9 in Table T1L.
13, Obiain formua 1 in Table 0 from formula 2.
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L. What is a Fourier series? A Fourier sioe series? A
halfange expansion?

3. Why did we stan with period 247? How did we proceed
o functions of any period p?

5. What do you know about the convergence of  Fouder
seres?

6. What s the Gibbs phenomenon?

8. Whatis remarkable about the response of a vibrating
system 10 an arbitrary periodic force?

9. What do you kow sbout the Fourir iniegral? Its

FOURIER SERIES
Find the Fourie sesies of f(x) as given over cne perod.
Stetch 100, (Show the details of your work)

-k #-1<x<0

g0 =
L I
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PDEs SOLVABLE AS ODEs
This happens if  PDE invelves derivaiives with respec (0
‘one varable only (or can be ransformed t0 such # form),
50 that the other varisble(s) can be tested 15 parameter(s).
Solve for u = . ).

gy =y
2ty + 100, + 250 = &

VERIFICATION OF SOLUTIONS.
Verify (by substituion)that the given function i  soution

of the indicated PDE. Sketch or graph the solution as
surface n space.

16. u = sin 3x sin 180

Heat Equation (2) with sitzble ¢

1. u = e sindx

Laplace Equation (3)

0= P sin2ey
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DEFLECTION OF THE STRING
Find s, ) or thesing ofengeh L = 1 and c* = | when
the initial velocity is zero and the initial deflection with
sl £ sy, 001 i s ollows. Skeich orpraph 3, 2.
in Fig 288.
L ksin2m

3kl =)

]

1. (Frequency) How does the frequency of the
fundamental mode of the vibrting string depend on
the length of the sting? On the mass per uni lengih?
‘What happens to the sting if we double the tension?
‘Why is 8 contrabess larger then a violin?

15. Substituting u = F(x)G(r) im0 (21), show that
FOUF = ~G1c%G = B = cons,
F(x) = A cos Bx + B sin fx
+ C cosh fix + D sich Bx,
G = a con o + b sin .
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LATERALLY INSULATED BAR
A laerally insulsied bar of length 10cm and constant
cross-sectionalarea | car. of density 10.6 g, thermal
conductivity 1.04calfem sec °C), sad specific beat
0.056 cal(gm °C) (tis corresponds to silver, a good heat
‘conductor) has initial temperature f(x) and is kept at 0°C
atthe ends x = 0 and x = 10. Find the temperaure u(x, )
atlater times. Here, /() equals:

S f(x) = sin Odzx
7. £ = 02xi0 < x < 5 and 0 cdherwise

Find the temperature in Prob. 13 with L = 7,
c=1,amd

1 f0) = x

TWO-DIMENSIONAL PROBLEMS

30. CAS PROJECT. lsotherms. Find the steady-siste
Solutons (emperatures) n the square plae in Fig. 24
with o = 2 saisfying the following boundary
‘conditions. Graph isctherrs.

(@) = sin mx on the upper side, 0 on the other.
(b) = O 0n the verical ides,assuming that the cther
sides are perfectly insulated.
(€) Boundary condiions of your choice (such tha the
solution is not identically 2610).

*|

Y —

R

Fig. 294, Square plate
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SOLUTION IN INTEGRAL FORM

Using (6), obtain the solution of (1) in integral form
stistying the il conditon 5 0) = (o, where

1 £ = 1 il < @ a0d 0 cherwise

4 () = (sin ). [Use Prob. 4 i See. 11.7]
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Double Fourler Series. Represent f(x, y) by &
seies (19), where 0 < x < 1,0 <y < 1.

S =y

8 ftx ) = x(1 = 00

»

‘Deflection. Find the deficton utx,y, ) of the
square membrane o side snd c* = 1 i the il velocity
150 and e nitial defecion s

1201 sinxsiny,

RECTANGULAR MEMBRANE

15. Repest the task of Prob. 2 whena = 4 and b





image25.png
5. (Radial solution) Show that the oaly solution of

P = 0 depending only on £ = Va7 + 7
= alnr + b with conston 0 a0d b.

