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HW#7 : Eigenvalue Problems for 3-D Particle Diffusion



A. Matrix Eigenvalue Problem

1. Construct Matrix B using the MATLAB function inv(A)*S. Determine the
eigenvalues and the normalized eigenvectors of B using the MATLAB
script [U,LAM]=eig(B). Determine the dominance ratio of this system as
well.

A ZolE Y tS 32 MATLAB =5 2HA i)
In file lesc3d.m
function [A,S] = lesc3d(m,a,D)

%Linear Eigenvalue System Constructor 3-D

%The input parameter 'm' is the number of grids for x direction
%the second input parameter 'a’ is physical size in x direction
%the third input parameter 'D' is diffusion coefficient

%this function returns (m*n*k x m*n*k) matrix A and S

a=a; %takes input parameter

b=a;

c=2*a,

D=D;%diffiusion coefficient 1.0
sigA=0.10; %absorption cross section
sigS=0.12; %reaction cross section
m=m; %x= mesh 7|5

n=m; %yZ<% mesh 7]

k=2*m; %z= mesh 7}

N=m*n; %k A| plane2] % mesh 7|4
Nk=N*k; %% mesh 7|5

hx=a/m; %xZ mesh =17]

hy=b/n; %y= mesh =7|

hz=c/k; %zZ mesh =17]

hx2=hx*hx;

hy2=hy*hy;

hz2=hz*hz;

B2=sigA/D; %B"2 = sigA/D , Buckling
A=sparse(Nk,Nk);

S=sparse(Nk,Nk);




for (i=1:NK)
AGi,)=B2;
= if & FAH A o] Fa QliEl 1 if ol FAlo] gelnA Rk
%=, AHA if 7F AbHol™ FHA if & o]l & 5 {lvh (A7HA A5 EATRFTFF)
ek A L] ARdololA +2/hz2E T AEo® I v if oA +1/hz2E
31571 wiell null flux F71e] ¥FEE )
%% wHeF WA 7} AZlola, FRA if 7F ol ZH= WA if £ else ©]dte
A +1/hz2E 353 FHA if oA +2/hz2E dlF7] diitoll Z23H o2 +3/hz2 <] null
flux =13 WESAIY v 2 ST AL +2/hz27) wHES f T
ifi<=N) %A H A plane 5, z=0 <! blockol A+ 1B} YZFo) H: H3g
A(i,i)=A(i,i)+2/hz2; %z=0°l 3l A null flux
else
AGi,i-N)=-1/hz2; %top cell
A(i,)=A(i,))+1/hz2; %zl thafl ] Lukael7

o

end
if(i>N*(k-1))
%vFA] 9} plane z=c ¢! block ©]W bottomel] A+ & 4 gl
A(i,i)=A(i,i)+2/hz2; %z=cl A1 null flux
else
A(i,i+N)=-1/hz2; %bottom cell
A(i,)=A(,i)+1/hz2;
end
j=fix(i/N);% & A 2HA planeo] AEA Lol
if(i>N*j && i<=N*j+m) %y=0 o] O™ ZE(EZ)o & 5 §loh
A(i,i)=A(i,i)+0/hy2;%y=0°l 5| zero current
else %124 oW HIE +F AL
A(i,i-m)=-1/ny2;%5 % Al
A(i,)=A(,i)+1/hy2;
end
if(((>N*j+(n-1)*m) || mod(i,N)==0 ) %y=bel Qo™ (&)l "= 4= [k
AG,i)=AG,i)+2/hy2; Y%y=bell A null flux
else %1% # Fom A+ & F Qo
A(i,i+m)=-1/hy2;% =% A
A(i,)=A(,i)+1/hy2;
End

if(mod(i,m)==1) %x=0°] Ao «ZFe] H=& = glvh




A(i.)=A(i,)+0/hx2; %x=0°l A1 zero current
else

A(i,i-1)=-1/hx2; % % (M %) A

AL, )=A(,)+1/hx2;
end

if(mod(i,m)==0) %9 2% & glow oy o uz

rlo

A(i,i)=A(i,i)+2/hx2; % x=a°ll 4] null flux
else

A(i,i+1)=-1/nx2; %2 &% (%) A

A(i,D)=A(,i)+1/hx2;

end

S(i,))=sigS/D; %RHS 2] matrix construction

st

end
A o] 37 wEolx 3H AV} septadiagonal matrix® 2 WHEo]x] gl
2 FRla )