ELECTROSTATIC POTENTIAL
STEADY-STATE HEAT PROBLEMS.

The clcostac porenial satisfies Laploce's equaton
Veu = 0 in any region free of charges. Also the heat
eqation = ¢V (Se. 2.5 educes o Laplace s ccunion
if the temperature u is time-independent (“steady-state
case”). Using (20). find the poweatial (equivalently: the
eady e empersar) i the ik < 14 the boundary
values are (sketch them, o see what is going on).

T 1. 0 = 0o 6

2ol 0 = 6w <0<w

VIBRATIONS OF A CIRCULAR MEMBRANE
DEPENDING ON BOTH £ AND 0

25, (Periodicity) Show that (@) must be periodic with
period 2 and, therefore, n = 0, 1,2, in (25) and
26 Show it s yilds the sousions 0, = co 6,
Q. = sinnb, W, = J(kr), n = 0, 1,
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BOUNDARY VALUE PROBLEMS IN
SPHERICAL COORDINATES 7, 6, &

Find the potesil i the inteiorofthe spbere 57 = & = |
if this ntri s free of charges and the potenial on § is:

1318 = 100

15, £(6) = s 36
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2. What is the method of scparating variables for PDEs?
Give an example from memory.

10, When and why did we we pola coordinaes? Spherical
coordinates?
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COMPLEX ARITHMETIC

Letz, = 2 +3i and 2, = 4 ~ Si. Showing the detsils
of your work, ind (n the form x + iy):

2. 55 Gl
19. Re (1/5%)
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CONVERSION TO x + iy
Represent i the form x + i aad graph it in the complex
plane.

RrOOTS
Find and graph allroos n the complex plane.
uViva

EQUATIONS

Solve and graph al solutions, showing the detail:
2.2~ (8 - S 4+ 40~ 200 = 0 (Use (19))
INEQUALITIES AND AN EQUATION

3. (Parailelogram equality) Prove

Je + 2+l = @l = 200 F + Ll
Explain the name.




image30.png
CURVES AND REGIONS OF
PRACTICAL INTEREST

Find and skeich orgraph the ses i the complex planegiven
by

21sk-144ss
4 -r<Rer<w

10, Re (172) < 1
Continuity. Find out (d sive reason) whetber

1) i contnwous a2 = 0 if J(0) = 0 snd for 2 # O the
furction £ is equal te:

18, [ Re (1)

Derivative. Differenisie
242+ i
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CAUCHY=REEMANN BQUATIONS
Ave the folowing functons snalytic? [Use (1) or (7]

4 S = -2

4@ =kl + A s

HARMONIC FUNCTIONS

Arethe olowing fncions harmonic? I youe asswer s

yes.find a correspeonding analytic function
1 = utxy) + ot ).

120y

20,4 = conx coshy

Deternine a b,  such tht the given functions
‘are harmoic and find a harmanic conjugate.
22 4= cosay
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Using the Cauchy-Riemann equations, show that ' is
entie.

‘Values of ¢, Compute ¢ i the form u + iv sod
el where 2 equals:

a1+

Real and Imaginary Parts. Fnd Re and I of.
net

Polar Form. Write i polar form:
15z
Equations. Find sl soluticns asd graph some of

ther i the complex planc.
P YT
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Function Values. Compute (in the form u + iv)
15, cosh (4 - 6wi)

‘Equations. Find ll solutons of the following
equations.

7. coshz =0
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Equations. Solve for 2
W inzme—m

General Powers. Showing the details of your
wrk. find the princpa] vale of:

26,04 0
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PPARAMETRIC REPRESENTATIONS
Find and skeich the path and its orienation given by:

7.0 = 6cos 2+ Sisin2OS 15 M

INTEGRATION

Intgrate by the irst medhod o sate why it does not apply
and then use the second method. (Show the detils of your

ek
0. [[Rez e, C e paboly = £ o010 1 +1

u Lu»f'm.cmumumw

. [ 267, C rom i aong the wxes 101
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CAUCHY'S INTEGRAL THEOREM
APPLICABLEY

Iniegrate () comterclockwise around the unit circle.
indicatiog whetber Cauchy's incgral theorem spplics
(Shorw the detils of your work)

3 g0 = e
9. 10 = UkP)

0. =7

FURTHER CONTOUR INTEGRALS

Evaluct (showing the detitsond using patal fractons if

necessary)

2 f o cutmn

’)

Bt cmked=n ®k-d=1
«

(counterclockvise)
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13 MULTIPLICATION, ADDITION, AND
TRANSPOSITION OF MATRICES AND
VecToRS

‘A, aTA + AT

BB, b(B — BYbT

19. TEAM PROJECT. Symmetric and _Skew-
Symmetric Matrces. These matices oecur quite
requenty in spplcations. s it s worthwhil t0 sty
some of ther st inporan properics.

(@) Verify he claims in (1) tat oy = ap for 3
symmecic i, da = ~ g for sew-symmerc
matix. Gve cxarples.

®) Show that for every squae mani C te matrx
€+ CTis symmeticand C - C7 i skew-symmetrc.
Wit Cinthe form C = § + T, where§ i symmmtic
20d T is skew-symenerc and fod  and T i trms o

Where o, m ae any scalas. Sbow hat i these
matices re square and symmetic, 0 s (14),
imilaly, i hey e shew-symmece, so i (14).
(@ Show that AB with symoetric A and B s
symmetric i and only if A aad B commate, hat s,
AB = BA.

(©) Under what conditon is the produt of skew-
symmetic matrices skew-symmetde?
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CONTOUR INTEGRATION
Integrae (2% ~ 4)2* + 4) countercockwise around the
cirde:

Lk-il=2
S+ ul=2
CONTOUR INTEGRATION

Using Cauchy's itegra formula (and sbowing e detai),
integrate counterclockwise (or s indicated)

e
oo s G

A
Acn—duﬁmh)—ilx 2] = § (clockwise)

A

18. oo tht ¢ = )7 - 207 de = Ofora simple:
closedpah  enclosing £ nd z, which ae aritrary.




image38.png
CONTOUR INTEGRATION

Intgrate coustrclockwise aroued the circe |d = 2. (n s
a postive nteger, i abicay.) Show be details of your
work.

s,
5 iz

=

e
S —
Pl

o e . S S il

R comt o = S comercockvi)

0 fe = 3] = § (clockwise)

10,

o
g

Cibecirclels — 2~ | =3, coumterclockvise
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e
Avethe following 5equences .t 2+ - bounded?
‘Coavergent? Fin thei it poins. (Shorw the details of
your week)

Lz 1% + D)

13 (Addton) I, 2, - comvergeswith e
. comerge with e it

SERIES
Ave the following seies convergent o divergen? (Give 8
reascn)

16§ Go= s
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RADIUS OF CONVERGENCE

Find the center and the radius of convergence of the
following power seres. (Show the detals.)
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RADIUS OF CONVERGENCE BY
DIFFERENTIATION OR INTEGRATION

Find the radius of convergence in two ways: (s dicctly by
the Cauchy-Hadamard formula in Sec. 152. (b) from 2
series of simpler tenms by using Therem 3 or Theorem 4.

SE T

E[C) e

It

12. (Canchy product) Show that
(1= 9% = S (n + 11" (a) by using the Cauchy

product, (b) by differentiating a suitable series.
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TAYLOR AND MACLAURIN SERIES
Find the Taylor or Maclaurin seres of the given function
with th given poin as cener and determine he radius of
convergence.
dostn 0

-,
9. 0

HIGHER TRANSCENDENTAL
FUNCTIONS

Find the Maclurin sris by termwise inigraling (e
inegrad. (The imegralscanno be valuicd by the wsual
medhods of calculs. They define the erroe function ez
sine integra 5. and Fresnel Integeals® S snd (0,
which occur insaitics. hea conduction optcs, and cber
spplications. These are special socalled  higher
transcendenal functions)
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LAURENT SERIES NEAR A SINGULARITY
aTo

Expad the given foncion in 3 Lawent srcs that
comerpe o0 < 4 < R and dcermine e preciseregion
ofconverpence (Show the dtals o your wek)

'
2oy

LAURENT SERIES NEAR A SINGULARITY
ATz,

Expand the given function in a Lowren seres that
converges for 0 < | = 2 < R and determine the precise
egion of convergence. (Show detsils)

TAYLOR AND LAURENT SERIES

Find all Taylor and Laureot seies it center 2 = 2 3nd

deteine he precise egions of convergence.