>> [A,S]=lesc3d(3,100,1);
>> full(A)




oA AA TA HEF grid NT4E T3 m=4,n=4 k=8, B W[EEY~E T
3t & B9] eigenvectors -3l HH

>> [A,S]=lesc3d(4,100,1);

>> B=inv(A)*S;

>> [U,LAM]=eig(full(B));

>>LLAM

LAM =
Columns 1 through 7

1.1913 0 0 0
1.1831 0 0
0 1.0108 0
1.0129
0 1.1573
0 0 1.0189
0 0 0 1.1633

o O o o
o O O O O
O O O O O o

0
0
0
0
0
0

o O O o
o O O o



Dominance ratio== U3 o] 1+ 4 Atk

>> | =sort(max(LAM),'descend');
L=

Columns 1 through 10

1.1913 1.1831 1.1712 1.1712 1.1712 1.1633 1.1633

>> Dominance_ratio=L(2)/L(1)

Dominance_ratio =
0.9932

>>

AR 7P 2 gkel 11913 o]ar 1 thgo] 1.18310]014 o] &5
dominace ratioS 1.1831% ¢ < 9t} stH, AHAE Z ZHf-gko] 1.1712
old] Mgk gko] 3y EAsl= A &l & 4

Mo

2. Use the regular power method to find the maximum eigenvalue and the
corresponding eigenvector of B. Terminate the iteration when the change in the
eigenvalue between two successive values is smaller than 1.0x10°. Normalize
the eigenvector and compare it with the reference solution obtained from Step 1.

o7 2S MATLAB 35 A etth
In file pm.m

function [lamdak,xk] = pm(B)

%Power Method

epsilon=1.0e-6;

maxlIter=1000;

n=length(B);

xk=ones(n,1);

xk_1=ones(n,1); %initial guess of eigenvector
lamdak=1;

lamdak_1=1; %initial guess of eigenvalue




for (k=1:maxlter)
xk_1=xk_1./lamdak_1; %scaling
xk=B*xk_1; %matrix-vector multiplication
lamdak=(xk'*xk)/(xk™*xk_1); %obtaining new eigenvalue
if (abs(lamdak-lamdak_1)<epsilon)
break;

end
xk_1=xk;
lamdak_1=lamdak;

end

xk=xk/lamdak; %"} =] 2 S 2 scaling A A&

x_k=x_k/norm(x_Kk); %normalization

>> [I_pm,x_pm]=pm(B);
>>|_pm

| pm=
1.1913
>>

Aol A & A 1 ;Hgh e ARE e AL ¢ F doh 1h
= washy] 98 e Fas Bk
>> for (i=1:length(x_pm)) grph(i,1)=i;grph(i,2)=(x_pm(i)-U(i,1))/x_pm(i); end
>> plot(grph(:,1),9rph(:,2));
>> xlabel('row’)
>> ylabel('(eigenvector-ref.eigenvector)/eigenvector | for i-th element’)
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>> norm(x_pm-U(:,1))
ans =
0.0371

>>

eig( )2 T3 eigenvectord} W] B w 9AE] AL P AL o g
=g

o]3= o}l power method ¢ ¥ Ao o&d 4= vt webd 8 =
AL 1.E-10 7HA 2 vb thSo] 2jo]= u@_

HRE S )

>> [I_pm,x_pm]=pm(B);
>> norm(x_pm-U(:,1))

ans =



3.7245e-004

TH 21s 9 g st a1 WEHIT eig()E T8 A E vl
q A= AS g2l & 4 Qi)

B. Inverse Power Method

1. Implement the inverse power method. For checking the convergence of the inner
iteration, use the relative error norm of the two successive iterate vectors and
set the convergence criterion t01.0x10°°. For checking the convergence of the
outer iteration, use also the relative norm of the two successive eigenvectors.
Make sure that you store the old eigenvector to a separate variable such as phid
and use the current eigenvector as the initial guess to begin each inner iteration.
Set the convergence criterion of the power iteration to1.0x107°.

ges 2§44 44

In file ipm.m

(ol

.

function [lamdak,xk] = ipm(A,S)
A=full(A); Y%sparse matrix A28 Fxsh=d A7to] e g2
iepsilon=1.e-6;0epsilon=1.e-5;
maxlIter=1000;
n=length(A);
xk=ones(n,1);xk_1=ones(n,1); %initial guess of eigenvector
lamdak=1;lamdak_1=1; %initial guess of eigenvalue
xk_1=xk_1./lamdak_1; %initial scaling
for (k=1:maxlter)
%ol S1Hol A xk_1& oln] 2A A Hol Y= A
phi=xk_1;
phid=xk_1;
%%%%3l HE] % 7] 3}9%%%%%%%%%% %% % %% % %% % %% %Yo
for (i=1:n)
b(i)=xk_1(i)*S(i,i);%°l "] =AY stHA lamdak_1= YF7|7F Z3E o] 5
end

for (j=1:maxlter) %inner iteration




for (i=1:n)
suml=0.0;
sumu=0.0;
for (m=1:i-1)
suml=suml+A(i,m)*phi(m);
end
for (m=i+1:n)
sumu=sumu+A(i,m)*phid(m);
end
phi(i)=(b(i)-suml-sumu)/A(i,i);
end
rho_tilda=norm(phi-phid)/norm(phi); % 2. x}2] “tl £k

if( rho_tilda < iepsilon)

break;
end
phid=phi; %< A3l A v As Yy
end %matrix-vector multiplication
xk=phi;

lamdak=(xk*xk)/(xk'*xk_1); %obtaining new eigenvalue
xk=xk./lamdak;%scaling
if ( norm(xk-xk_1)/norm(xk) < oepsilon )
break;
end
xk_1=xk; %ALY o] &

lamdak_1=lamdak;

end

>> [|_ipm,x_ipm]=ipm(A,S);
>> | ipm
|_ipm =

1.1913
>> norm(x_ipm-U(:,1))

ans =
5.8024e-004
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>>

o7|1A F9o] ok H2 mMEY 2 AR WNHFE AFIYA vEY
o] YAE Fxety & o, full Wi EZ 2R o dtrhi= Folr}. Sparse W E
g5 W7 wEE = ofdg AN YF FEoA d Az njEYH A
A2E Fxsted dabr el o A A Hh

N

. During the outer iteration, evaluate the true relative error by subtracting the
normalized eigenvector from the reference eigenvector you obtained from A.1.
Plot both the true error and pseudo error vs. iteration on a semilog graph.
Explain why you would see large difference in the two curves.

Tt 2o e e,
In file hw7b2.m
function [lamdak,xk] = hw7b2(A,S)
B=inv(A)*S;
[interU,interLAM]=eig(full(B));
refEigVec=(interU(:,1));

A=full(A);
graphmat=zeros(1,3);
iepsilon=1.e-6;

oepsilon=1.e-5;

%%0%%%%%%0%0% %% %% %%0%0% %% %% %% %% %% %% %% %% %% % %%
xknorm=xk/norm(xk); %A L& H WEE normalize

%%%%%% %% %% %% %% %% % %% %% % %% %% %% %% %% %% % %% %%

xk_1=xk; %ALY o] &

lamdak_1=lamdak;