[Ty
4o

n g w0

P
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SINGULARITIES

Determine the loction and kind of e singularite of the
following fuction i the finite planc and st nfnicy. I the
cuse of poles also sate the order.

sin3e
[

9. cosh (10" + 1]

%

)

2eR0S
Determine the locaion and orde ofthe 2ros.

186 - -
19. (2 + 45 - 1P
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RESIDUES

Find all e singular points and the corrsponding residues.
(Show the dtails of your work)

241
e

1 anz

RESIDUE INTEGRATION
Evatuste counerclockwise). (Sbow th detils)

n.fmmd cld=1
2 2 cun
nf Bl chedi=
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INTEGRALS INVOLVING COSINE AND SINE
et bl g (R e e o o

lf e
P L u—,
- 5erem
i cos20= 4 (24 %
om0 g (0
IMPROPER INTEGRALS:
INFINITE INTERVAL OF INTEGRATION

Evaluse (showing the detis):

[ g

o [ e

IMPROPER INTEGRALS:
POLES ON THE REAL AXIS

Fin the Cachy pincipal value (showing deals):

B
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GAUSS ELIMINATION AND BACK
suBsTITUTION

‘Salve e folowing sysensorindicate he ponestence of
soltions. (Show the decals of your work)

7

.

y* = 2
Gytem iz

st oyt = 2

xty-m= 0
—aw- x- y+zm-a
“aw b3y -6 2

MODELS OF ELECTRICAL NETWORKS
Using Kischholr' laws (see Example 2), fod he currns.
(Show the detaisof yor work)

A

AR

5,
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7. RANK, ROW SPACE, COLUMN SPACE
Find the rank and a basis for the row space a0d for the
column space. Hint. Row-reduce the matrix and its
transpose. (You may omit obvious factors from the vectors
of these bases.)

8 0 &

0o 2 o

4 0 2

0 4 o

13 LINEAR INDEPENDENCE
Are the following sets of vectors lnearly independent?
(Show the detals)

B -2 0 40500 1610 1
2oo3

22, PROPERTIES OF RANK

AND CONSEQUENCES
rank BYAT = rank AB. (Note the ordert)

31, VECTOR SPACES.
I the given set of vectors a vectorspace? (Give reason.) If
your answer s yes. deterine the dimension and find 2
basis. (0, 0.+ - denote components.)

Al vectors in R with 40, + vy = 0. 3oz = vy
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7. EVALUATION OF DETERMINANTS
Evaluste, showing the details of your waek.

jcosa sinal

sinp cos

19. CRAMER'S RULE
Solve by Cramers rule an check by Guss elimination snd
back substiuion. (Show detils)

Iy+dr= 148
axt2y - =63

- y45= 135
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9. INVERSE
Find the imvere by Gauss-—Jordan [or by (49 ifn = 2] or
stat that it docs ot exist. Check by using (1).

0 1o
1o oo
0 0 1

14, (Rotaion) Give an spplication of the i i Prb.
3 s makes e form of s vere cbvious.

[mﬂl unu]
sin20 cos26.
17. (Inverse of the transpose) Verify (A")”™" = (A~
for A in Prob. 5.
3

-5 6 -5
s -2 2
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VECTOR SPACES

Is the given st (taken with te usual additon and scalar
‘maltiplication)  vector space? (Give a reason.) If your
answes i ye, find the dimension and a bess.

5 [R5 s i v e

10.

Al fonctions () = o cosx + b sinx with any
constants a nd b