%%%%%5%%graph%%%%%% % %% %% %% %% %% %% %% % %% %% %% %%

trueErrNorm=norm(xknorm-refEigVec);

graphmat(k,1)=k;

11



graphmat(k,2)=pseudoErr;
graphmat(k,3)=trueErrNorm;

%%%%%% %% % %% %% %% %% % %% %% %% %% %% %

end

semilogy(graphmat(:,1),(graphmat(:,2)),graphmat(:,1),(graphmat(:,3)), LineWidth',2);
legend('pseudoErr’,'trueErr")

xlabel('k-th iteration’)

ylabel('log10( |Errorvector| )"

%%%%%% %% %% %% %% %% %% %% %% %% %% %% %% % %% %% % %%

>> hw7b2(A,S);
>>

10 ¢ ‘
pseudoErr
trueErr

10°

log10( |[Errorvector| )
Ll

10

| | | | | |
0 50 100 150 200 250 300 350 400 450
k-th iteration

o] TP Zel A B = 9150l trueeigenvectorZ HE 4= e U(:,1)3 7t
SA 9] eigenvectorE B W3 9 X7} pseudo ©.3F BT} Y A Uo= A
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= 2 g dn 2 ol thee e BE tdsith A kA
iteration01]/\19] e = AWl A 8 EZ $9E8] 7 ==, true 2312 A
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2

3. Estimate the dominance ratio of this system using the pseudo error ratios of
power iteration. Compare this estimate with the one determined by the eigenvalue
ratios in A.1.

BT 2o g4s e,
function [lamdak,xk] = hw7b3(A,S)

%%%%%% %% %% %% %% %% %% %% %% %% %% %% %% %% % %% %
B=inv(A)*S;

[interU,interLAM]=eig(full(B));

refEigVec=(interU(:,1));

A=full(A);

lam=sort(max(interLAM),'descend’);

ref_dominance_ratio=lam(2)/lam(1)

%%%%%% %% %% %% %% %% %% %% %% %% %% % %% % %% % %% %
graphmat=zeros(1,3);

iepsilon=1.e-6;

oepsilon=1.e-5;

maxlIter=1000;
n=length(A);

xk=ones(n,1);

xk_1=ones(n,1); %initial guess of eigenvector
lamdak=1,

lamdak_1=1; %initial guess of eigenvalue
xk_1=xk_1./lamdak_1; %scaling

13



pseudoErrk_1=NaN;
pseudoErrk_2=NaN;

for (k=1:maxlter)
%ol S1Hol A xk_1& oln 2A A Hof Y= A
%matrix-vector multiplication
phi=xk_1;
phid=xk_1;
%%%%3l WE] 2 7] 3}%%%%%%%%% %% %% %% % %% % %% %Yo
for (i=1:n)
b(i)=xk_1(i)*S(i,i);%°l "] =AY stHA lamdak_1= YF7|7F Z3E o] &
end

for (j=1:maxlter) %inner iteration

for (i=1:n)
suml=0.0;
sumu=0.0;
for (m=1:i-1)
suml=suml+A(i,m)*phi(m);
end
for (m=i+1:n)

sumu=sumu-+A(i,m)*phid(m);

end

phi(i)=(b(i)-suml-sumu)/A(,i);
end
rho_tilda=norm(phi-phid)/norm(phi); % 2. x}2] “tl £k
if( rho_tilda < iepsilon)

break;
end
phid=phi; %4l A3l @A U2 ZS o
End

hines

%matrix-vector multiplication
xk=phi;

lamdak=(xk"*xk)/(xk'*xk_1); %obtaining new eigenvalue

xk=xk./lamdak;%scaling

pseudoErrk=norm(xk-xk_1);

14




if ( pseudoErrk/norm(xk)< oepsilon )
break;

end

%%0%%%%%%0%0% %% %% %% %% %% %% %% %% %% %% %% %% %% %% %% %%
graphmat(k,1)=k;
graphmat(k,2)=pseudoErrk/pseudoErrk_1;
graphmat(k,3)=pseudoErrk/pseudoErrk_2; %signol] <3t 3= Zo|7] 3. =,
rho"2E 32l gTh

%%%%% %% %% % %% % %% %% %% %% %% %% %% % %% % %% % %% % %% % %% %
xk_1=xk; %=AL=E o &
lamdak_1=lamdak;
pseudoErrk_2=pseudoErrk_1;
pseudoErrk_1=pseudoErrk;

end
plot(graphmat(:,1),graphmat(:,2),graphmat(:,1),graphmat(:,3));
xlabel('k");

ylabel('pseudoErr(k)/pseudoErr(k-1)";
legend('pseudoErrk/pseudoErrk-1','psuudoErrk/pseudoErrk-2";

estimated_dominance_ratio=graphmat(k-1,2)

sign_free_dominance_ratio=sqrt(graphmat(k-1,3))

YA A B

>> hw7b3(A,S);

ref_dominance_ratio =

0.9932

estimated_dominance_ratio =

15



0.9831

sign_free_dominance_ratio =

0.9831

>>

0.99

0.98 + -
pseudoErrk/pseudoErrk-1

psuudoErrk/pseudoErrk-2

0.97 .

0.96 - .

pseudoErr(k)/pseudoErr(k-1)

095 | .
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O o

T 7R A4e & g A=, 2 A= BlE e aggtel A 3HA AL
()
o

gtol 3717k e A2 A%E B 5+ 9

x (0 :Hﬂl—ﬂi(i)(quﬁ'cz(%)kuz+C3(%)ku3+C4(ﬁ)ku4+05(%)ku5+m)

A
/73:/14:/15762:_2763:£,k>>1
A A
x® = (CU, +€,0,"U, + (CyU, + €U, + U)o +..)
9l oF o] MMA THFkol TFEX 7 B AL Fld 4 )k AAERE
574 % dominance ratio™ id] 0e 7t AL 2 2= 9}

>> | =sort(max(LAM),'descend");
>> L (3)/L(1)
ans =

>>

=4 2, B7} symmetric metrice] 7] Wit YEh = adE Aze 4= 9t

Qe Ao yu, =g

ij

< Hl ZCiﬂkiui,%ch)tkjuj >
H;tp i Hip i
A0 - e pL
1 4K 1 IS
<73 zci Ui ch juj >

Hﬂpi Hlpj

p=1 p=1

<> cANu, Y e Ak U, >

pRC I j
<> AU, Y e A >

i j
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ZCZIAZk

i
A =< 2, 2k=
SR
i
zl(k) _ C12212k + C222,22k + C32//{32k + o+ Cn2/1n2k
C12212k71 + CZZﬁVZZkfl + C32//{32kfl +.+ CnZ/InZkfl
A6 e G )
) _
212k—1(c12 + C22 (&)ZK—l + )
A
ﬂl(k) _ 112k (Cl2 +C220'2k +)

27N+ to™ T+ L)

e} o] 2x13to] dominance ratio®] Algoll WHEEA WH3l= HolA 1 =
A& Zol & 4 Atk
>> Dominance_ratio=L(2)/L(1)
Dominance_ratio =
0.9932
>> Dominance_ratio"2
ans =
0.9864
>>

0.98329} H]=3hs &k 4= Qi)

4. Discuss the advantage of the inverse power method over the regular (direct)
power method of A.2.
AWk 21 power method = eigenvalue$} eigenvectorE TalloF st 49 Asd
of AYHS Fellof sf= Aol sttt adld qayE k= A AATE
Afgtelt AFHEE Felof st ARbE o dolth. 53] AYH 9
A F A ADE 38 SojuA HEE Ax FAo =
o= g £ "ol ofyt} whA inverse power method= G3HLS
2, AnbAl A A" Zoly (FAHsE Ee s
=93t F  doh A FES HJA LU & & 4 e ASelE LU
i 2

3] backsubstitution®} forward substitutionS SHHA o] &3}o] A

of
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AE £ FAd + Ak ohW HRARES AgAA Ashs A=
N Hi Arom EEHOR AF TAY £ Ax Pl 9

C. Physical Factors Affecting Dominance Ratio

1. Increase and decrease the diffusion coefficient by a factor of 2 and 1/2.

2. Now increase and decrease the problem dimensions of the reference problem by
a factor of 2 and 1/2. Keep the same number of meshes.

il T}

ol

o] BAZ @AM E7] S8 o 2 TUS A4
function [dr,edr] = hw7clc2()

%A A 2E gk o] %<1 dominance ratios @ 3 d

%THA ¥ 32 2 A pseudoerror vectord] 2 -3k dominace ratio 3 &
array_D=[0.5,1,2];

array_dimension=[50,100,200];

dr=zeros(length(array_D),length(array_dimension));
edr=dr;
for (i=1:length(array_D))
for (j=1:length(array_dimension))
[Aij,Sij]=lesc3d(4,array_dimension(j),array_D(i));
[dummy1,dummy2,dr(i,j),edr(i,j)]=hw7b3(Aij,Sij);

end

end

>> [dr,edr]=hw7cl1c2()

dr=
0.9865 0.9966 0.9991
0.9737 0.9932 0.9983
0.9502 0.9865 0.9966
edr =

0.9670 0.9914 0.9978
0.9369 0.9831 0.9957
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0.8843 0.9670 0.9914
>>
X2 AYs] »d
dr a,b,c/2=50 | a,b,c/2=100 | a,b,c/2=200
D=0.5 0.9865 0.9966 0.9991
D=1 0.9737 0.9932 0.9983
D=2 0.9502 0.9865 0.9966
edr a,b,c/2=50 | a,b,c/2=100 | a,b,c/2=200
D=0.5 0.9670 0.9914 0.9978
D=1 0.9369 0.9831 0.9957
D=2 0.8843 0.9670 0.9914

3. Discuss the dependence of the dominance ratio of the two physical factors.
Asl At A
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d2X
dx?
d2y

+B?X =0

d2+%W:0
d’z
dz?
for given B.C.

+B,’Z=0

% _y ¢(a,y,z):0,% 0, ¢(x,b,2)=0

OX|,—o y0

¢(X! y,O) =0, ¢(X, y,C) =0

X = A cosB,x
Y =A cosBy
Z =AsinB,z

N~ ,B,a= N~ ,B,c=n,7
2
n,n, =135..

X1y

n, =123..

B,a=

n oz nz n,z
.‘.BZZ X 2 y 2 z 2
(Za)+(2b)+( )

Os Os

0+ DI + () + ()

o, +DB?

A= ALke] B
>> sigA=0.1;sigS=0.12;D=1;a=100;b=100;c=200;
>> nx=1;ny=1;nz=1;
>> sigS/(SigA+D*((nx*pi)2/(2*a) 2+(ny*pi)"2/(2*b)2+(nz*pi)"2/(c)"2))
ans =
1.1912

>>L(1)

ans =

21



1.1913

>>
FAA R T gk Ao dAste AL A T £ 3

>> nx=1;ny=1;nz=2;

>> sigS/(SigA+D*((nx*pi)2/(2*a) 2+(ny*pi)"2/(2*b)2+(nz*pi)"2/(c)"2))

ans =
1.1825
>>L(2)
ans =
1.1831
>>
webd ohe A
__ 0Os _ Os
o, + DB? Nz, NZ, N7z,
+D + + (-
0t DG + () + ()
o FEFS FAT 5 9L, ob2e

0+ D(G) + ) + () ha

o+ DY + () + (fo) oo
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